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Outline of the book 


This book provides: 


* A pedagogical introduction to the perturbative and non-perturbative aspects of Quantum Chromo 
Dynamics (QCD), which is expected to be accessible by pre-Ph.D. students who want to learn this 
field. 

* A status of the modern developments in the field. 

* An update of the different results presented in the older though successful review [2] and book [3], 
taking into account the developments of the field within these past 10 years. 

* Anextension and improvements of the presentation used in these previous review and book, where 
the QSSR results are compared with those from other non-perturbative approaches. 


The book is divided into ten parts: 


* [n the first part, one starts from a general introduction to particle physics and historical survey on 
the developments of strong interactions prior to QCD. Then, we discuss the main ideas and basic 
tools of the field. 

In the second part, we present the gauge theory aspect of QCD. 


In the third part, we discuss in details the most popular techniques of dimensional regularization 
and renormalization and discuss some of its applications both in QCD and QED. 


In the fourth part, we present different QCD hard deep inelastic processes at hadron colliders, and 
discuss different unpolarized and polarized structure functions. 
In the fifth part, we present the QCD hard processes in e*e^ processes and discuss jets, fragmentation 


functions and totally inclusive processes. 


In the sixth part we summarize QCD tests and o, measurements. 
* [n the seventh part, we discuss power corrections and mainly the theoretical basis and technologies 
of the Shifman- Vainshtein-Zakharov operating product expansion (OPE). 


In the eighth part, we present a compilation of different QCD two-point functions obtained from 
perturbative calculations and the SVZ-expansion. These expressions are basic ingredients for various 
phenomenological applications. 


In the ninth part, we present different aspects of modern non-perturbative approaches to QCD. 


In the tenth part, we present extensive phenomenological aspects of QCD spectral sum rules. 
* The Appendices collect different useful conventions and formulae for QCD practitioners. 
* The Contents, References and Index are useful for a quick guide for readers of the book. 
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Preface 


Quantum Chromodynamics (QCD) continues to be an active field of research, which one can 
see from the number of publications in the field, as well as from the number of presentations 
at different QCD dedicated conferences, such as the regular QCD-Montpellier Conference 
Series. This continuous activity is due to the relative difficulty in tackling its non-perturbative 
aspects, although its asymptotic freedom property has facilated perturbative calculations 
of different hard and jet processes. Therefore, we think it is still useful to write a book on 
QCD in which, besides the usual pedagogical introduction to the field, some reviews of its 
modern developments, which have not yet been ‘compiled’ into a book, will be presented. 
Elementary introductions at the level of pre-Ph.D. in different specialized topics of QCD 
will be discussed, which may be useful for a future deeper research and for a guide in a 
given subject. 

We start the book with a general elementary introduction to strong interactions, parton 
and quark models,..., and present the basic tools for understanding QCD as a gauge 
field theory (renormalization, operator product expansion, ...). After, we present the usual 
hard processes (deep inelastic scattering, jets,...) calculable in perturbative QCD, and 
discuss the resummation (renormalons, . . . ) of the perturbative series. Later, we discuss the 
different modern non-perturbative aspects of QCD (lattice, effective theories, ...). Among 
these different methods, we discuss extensively, the method and the phenomenology of 
the QCD spectral sum rules (QSSR) method introduced in 1979 by Shifman- Vainshtein 
and Zakharov (hereafter referred to as SVZ) [1]. Indeed, we have been impressed by its 
ability to explain low-energy phenomena such as the hadron masses, couplings and decays 
in terms of the first few fundamental parameters of QCD (QCD coupling, quark masses, 
quark and gluon condensates), and vice versa, we have been fascinated by the success of 
the method to extract the QCD universal parameters from experiments. In this respect, 
some parts of this book have been updated, improved, extended and included a latex 
version of the former review [2]: 


Techniques of dimensional regularization and renormalization for the two-point functions 
of QCD and QED, S.N., Phys. Rep. 84 (1982) 263 


and of the book [3]: 
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QCD Spectral Sum Rules Lecture notes in Physics, Vol. 26 (1989) World Scientific Publ. 
Co. Singapore. 


However, the discussions in this book cannot replace the previous ones (hereafter referred 
to as QSSR1), as some detailed analyses carried out in the older review and book are not 
reported and repeated here. In this present book, we limit ourselves to review the most recent 
results and new developments in the field, without going into some technical details, and, 
in this sense, this book is a useful supplement to the former. Various misprints in QSSRI 
have also been corrected. 

As we have already mentioned, and as in the previous review and book, we have written 
this book for a large audience, not necessarily working in the field (elementary introduction 
to QCD,...). However, experts will also appreciate this book, as they will find the most 
relevant and the latest results obtained so far with the QSSR method. They can also find 
compilations of non-trivial QCD expressions of the two-point correlators obtained within 
the Operator Product Expansion (OPE), and technical points relevant to the method itself 
(mixing of operators under renormalizations, validity of the SVZ expansion ...). Experi- 
mentalists will find in this book a ‘quick review’ of most of important results obtained from 
QSSR. 

However, because of the large horizontal spectrum of the QSSR applications in different 
branches of low-energy physics, including nuclear matters, which we (unfortunately) cannot 
cover in this book, we shall limit ourselves to the well-controlled and simplest applications 
of the methods, namely the light and heavy quark systems and to a lesser extent the gluonia 
and hybrid meson channels. At present, these examples are quite well understood and will, 
therefore, serve as prototype applications of QSSR in high-energy physics and quantum 
field theory. Some other applications of QSSR, such as in the QCD string tension, in the 
composite models of electroweak interactions (QHD sum rules) and in supersymmetric 
QCD, were already discussed in QSSR1 and will not be discussed in detail here, since 
there has been no noticeable recent developments in these fields of applications, since the 
publication of QSSR1. We shall not discuss the uses of QSSR for nuclear matters, either, 
since the complexity of these phenomena still needs to be better understood. However, 
the enthusiasm of nuclear physicists for using this method in the baryonic sector might be 
restrained, owing to the delicateness of the corresponding analysis, which in my opinion has 
not yet been improved since the original work, in which the obstacle is due to the optimal 
choice of the nucleon operators. At the present stage, one can only consider the analysis 
done in the baryon sector to be very qualitative. 

Following (actively) the developments of QCD through those of QSSR since its birth in 
1979, my feeling à la Feynman (Omni magazine 1979), advocated in QSSRI about this 
field remains unchanged (as already quoted in QSSR1): 


...A few years ago, I was very skeptical... I was expecting mist and now it looks like ridges 
and valleys after all..., 


while the great success of QSSR in the understanding of the complexity of low-energy non- 
perturbative phenomena and hadron physics, is well illustrated by the Malagasy saying: 
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‘Vary iray no nafafy ka vary zato no miakatra!.' 


which means: with one grain of rice sowed, one can gather by the thousand!, or in other 
words, the method has started quite modestly and, with time, it has become more and 
more underground. Indeed, at present, QSSR (used correctly) is one of the most powerful 
methods for understanding (analytically) the low-energy dynamics of hadrons using the 
few fundamental parameters (coupling, masses and condensates) coming from QCD first 
principles. 
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Part I 


General introduction 


1 
A short flash on particle physics 


Since ancient times, we have been curious to know the origin and the nature of the universe.! 


Numerous ancient philosophers and scientists have tried to answer these fundamental ques- 
tions. It is only at the present time of the twentieth millennium that we can provide a partial 
answer to these questions, as some significant progress has been accomplished in both par- 
ticle physics and astrophysics, which are two areas of research in two apparently opposite 
scale directions (see Fig. 1.1).? 

On the one hand, this progress is due to our ability to explore the heart of matter, with 
powerful accelerators (where the accelerated particle has a velocity near to the velocity of 
light), which reveal their infinitely small, deepest structure (see Fig. 1.2). 

As an example, we show in Figs. 1.3 and 1.4, the large electron-positron (LEP) ac- 
celerator and the reaction inside the detector after the collision of the electron and the 
anti-electron (positron). Notice that at LEP, the energy of the electron is in the range of 
90-180 GeV which is about (5-10) x 10° times the energy of our home TV screen. On 
the other hand, powerful telescopes (see Fig. 1.5) explore the enormous structure of the 
universe, and may reach the time of its origin. At present, these apparently two opposite 
(in scale) areas of research are found to have a common feature as the conditions re- 
quired for exploring the smallest structure of matters (quarks) reproduce the periods which 
followed the big-bang (see Fig. 1.6), from which one may understand the origin of the 
universe.? 

In this book, we shall concentrate on one aspect of particle physics, called Quantum 
ChromoDynamics, which is a part of the so-called Standard Model (SM). We know that, 
at the beginning of the study of nuclear physics, it was observed that, in addition, to the 
well-known Newton gravitation and electromagnetism (Maxwell) forces, nature is governed 
by two other new forces, the weak interactions responsible of the 6 decay and the strong 
Yukawa force which binds the nucleons inside the nucleus (see Fig. 1.7). 

In particle physics, only the last three forces play an important róle as gravitation couples 
too weakly and cannot be directly detectable in particle physics experiments. At the particle 


! This short review is based on the review talk in [4]. 
? Figures in this chapter come from [5]. 
3 For a recent review on interfaces between these two fields, see e.g. [6]. 
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Fig. 1.2. The different structures of matter at different scales (ref. CERN DI-17-7-95). 
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Fig. 1.3. Anaerial view of CERN-Geneva, showing the undeground LEP ring, 27 km in circumference, 
where also the LHC (large hadron collider) will run soon. In order to see the real size of the ring, one 
can see Geneva airport in the front part of the photo (ref. CERN X 973-1-87). 
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Fig. 1.4. A schematic view of the detector and particles produced after the collision (ref. cern DI-64- 
I-91). 
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Fig. 1.5. A photo of the Hubble telescope. 


physics scale (below TeV), physics is well described by the SM SU (3). & SU (2); ® U(1), 
and the distinction between the three forces leads to the classification that: Leptons (e^ , ve) 
and (u^, v) pairs couple only to weak and electromagnetic SU (2);, & U(1) forces (the 
neutral neutrino v; has only weak interactions), whereas Hadrons like the proton, neutron, 
pion and rho meson have mainly strong SU (3). colour interactions. 

However, one expects that at higher energy levels, of the order of 10 GeV to the 
Planck scale, these three different forces which apparently are of different origins unify 
with gravitation, then leading to a much simpler description of nature and the realization of 
the old Einstein dream for the understanding of the universe laws. At present, the minimal 
version of supersymmetry based on the SU (5) group (popularly called MSSM) is the best 
candidate for such a unified theory. Indeed, using the renormalization group evolution of the 
different couplings in the MSSM, one realizes that to second order in perturbation theory, 
these three couplings indeed cross with high precision at the unification scale of 10? GeV 
as shown in Fig. 1.8. This result is encouraging although we still fail to find the correct 
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Historv of the Universe 


THE UNIVERSE BECOMES TRANSPARENT 


Decoupling of Formation of 


: 
$ 
i 
: 
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Fig. 1.6. A schematic view of the history of the universe from the big bang to the present day 
(ref. cern DI-2-8-91). 
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THE FORCES IN NATURE 


Fig. 1.7. A schematic view of the different forces in nature, and their associated vehicles (gauge 
bosons). The reference force is a strong interaction of strength 10-7? cm (ref. cern Z 004). 


SUSY 2nd order 1016 107 


-QED U (1 


40} 


Weak SU(2) 


| QCD SU (3) 


[rre TET EFFI EFIE eT MTT TT MTT OT TTT aiil ETT METTI | 
108 109 39^ 10° 101! aos 1015 1017 
Q [GeV] 
Fig. 1.8. Energy evolution of the different coupling constants of the QCD, weak and QED standard 
model taking into account the virtual effects of the SM particles and normalized to the MSSM SU (5) 
coupling. 
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theory including gravitation. Many interesting attempts and proposals are available on the 
market. 

The aim of this book is to present the developments of our understanding of strong 
interactions, and to concentrate on the exposition of its modern theory, called Quantum 
ChromoDynamics (QCD). Indeed, progress on strong interactions is important and neces- 
sary for making progress in the understanding of the physics beyond the SM. 


2 
The pre-QCD era 


2.1 The quark model 


* We know that hadrons have mainly strong interactions. However, the number of observed hadrons 
increases drastically in comparison with that of leptons. The classification of hadrons into multi- 
plets has been facilitated by the discovery of internal symmetries, which play an important róle for 
obtaining relations among masses, magnetic moments and couplings of the hadrons. The classifica- 
tion under the SU (3); group (named flavour at present) [7] has been successful, where hadrons are 
characterized under their isospin J, hypercharge Y , baryon number B and strangeness S. Therefore, 
the pions are placed in the same pseudoscalar octet as the K, K and 7, while the vector mesons 
p, €, ¢ fill another octet, . . . The splitting of hadron masses was expected, due to SU (3); breaking 
that originated from strong interaction forces, whereas the SU (2) isospin subgroup was found to be 
almost symmetric. This led to the concept of charge independence, which has played an important 
róle in nuclear physics, where the proton and neutron form an SU (2) doublet. 


However, none of the fundamental representations SU (3); were realized by the observed hadrons, 
which led Gell-Mann and Zweig [8,9] to postulate that the observed hadrons, like the atoms, are 
not elementary, but are built by more elementary quark! constituents q having three flavours up, 
down and strange. Their charge Q in units of the one of the electron are: 


Qu = 2/3, Qa = Q, = —1/3. (2.1) 


In this picture, the mesons are bound states of quark-anti-quark, while the baryons are made by 
three quarks. The quarks internal quantum numbers are given in Table 2.1. 
The SU (3) decomposition into products of 3 and 3* representations gives for mesons: 


dq: 383—108 (2.2) 
and for baryons: 


444 1 38383=16868610, (2.3) 


! The name quark did not exist in the English dictionary, and may have been inspired from the following poetry Finnengan’s wake 


of J. Joyce: 


“Three quarks for Muster mark! 
Sure he has’not got much of bark 
and sure any he has it’s all beside the mark.” 


However, quark is a well-known German word as it means curdy milk, but more commonly it means a mess. 


10 
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Table 2.1. Additive quark-quantum numbers 


Quark u d s 

Charge Q Z = i = i 
Third component of isospin J; 1 — 1 0 
Hypercharge Y i i — i 
Baryon number i i i 
Strangeness 0 0 -1 


Fig. 2.1. The nine mesons built from the u, d, s quarks. 


from which one can built a simple but complete Periodic Table of Hadrons. These classifications 
are given in Figs. 2.1 to 2.3. In this sense, the quark model was a modern version of the Sakata [10] 
model. 

Masses and mass-splittings of hadrons have been explained by using Gell-Mann-Okubo-like mass 
formulae [11], and by introducing the so-called constituent quark masses with the values [12]: 


M, ~ 300 MeV , (2.4) 
and by assuming the quark-mass differences: 
M,—M, ~4MeV, M, — Ma © 150 MeV . (2.5) 


The compositeness hypothesis for the hadrons has been supported by the measurement of the proton 
magnetic moment which has a value of about 2.8 in units of u, = eh /2M,, while it is expected to 
be unity from a point-like spin 1/2 object. 
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Fig. 2.2. The octet baryons built from the u, d, s quarks. 


Fig. 2.3. The ten spin 3/2 baryons built from the u, d, s quarks. 
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2.2 Current algebras 


Reviews on current algebras can be seen in [13]. In the following, we shall discuss some 
main features of the approach. 


2.2.1 Currents conservation 


* Although we have more forces in nature, electromagnetism plays a capital róle. The theory of 
electron (muon) interacting with the photon field is the only one where the concepts of quantum 
field theory work in a satisfactory manner. Indeed, within Quantum ElectroDynamics (QED), one 
has been able to perform higher order approximate calculations which are confirmed by experi- 
mental measurements at an impressive, high level of accuracy (anomalous magnetic moment of the 
leptons, . . . ). Although more complicated, due to the presence of strong interactions, the study of the 
electromagnetic interaction of hadrons has been facilitated by the property of the electromagnetic 
current conservation leading to the concept of universality, which allows us to put, for example, at 
the same footing, an e7, a x~ anda p~, and to show, for instance, that the physical charges of these 
three particles remains the same after renormalizations. Moreover, current conservation allows the 
use of soft photon theorems in order to relate the cross-section to the static properties of the hadrons 
(charge, magnetic moments, . . . ). It is also one of the basis of the popular Vector Meson Dominance 
Model (VDM) [14]. As a consequence of the current conservation, the corresponding charge is a 
constant of motion, such that the only non-vanishing matrix elements of this charge are between 
equal-mass states. 


Inthe case of weak current, current conservation gives a well-defined meaning to the idea of universal 
weak coupling which has been successfully tested experimentally in the case of non-strange weak 
vector currents. However, difficulty arises when one tries to explain strangeness-violating transition 


etv, over the m+ > zx? 


such as the ratio of the Kt > x etve. It can only be explained by the 
introduction of the Cabibbo angle 0. [15] allowing the mixing of the strange quark with the down 
quark, with the experimental value sin 0, = 0.220 + 0.003 [16]. In this case, the idea of weak 
universality appears also to work in the process involving the strange quark. 


Inspired again by the quark model, Gell-Mann [7] suggested that the vector and axial charges 


satisfy a SU (3) & SU (3) algebra. This picture naturally leads to the existence of larger multiplets 
of particles having the same spins but with both parities, which has been confirmed by the data. The 
róle of partially conserved axial current (PCAC) was found to be related to the existence of the light 
(compared with the o and p) pseudoscalar particle, the x, which has been understood, later on, from 
the spontaneous Nambu-Goldstone [17] nature of the symmetry breaking. More precisely, the exact 
current conservation of the axial current is realized when the pion is massless. Again inspired by 
the soft photon theorem which is a consequence of the conservation of the electromagnetic current, 
one can also derive soft pion theorems obtained from phenomenological Lagrangians satisfying the 
non-linear realizations of chiral symmetry. 


2.2.2 Currents and charges 


The next development is the construction of hadron currents built from quark fields in much 
the same way as one can write a current for lepton fields. The quark electromagnetic and 
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charged weak currents can be written as: 


Ji 


em 


Jeux = uy" (1 — ys)d +--+, (2.6) 


2 I= 1 
—quyu 34y"d aM sens 


where we ignore to a first approximation the mixing among quark fields due to the Cabibbo 
angle. In the massless quark limit (m; = 0), the free quark Lagrangian density £4(x): 


£i) =i) aways (2.7) 
j=l 


possesses a SU (n)r x SU(n)g global chiral symmetry and is invariant under the global 
chiral transformation: 


pix) > exp(—i0^ TA)y;(x) , 
Wilx) > exp(—i04Tays)Wilx) , (2.8) 


where T^(A = 1,..., 7 — 1) are the infinitesimal generators of the SU(n) group acting 
on the quark-flavour components. The associated Noether currents are the vector and axial- 
vector currents: 


Vi) = Viv, Ti Wi), 
AS) = Viyuys TA pi), (2.9) 


which are the ones of the algebra of currents of Gell-Mann [69,13] (n = 3 in the original 
paper). The corresponding charges which are the generators of SU (n); x SU (n)g are: 


Q“ = / dx Ve), 


0$ = fas AdQ). (2.10) 


The charges in Eq. (2.10) are conserved in the massless quark limit, and obey the com- 
mutation relations (simplified notations): 


[Q^., Qf] = i fagy Q” " 
[05.05] = ifeay Q” 
[0*. Of] = ifupy O3 . Q.11) 


i.e. Qy and Q; generate a closed algebra. They also imply: 


05 A" | = i fagy Vt. (2.12) 
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2.2.3 Chiral symmetry and pion PCAC 


In the Nambu-Goldstone [17] realization of chiral symmetry, the axial charge does not 
annihilate the vacuum, which is the basis of the successes of current algebra and pion 
PCAC [13]. In this scheme, the chiral flavour group G = SU (n); x SU(n)g is broken 
spontaneously by the light quark (u, d, s) vacuum condensates down to a subgroup H — 
SU (n); s, where the vacua are symmetrical: 


(PuPu) = (Yapa) P (WsWs) : (2.13) 


The Goldstone theorem states that this spontaneous breaking mechanism is accompa- 
nied by n? — 1 massless Goldstone P (pions) bosons, which are associated with each 
unbroken generator of the coset space G/H. For n = 3, these Goldstone bosons can be 
identified with the eight lightest mesons of the Gell-Mann eightfoldway (z+, z^, 2°, n, 
K*,K-, K9, K°). On the other hand, the vector charge is assumed to annihilate the vac- 
uum and the corresponding symmetry is achieved à la Wigner-Weyl [18]. In the vector 
case, the particles are classified in irreducible representations of SU (n)z+r and form parity 
doublets. In addition to the electromagnetic mass which the Goldstone bosons can acquire 
[19], they get a mass mainly from an explicit breaking (m; 4 0) of the SU (n); x SU(n)n 
global symmetry. In this case, the divergence of the axial-vector current does not vanish 
and reads (in the case of the u, d quarks): 


9, A" (x), = (mi + m ji ys)V; . (2.14) 
to which are associated the quasi-Goldstone parameters defined as: 
(013, A" Qm) = V2 fe mix , (2.15) 


where z is the pion field and f, = 92.4 MeV is the pion decay constant which controls the 
x — uv decay width. In this case, the divergence of the vector current reads: 


9, V^(xy, = (mn; — mi Wij, (2.16) 
to which is presumably associated the ao(980) scalar meson (the best experimental 
candidate). 

Current algebra also tells us that the two-point correlator associated with Eq. (1.15) is 


related to the axial-current one via a current algebra Ward identity [20,13], up to equal-time 
commutator terms (in the following we shall suppress flavour indices): 


quq, H^ = Ysg?) - q” Ji dxe'4*8(xo)(O[A°(x), CA" (0) 10) 
ti f d^ xe'^* 8(xo)(0[3, A" (x) , (A9(0))!]0) , (2.17) 
with: 
ws?) = i f dxe (OT, A^ 00, 4^ OO, 


mq’) =i / d^xe'^* (0|T A" (x) (A"(0))! |O) . (2.18) 
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At q = 0, the previous identity reduces to: 


Y5(0) = —i(m, + ma) 4()i ys vr. (O), 0110) , (2.19) 


where Qs is the axial-charge generator. In the Nambu-Goldstone realization of chiral 
symmetry, one has: 


Q510) #0. (2.20) 
Therefore, we get: 
V5(0) = —(m, + ma) Waa + Vua) - (2.21) 


Using Eq. (2.15) in the definition of Vs(q?) and equating this with Eq. (2.19), we have 
the well-known pion PCAC (Gell-Mann ef al. [21]) relation at q = 0 (recall that f; = 
92.4 MeV): 


—(m, + mapapa + YuYu) = 2m? f2. (2.22) 


2.2.4 Soft pion theorem and the Goldberger-Treiman relation 


Let’s consider the matrix element of the axial-vector current between two nucleon states 
shown in Fig. 2.4. 
Using invariance properties, it can be parametrized as: 


(N(p2)|AulN (pi)) = üCpilvu2a(q^) + quge(q )nysu(pi) , (2.23) 


where q = p2 — pi is the momentum transfer between the nucleon states, and where 
experimentally g4(0) = 1.26. The matrix element of the current divergence reads: 


A = (N(p3)l" A,[N(pi)) = apr) [2M ga(q?) + q?ge(q))Gys)u(pi) ,. (2.24) 


where the relation for the Dirac spinors: 


quu(pa)ü y" ys)u(pi) = 2Myü(po)ysu(pi) , (2.25) 
has been used. The PCAC hypothesis in Eq. (2.15) yields in the massless pion (chiral) limit: 
2Myga(q7) + d^gp(q^) = 0. (2.26) 
q 
N(p;) N(p») 


Fig. 2.4. Axial-vector scattering with nucleon. 
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where the divergence of the axial-vector current is zero. If g(q?) has no singularity at 
q? — 0, then Eq. (2.26), would imply either My — 0 or g4 — 0. However, none of these 
requirements are true. Therefore, gp should have a pole at q? = 0: 


2Mnga 
q? 


lim gp(q^) = — (2.27) 
goo 


The matrix element in Eq. (2.24) between a one pion state and the vacuum is the same as 
if there were a term in A,,(x) of the form V2 Ía 8,2 (x). Therefore, in the chiral limit, the 
matrix element has a pole, and reads: 


T 


3 2 
(N(G3IAANGD) = V2 fau IN GERAN Qn) = == oe gann (q?)it(ka)(iys)u(k1) . 
(2.28) 


where 2; yy (q?) is the x NN vertex function. Its physical coupling is defined at q? = m2 


at has the experimental value of 13.50 + 0.15 [16]. Solving these last two equations, one 
can derive the Golberger-Treiman relation (GT) [22] in the chiral limit: 


fn 8ann) = Myga(0). (2.29) 


In the case of massive quarks, one can write the matrix element in Eq. (2.24) as: 


2 frm 
A= V2 fem2(N(p2)|FIN (pi) = ee gen (qiliy uk). (2.30) 


= q? +m 
By identifying Eqs. (2.24) and (2.30), and setting q? = 0, one would obtain the previous 
GT relation in Eq. (2.29), which one can identify with the physical coupling assuming that 
the coupling is a smooth function of q? from 0 to m? , which is valid as there is no one-pion 
pole in this function. One should remark that only gp(q°) has a pion pole term, and it is of 
the form: 


2 fx 
geq’) = so (2.31) 


such that at q? = m2, Eqs. (2.30) and (2.24) leads to a trivial equality. 


2.2.5 The Adler-Weisberger sum rule and soft pion theorems 


In the case of the Golberger-Treiman relation, we have used a one-pion soft theorem 
for estimating the pion-nucleon-nucleon matrix element. Here, we shall be concerned by 
low-energy theorems for pion-nucleon scattering amplitudes involving two soft pions. The 
process is depicted in Fig. 2.5. 

The amplitude can be written as: 


(ilq DN (PINT; DN (p) = iQx)'8*(pi + qi — pa — qni , (2.32) 
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xq) x(a2) 
N(pi) N(po) 


Fig. 2.5. Forward pion-nucleon scattering process. 
which can be decomposed in terms of two invariants (isospin-even and -odd): 
1 
T; = ôT + 5l% rupe. (2.33) 


where i, j are isospin indices. Using standard reduction formula discussed in the next 
section, one can apply the soft pion theorem, which gives: 


T; = i(-q$ + m;)(NG»)z (OTI (q))N G1) 
_ qi (oai mi) 
V2 frm? 


For q2 — 0, we can take T‘“ = 0 since it is odd under crossing. Also, the non-singular 
part of the amplitude vanishes (Adler's consistency condition) [23]: 


(N(p2)| Aj, C) zc? (1) N (pi) - (2.34) 


IU S0 vg =0, qi =m}, g =0)=0, (2.35) 
where: 


v = qı(Ppı + p2)/2, vg = —q1: 92/2, (2.36) 


are kinematic variables. Similarly, when q? — 0, one obtains: 


PO =0, vg = 0, qi =0, q =m?) =0. (2.37) 


Applying two times the soft pion theorems, one can reduce the amplitude as: 


j 
2m; fz 


Tij = i(qt — m2)(a? — m2) / d*x e!*(N(po)|TO" A, G8" A, Q)|N (p1)) . 


(2.38) 


Using the current algebra Ward identity: 
gig? f d*x e^" T AŻ (x)ALO) = | d*x e^" [T 3" Ai (x)" AŻ (0) 


— igh'8(xo)[A,(), A^, 6] + 3G) [A3(0), 0“ ALC], 
(2.39) 
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one can see after sandwiching between two nucleon states that the first term is the nucleon 
matrix element of a time-ordered product of two-pion operators; the second term can be 
evaluated from the current algebra commutation relation: 


5(xo)[ Aj (0), A760] = —i$e90e" Vi Go) , (2.40) 


while the last term gives the pion-sigma term, which is symmetric in i, j, and then this 
t-channel state must have isospin 0 or 2 since the pion has isospin 1. However, since the 
nucleon has isospin 1/2, only J = O state can contribute, and therefore: 


o = Son. (2.41) 
In the low-energy limit, the following soft-pion theorems are obtained: 
lim v! TO = (1-84) / f 2.42 
lim v™'TO(, 0,0, 0) = (1 = 84)/ fe . (2.42) 
and 


lim v -1T*?(0,0,0,0) 2 —on/f2 . (2.43) 


It is also expected and assumed that T, which is odd under the change v — —v, obeys 
an unsubtracted dispersion relation in the variable v: 


TO(v,g?-0) 2 [* dv 
Sgen / ; a ; ImT (v^, 0). (2.44) 
v TJ. V^—v 


Its imaginary part can be related to the x N cross-section if one assumes a smoothness 
assumption: 


ImTOO (v, 0) ~ ImT (v, m2) = vlogi PO) — og” ()] . (2.45) 


Using the previous GT relation in Eq. (2.29) for eliminating f, in Eq. (2.42), the dispersion 
relation gives the Adler-Weisberger relation [24]: 


1 2M? [? dv, „+ 2 
1 = uf o; "(y) o7. Po), 2.46 
quc Aes + [ose ^) — ox ^ ()] (2.46) 


which is an interesting low-energy sum rule. 


Vo 


2.2.6 Soft pion theorem for p — xx and the KSFR relation 


We discuss here a further use of soft pion theorems. We consider the process in the chiral 
limit where the pions are massless: 


pnm. (2.47) 


It is described by the amplitude: 


Ti =i if d*x exp(iqx)(0|T ALQ)A7(0)lp(p)) , (2.48) 
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where i, j are isospin indices. Taking its divergence, one obtains: 
qT, = lv? um f d'x expligx OTa AL GOAL Io 
E f d*x exp(iqx)&(xo)(0I LA E), A} O] lop) - (2.49) 
Using the commutation relation given previously, one can deduce the Ward identity: 


q'TJ, = UÏ — if!" (OV, |p(p)) . (2.50) 


where V,, is the vector isovector current. In the massless pion limit, the axial current is 
conserved such that U;/ vanishes. The coupling of the neural p-meson to the isovector 
current is introduced as (from now, we shall suppress the isospin indices): 


2 


M; 
(O|Vile(p)) = m i (2.51) 
where, experimentally, y, = 2.55, with the normalization: 
2 Mp 
Tesee X =a Fo (2.52) 
3 2y; 


€" is the polarization of the o meson which ensures the conservation of the vector current. 
Contracting again with the pion momentum q’, one obtains: 


DUI: a 1 M; 
q'q Ty, —(€:q ay, . (2.53) 
p 


Introducing the prx coupling as: 
(c (q^). ADIP) = €" (a! — q)v8pzz » Q.54) 


and taking the limit g^ — q — 0, one obtains the soft pion relation: 


2 


ni qe 4f2g (2.55) 
2y, mop 
If one assumes p-universality from the vector meson dominance model [14], one has: 
M? M? 
P=? |. (2.56) 
2%) Spun 


The two equations give the Kawarabayashi-Suzuki-Ryazuddin-Fayazuddin (KSFR) 
relations [25]: 


2 
p ues if ; (2.57) 
or: 
M? 
f= o : (2.58) 
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which are useful in different phenomenological applications. One can check from the data 
that the predictions given by these two relations are unexpectedly good despite the crude 
approximation used for deriving them. 


2.2.7 Weinberg current algebra sum rules 


Another important consequence of the commutation relation of currents are the different 
current algebra dispersion sum rules, based on the assumption that the SU(3) & SU(3) 
symmetry is realized asymptotically. Though conceptually difficult to digest, this asymp- 
totically free hypothesis has been very successful in different applications [13] (Weinberg 
and Das-Mathur-Okubo (DMO) sum rules [26,27], Adler-Weisberger sum rule [24] dis- 
cussed previously, ...). Here, we shall discuss briefly the Weinberg and DMO sum rules. 
They are based on the assumed asymptotic behaviour of the absorptive amplitudes, with the 
assumption that the SU (2); x SU (2)a chiral symmetry is asymptotically realized in nature. 
Weinberg has derived two superconvergent sum rules, well-known as Weinberg sum rules 
(WSR) [26]. In order to show this result, it is appropriate to study the two-point correlator: 


Wir =i / d^xe'^ (O|T JI Gc) (JRO) 10) 


= —(g^"q? — q" q"ID) +q" nO, (2.59) 


where J7' and Jp are left- and right-handed charged currents, which read in terms of the 
quark fields: 


J'2üy'(» —y)d, | Ji Süy"Q- yd . (2.60) 


m» and rn. are respectively the transverse and longitudinal parts of the correlator. In the 
asymptotic limit (q? — oo) or in the chiral limit (m,,4 — 0), where the SU(2); x SU(2)n 
chiral symmetry is realized, W;'p tends to zero. Using the Küllen-Lehmann representation 
of the two-point correlator: 


en dt 1 
rt^? = (nij? 2 m,m? z — mPOA, (2.61 
( LR ( J Jir) (a i i) uc Pegicdeg Li) (2.61) 
where - - - represent subtraction points, which are polynomial in the g?-variable, one can 


transform the previous property of Wg into superconvergent sum rules for its absorptive 
parts [26]: 


oo 
1 0 
Í dt Im(IIf, + Pr) x0, 
oo 
f dt t mP 20, (2.62) 


0 


where the first WSR comes from the q”q” component of Wg and the second WSR comes 
from its g"" part. These WSR express in a clear way, the global duality between the long- 
range (spectral function measurable at low-energy) and the high-energy (asymptotic theory) 
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parts of the hadronic correlators. This quark-hadron duality is one of the basic idea behind 
QCD spectral sum rules, which we shall discuss in detail in the next part of the book. 

In order to parametrize the spectral functions, we use a narrow-width approximation and 
assume that the x, A; and o dominate the spectral functions. In this way, one can derive 
the constraints: 


2 2 
M; _ Mi, EN 2f? x 0 
Qy2 2y? d ' 
p Aj 
M^ Mi 
p A vay 
Yo YA, 


where f; = 92.4 MeV is the pion decay constant governing the 7 — uv decay; yy is the 
V-meson coupling to the corresponding charged current: 


M? 
(0|V^|p) = V2" e" , (2.64) 
2y, 


where experimentally y, ~ 2.55. Notice the extra /2 factor coming from the different 
normalizations of the charged and neutral current discussed in the analysis of the o? > 
zz decay. From the above crude assumptions, one can predict by solving the two WSR 
equations and by using the experimental values of the o and x parameters: 


Ma, c 1.1 GeV, Q.65) 


which is in good agreement with the present data [16]. If, in addition, one uses the relation 
between fr, y, and M, (approximate KSFR relation [25]) discussed previously: 


2 
LE 


foe ; (2.66) 
16y2 


deduced, from o — mz decays, using soft pion techniques, one arrives at the successful 
Weinberg mass formula: 
Ma, c V2M,, (2.67) 


although one should notice that the data from hadronic experiments give a slightly higher 
value [16]. 


2.2.8 The DMO sum rules in the SU (3)r symmetry limit 


Electromagnetic current 


Weinberg-inspired sum rules have been also derived from the asymptotic realization of the 
flavour symmetry. The Das-Mathur-Okubo (DMO) sum rules [27] can be studied from the 
two-point correlator: 


nq’) = J d^xe' (OIT V œ) (V;"@))" 10) 


= —(g"q? — q" Tq’) , (2.68) 
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where y” (x) = Piy" yi (i =u,d,s,...) are the flavour components of the electromag- 
netic current: 


? 1 
Jute = 3 a Va + 


2 1 
vi VE +- 2.69 
3 [4 3 Ss + ( ) 


In the asymptotic limit (q? — oo) or in the chiral limit (m; — 0), one can derive the 
DMO sum rule [27]: 


E dt([ImI13(t) — ImI1g(t)] = ie dt Im(IL, + I1; —211)(?) 20, (2.70) 
0 0 


which corresponds to the difference between the isovector and isoscalar spectral functions 
associated with the SU (3) e symmetry. Saturating the spectral functions by the lowest mass 
resonances, one can derive the well-known successful phenomenological relation among 
vector mesons: 


M,L posere- — 3(Mol osete- + Mplgsere-) > Us (2.71) 


One can also re-write the DMO sum rules in terms of the total cross-section for e*e^ — 
hadrons by using the optical theorem: 


tss Ana 2 l 
c(e'e — hadrons) = E UE — ImII(t) . (2.72) 
m 


This relation is useful for testing the breaking of SU (3)r, as we shall see later on, because 
we have complete data for the total cross-section. 


Charged current 


In the case of the charged vector or axial current: 
V" (xy, = piy Wj $ A" (x, = Piy" y’ yj $ (2.73) 
the DMO sum rules read in the chiral limit: 


oo oo 
Í dt ImII (ry? = Í dt ImIIT (r$ , (2.74) 
0 0 


where the spectral function can be measured in the t — v,+ hadrons decays. By saturating 
the spectral function with the lowest resonances, one can deduce the constraint: 


M? M2, 
— x x . (2.75) 
Yo Yk* 
Using y, = 2.55, M, = 0.776 GeV and Mg» = 0.892 GeV, it gives: 
yg: = 2.93, (2.76) 


which is already an interesting constraint as compared with the data from t decay [16]. On 
can notice that, as in the case of the WSR, the DMO sum rules give constraints between the 
low-energy behaviour of the spectral functions and their asymptotic one. 
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2.2.9 1 *-x? mass difference 


Hadronic contributions to the electromagnetic 7 +-7r° mass difference have been derived by 


Das et al. [19] by assuming a good realization of the SU (2); x SU(2)g chiral symmetry 
at short distance. In this way, by integrating the virtual photon with momentum gq’, they 
derive the result, in the chiral limit: 


6 d^q 1 f> dt t 
2 Pe ae 4 f — Imi, 
2 J Qr¥qa? Jo q?-ct—iez 


T 


3 [oa ia) aero (2.77) 
n— | —Im 
An f2 Jo v? J 27 ER 
where the spectral functions enter the second WSR and v is an arbitrary UV cut-off. Using 
a lowest resonance saturation of the spectral functions in the narrow width appproximation 


(NWA), and the constraints provided by the first and second sum rules, which guarantee 
the convergence of the integral, one can derive the relation: 


2 2 2 
2 2 vas 3a Ma M5 Mi, 


mr. — Mo X 7 : (2.78) 
4r M = M? M? 
Using the WSR relation Mi, = 2M?, one can deduce the result of [19]: 
3a M? In2 
M+ — My0 c: — (2.79) 


Am my 


which is in good agreement with the data m;- — mo = 4.5936(5) MeV [16]. The improve- 
ments of these prototype current algebra sum rules in the QCD context have been done in 
[28—34] and will be discussed in details in the following sections. 


2.3 Parton model and Bjorken scaling 


Different deep-inelastic scattering experiments such as the unpolarized electroproduction 
process ep — eX (X being the sum of inclusive produced hadrons) at high-energy virtual 
photon with momentum Q, have been used to explore the quark structure of the proton. 
This unpolarized process can be characterized by two measurable structure functions W12, 
which parametrize the hadronic tensor and contains all strong interaction information about 
the response of the target nucleon to electromagnetic probes: 


do zo? 


dQdv — 4M, E? sin ÓEE' 


2 sin? EW (Q? 28 y : 2.80 
z” , V) + cos 5 2(Q^,v)p . (2.80) 


As shown in Fig. 2.6, they depend on the usual kinematic variables —q* = Q? and v: 
v2p:q—My(E- E), (2.81) 


where v/M, is the energy transfer in the proton rest frame; p and M, are the proton 
momentum and mass; E and £' are the energies of the incident and scattered electrons in 
the proton rest frame, and @ is the scattering angle (Q? = 4E E' sin? 2). For a point-like 
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Fig. 2.6. ep — e--hadrons process. 


proton, the structure functions are ó-functions: 


2 
Wi(Q?, v) 2 ——58 ( — £) : W2(Q7, v) = (» — £) ; (2.82) 

It has been observed that, at large Q?, contributions from pointlike spin 1/2 objects 
inside the proton still remain, while prominent contributions of resonances at low Q? die 
out quickly when Q? increases. A rough estimate of the proton structure functions can 
be done by assuming that the proton consists with pointlike spin 1/2 quark constituents 
(called wee partons by Feynman [35]), each one carrying a given fraction &; of the proton 
momentum. Defining by /f;(5;) the probability that a parton i has momentum fraction &;, and 
by wy? the parton contribution to the structure function, then the proton structure function 
becomes an incoherent sum of the one of the partons, and reads: 


1 i 1 
Wi(Q?, v) = >| dé; f(&)Wi(Q?, v) = 5 26 fie) = HF) 
1 . M? M? 
Wa(Q?, v) = 2 Í dé; fiEDWP (Q?, v) = x 2 d i0) =- FG), (2.83) 
where e; is the electric charge and: 


xm, (2.84) 


This simple parton description of the proton, where the structure function depends only 
on the kinematic variable x, is known as Bjorken scaling [36]. As a consequence of the 
spin-1/2 assumption of the constituent quarks, one also obtains the Callan—Gross relation 
[37]: 


Fy(x) = 2x F\(x). (2.85) 


These two QCD sum rules are well-satisfied by the data as shown in the Figs. 2.7 and 2.8,” 
which then surprisingly suggest the existence of free point-like partons inside the proton, 
in apparent contradiction with the confinement postulate. 


? Small logarithmic deviations from the parton model prediction are also seen, and are well explained in QCD (as we shall see 
later on) after leading logs-resummation using the Altarelli—Parisi equation [38]. 
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Q*z90 GeV 


Fig. 2.7. The proton structure function F, versus x at two values of Q?, exhibiting scaling at the pivot 
point x ~ 0.14. 


Fig. 2.8. The ratio 2x F/F, versus x for Q? values between 1.5 and 16 GeV?. 
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2.4 The S-matrix approach and the Veneziano model 
2.4.1 The S-matrix approach 


An alternative to the quark model was the so-called S-matrix (bootstrap) approach which 
was very popular in the 1960s—1970s. It is based from a general Lagrangian, which should be 
constrained from general principles (relativistic covariance, substitution rule, unitarity and 
analyticity), and which limits the choice of the S-matrix. One of the main consequences 
of this approach is the Regge poles theory [39], which gives a general classification of 
hadrons (Regge trajectories) and predictions for high-energy data in terms of low-energy 
parameters from the study of resonances. This approach can be illustrated by the scattering 
process: 


A+B—>C+D (2.86) 
and the crossed processes: 
A+C>B+D, A+D—>B+C, (2.87) 


characterized by the two kinematic variables s and t. The amplitude can be written in a 
dispersive form: 


PM E. 
(7S m ur (2.88) 


T s—s 


where one assumes that it converges for sufficiently large t, while it can be written as a sum 
of poles: 


s” 


a(t)—n 


oo 
A(s, 1) = B0» (2.89) 
n=0 
in the variable ¢ at the solutions of the equations o(t9) = 0, a(t,) = n. Regge asymptotic 
law gives rise for fixed f to: 


lim ImA(s, t) ~ B(r)s*? , (2.90) 
$—00 


where one can see a direct relation between the s and t-channels description of the 
scattering. This relation can also be seen more conveniently from the finite energy sum 
rule: 


Leorntl 


L 
1 ds s” ImA(s, t) = (2.91) 


0 a(t)+nt+ 10 
2.4.2 The Veneziano model and duality 


The duality relation (crossing) between the s-channel resonance and t-channel Regge poles 
suggests the duality bootstrap. This has been achieved by the Veneziano approach [40], 
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where a complete (though approximate) description of scattering can be obtained in terms 
of the s-channel resonances only. Inserting the resonance contributions from the particles 
contained in the trajectory a(s) and in its daughters, one obtains: 


A(s,t) = pas = pas , (2.92) 


a a(s)—n y a(t)—n 


where the last equality is due to the duality constraints. c,(t) is a polynomial of order n 
in f. The contribution of highest spin j = n comes from the o (s) = n intercept in the 
leading trajectory, while the ones of lower spin come from the presence of lower ‘daughter’ 
trajectories. The solution to this equation is given by the well-known Veneziano beta- 
function amplitude: 


dc T[-o(s)]F[-o()] 
"^ Tiels) -eO ' 


(2.93) 


The Veneziano dual-resonance model for the scattering amplitude can be summarized by 
the following conditions: 


* Only infinitely narrow resonances appear, and the only singularities are poles on the real axis. 
* There is an exact crossing symmetry. 
* There is an asymptotic Regge behaviour with linear trajectories with universal slope. 


However, one should notice that straight line trajectories are very far from the 
expectation from a field theoretical argument which suggests a Yukawa-like potential. In- 
stead, they follow from a harmonic oscillator potential, and seem to be supported by the 
data. 


2.4.3 Duality diagrams 


The previous discussion can be visualized using duality diagrams introduced in [41]. It 
consists to represent the quark content of non-exotic (ordinary) hadrons as: 


* Ordinary baryons composed of three quarks will be represented by three quark lines oriented in the 
same directions. 

* Mesons composed by quark-anti-quark will be represented by quark lines going in opposite 
directions. 


The process is represented by the topological structure of the graph: 


* Planar diagrams can be drawn without crossing quark lines, which coincide with the ones suggested 
by duality and ordinary hadrons, and which give a non-vanishing contribution to the imaginary part 
of the amplitude. 

* Non-planar diagrams are the other possibility, but do not contribute to the imaginary part as they 
are real. 
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s-channel 


(a) (b) 


Fig. 2.9. Duality diagrams for m"x" scattering: (a) planar (s, t) graph; (b) non-planar (s, 5) or (f, 5) 
graph. 


+ 


x 


Fig. 2.10. Dual-resonance diagram for x-m scattering. 


In order to illustrate these rules, we can consider the scattering process: 


mn —mm (s — channel), 
nmn —mm (t — channel), 
antat > n'r” (5 — channel), (2.94) 


shown in Fig. 2.9. 

From the previous discussion, only the planar diagram contributes to the imaginary part 
of the amplitude. Duality invokes that a sum of resonances (or Regge poles) exchanged 
in the s channel is equivalent to the sum of Regge poles (or resonances) exchanged in the 
t channel, which is shown in Fig. 2.10. Similar planar diagrams can be drawn for zr-N 
scattering as shown in Fig. 2.11. In the case of N-N (or in general baryon-antibaryon) 
scattering, one has the dual-resonance diagram (Fig. 2.12). 

It shows that the planar graph represents exchange of non-exotic objects in the s channel, 
but exchange of exotics in the £ channel. This feature signals that without exotics, the 
approach cannot consistently explain the hadronic world. 
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m N 


t-channel 


s-channel 


(a) (b) 
Fig. 2.11. Planar diagrams for 2-N scattering: (a) ((s, t) or (S, t); (b) (s, 5). 


XKX 


Fig. 2.12. Dual-resonance diagram for N-N scattering. 


One has expected that the previous approach based on superconvergence and duality, 
and implemented by the dual-resonance model suggested by Veneziano [40] will bring new 
insights in the developments of the theory of strong interactions. Alas, after the discovery of 
QCD, such theories became unsuccessful, although we know, at present, that the Veneziano 
model (actually it can be viewed as a string model) revives as the basics of superstring 
theories with which one wishes to unify the three electromagnetic, weak and strong forces 
with gravitation. 


3 
The QCD story 


We shall limit ourselves here to a qualitative survey of Quantum ChromoDynamics (QCD), 
with the aim to present in a short and simple way the main idea behind the theory. Many 
more complete and detailed reviews and books on QCD [2,3,42—52] and on Quantum Field 
Theory [53] exist in the literature, which the interested readers may consult, while recent 
results and developments in QCD both from theory and experiments may, for example, be 
found in many conferences, for instance, in the proceedings of the QCD-Montpellier Series 
of Conferences published regularly in Nucl. Phys. B (Proc. Suppl.) by Elsevier Publ. Co. 


3.1 QCD and the notion of quarks 


* QCD is by now expected (and widely accepted) to be the field theory describing the strong inter- 
actions of quarks q [8,9] (elementary constituents of the matter) having three colours (blue, red, 
yellow) which are glued together inside the nucleus by eight coloured (chromo) gluons which pro- 
vide a vehicle for the Yukawa strong nuclear forces. However, the quark scheme is not only a pure 
mathematical concept for classifying the hadronic world. There is indirect evidence of the existence 
of quarks through the observation of two-jet events, such as the one from: 


Z? — hadrons, (3.1) 


as shown in Fig. 3.1. 


QCD originated from the natural development of the quark model of the early 1960s, where, as 
we have discussed in the previous chapter, hadrons were classified under the representations of an 
SU (3) (now called a flavour group), the so-called eightfoldway of Gell-Mann and Ne'eman [7], 
where ordinary mesons and baryons of this SU(3)- classification are respectively bound states qq 
and qqq of the light quarks up (u), down (d) and strange (s). The masses of these quarks,! which 
are given in the next section, are much lower than the value of the QCD scale A ~ 300 MeV, and 
have the values at the scale 2 GeV? [54]: 


m, 3.5 MeV, — m4763MeV, — m,c 119 MeV, (3.2) 


where one can notice that m; / m4 œ 20isahuge number obtained originally [21,55—57] from current 
algebra approaches [13]. These values have to be contrasted with the so-called constituent quark 


! As quarks are not directly observed, the definitions of their masses are only theoretical. For light quarks, I will quote the values 
of running (or current) masses evaluated at a certain scale. 


? The original choice of scale is 1 GeV. We take 2 GeV in order to follow current practice. 
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Table 3.1. Quantum numbers of the 


new quarks 
Quark c b t 
Charge Q i -i E 
C-charm 1 0 0 
B-bottomness or beauty 0 —1 0 
T -topness or topless 0 0 1 


Fig. 3.1. Two-jet events from hadronic Z? decay. 


values M, œ% 300 MeV, used in the previous chapter for the case of the quark and potential model 
approaches [12], for explaining the mass-splittings of hadrons using the Gell-Mann-Okubo-like 


mass formulae [11]. 


Including the previous three light quarks, at present six quark flavours have been found and classified 


according to their charge Q in units of the electron. They are: 


Q =2/3 : (u.c, t) 
Q—-1/3 : (d,s,b), 


(3.3) 


where, for instance, in these triplet representations, the neutral currents of electroweak interactions 


are flavour conserving. The new quarks c, b, t carry new quantum numbers as shown in Table 3.1. 


The charm quark was proposed in [58], in which the name charm was adopted by Bjorken and 
Glashow [58]. The discovery of the charm quark through the finding of the cc bound state J/y 
meson [59] at 3.1 GeV, indicates that its mass is about 1/2 of the one of the meson.? Its discovery 


has been crucial for avoiding the flavour changing neutral current responsible for the excess of Z° 


For heavy quarks (m, >> A), the mass is defined as the on-shell mass (pole mass) analogous to the one of the electron (see next 


section). 
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exchange contributions in the K?- K oscillations, and for the huge K; > ut u` and K * > zr *vp 
experimentally unacceptable rates. The need for charm in this mechanism was indeed advocated a 
long time ago by Glashow-Iliopoulos—Maiani (GIM suppression mechanism) [60]. Then, after the 
charm discovery, the two generations of quarks (u, d) and (c, s) for the electroweak SU (2); x U(1) 
standard model (SM) of Glashow-Weinberg-Salam [61] were completed, and could be compared 
with the two lepton doublets (e, ve) and (u, v,,). These two quark doublets mix through the Cabibbo 
mixing angle 6, introduced a long time ago [15], and has the experimental value sin 0, = 0.220 + 
0.003 from, for example, the K — zÜety, process [16]. 

* The discovery in 1974 of the third t charged lepton [62], having a mass 1.8 GeV, was the first 
sign of the third generation, which was confirmed later on by the discovery of the Y, which is a 
bb bound state [63] in 1977, with a b-mass M, ~ 4.6 GeV, expected to be about 1/2 of the one of 
the Y. More recently, the third family has been completed by the discovery of the ¢ quark in 1995 
[64] from the analysis of the lepton + jet and dilepton channels originated from ft — W-bW*b 
processes at the collider experiments. This gives a top mass M, ~ (174.3 + 3.2 + 4.0) GeV [16]. 
The b and t quarks have been predicted by Kobayashi and Maskawa [65], and the names bottom 
and top were first used by Harari [66]. At present, we have found three families of leptons: 


2-5) e 


and analogous three families of quarks: 


() C) G). ^ 


Quark families mix under a 3 x 3 unitary matrix, which is a generalization of the previous 2 x 2 
Cabibbo unitary matrix, and which is called the CKM (Cabbibo-Kobayashi-Maskawa) mixing 
matrix [67]. This matrix has three real parameters (mixing angles) and one C P violating phase 
(see Appendix A3), which cannot be absorbed by a redefinition of the quark fields. LEP studies [68] 
of the Z? width also indicate that it is unlikely to have more than three (almost) massless neutrinos, 
such that, most probably, we only have these three generations in nature. 


3.2 The notion of colours 


Historically [69], the introduction of colours has been motivated by the failure of the quark model 
to expain the peculiar nature of the pion-nucleon A** baryon, which has a total zero angular 
momentum J — 3/2. In order to fulfill this property, one has to put its three u-quark constituents 
with spins aligned up. This requirement is not allowed by Dirac statistics as the quarks are supposed 
to be a spin 1/2 particle. This wrong statistic problem is solved when one gives three colours to the 
quarks,* such that the A++ can be represented as: 


|At+, J 23/2) = x ua T, ug 4, uy d. ). (3.6) 


with an antisymmetric wave function (o, 8, y are colour indices). 


^ A possible solution, where quarks obey parastatistics of rank three, has been proposed by Greenberg [70], which can be satisfied 
by the attribution, by Gell-Mann et al. [69], of the new internal colour quantum number to the quarks. 
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* [tis also known that quantum anomaly spoils the renormalizability of the SU(2) x U(1) Standard 
Model of Electroweak interactions. Its disappearance can only be achieved if the quark number of 
colour is 3. 


3.3 The confinement hypothesis 


* However, the theory is amusing as one has to avoid the existence of coloured states, i.e., they 
should have infinite energy, such that all asymptotic states should be colourless. This leads to the 
confinement hypothesis implying the non-observability of free quarks. There is indeed an indication 
of such a property from a lattice measurement of heavy quark-antiquark bound state potential, where 
itis found to be Coulomic at short distances and increases linearly at long distances (see also Section 
3.8): 


os(r) 


Voo~ C 
QQ F r 


tor (3.7) 


with Cp = 4/3 and o is the QCD string tension. The linear rising term renders the separation of the 
Q Q pair energetically impossible. 

* The confinement assumption also implies that QCD should be a local field theory that leads to local 
observables described by local operators or currents built with gluons and/or quark fields. This 
locality property is one of the basis of the current algebras that we have outlined in the previous 
chapter. 

* Confinement is also essential for explaining the short-range nature of the nuclear forces, while 
massless gluons exchange is a long-range process. This is because nucleons are colour singlet 
states which cannot exchange colour octet gluons but only coloureds states. 

* Some qualitative ideas on the nature of confinement lead to the picture that quarks are bound by 
strings or chromelectric flux tubes. Indeed, if a Q Q pair is created at one space-time point in a given 
process, and the quark and antiquark start to move away from each other in the centre of mass of the 
system, then it soon becomes energetically possible to create additional pairs smoothly distributed 
in rapidity between the two leading charges, which neutralize colour and allow the final state to 
be reorganized into two jets of coloured hadrons, which communicate in the central region by a 
number of wee hadrons. This phenomena is very similar to the case of broken magnet, where an 
attempt to isolate a magnetic monopole by stretching a dipole, leads to the breaking of the magnet 
into two new monopoles at the breaking point. with small energy. Alas, nobody has succeeded yet 
in proving this scenario, which remains a great challenge due to the peculiar IR properties (infrared 
slavery) of the theory. At present, the confinement hypothesis can still be considered a postulate. 


3.4 Indirect evidence of quarks 


Prior QCD, constituent quark models have been used for predicting some processes. The 
calculations assume that one can simply produce free quarks, which, a priori, is in contra- 
diction with the confinement postulate. (Indirect) evidence? of quarks have been observed at 
LEP from two hadronic jet events in the decay of the weak boson Z? through the intermedi- 
ate process Z? — gq, where the quarks hadronize later on. However, one should remember 


5 Some direct searches based on the expectation to observe spin 1/2 quark were not successful. 
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that, in these hard processes, experimentalists only detect hadrons (pions, kaons, . . .), but 
neither quarks nor gluons. It is impressive that these hard processes can be nicely explained 
by perturbative QCD [52]. 


3.5 Evidence for colours 


* [n an analogous way, the existence of gluons has been seen in three hadronic jet decays of the Z? 
through the process Z? > @qg. 
¢ The number of colours has also been tested from different experiments. Classical examples are: 

& The e*e~ — hadrons total cross-section R,«,- normalized to the e*e^ — ut ~ cross-section 
is expected to be equal to the number of colours N, times the sum of the square of the quark 
charge, if one assumes the production of free gq pairs (parton model) before hadronization (see 
Fig. 3.2): 


Rete- = 


c(e*e- — y, Z? — hadrons) 
y ZN M gg. (3.8) 


a(e*e- RE utu) u,d,s... 


This fact has been observed in e*e^ experiments for sufficiently large energy beyond the reso- 
nances structure as shown in Fig. 3.3. 

o Similarly, the decay rate of the weak Z° boson shown in Fig. 3.4 is also controlled by N.. Its 
hadronic branching ratio reads: 


. T(Z^— hadrons) | N. T 
ner: I'(Z° > ete-) WP (v2 n a?) 2 (v; +a?) , (3.9) 


u,d,S... 


+ 


where v; and a; are the electroweak vector and axial-vector couplings of the gg or ete™ pairs to 
the Z°. 
Experimentally, one has [16]: 
Rz = 20.77 + 0.08 . (3.10) 


Y The inclusive heavy lepton t semi-hadronic rate R, normalized to its semi-leptonic one, shown 
in Fig. 3.5, is expected to be equal to the colour number 3 from the parton model: 
R= r(t — v, + hadrons) " 
o TG wl) 


(3.11) 


Experimentally, one has: 


B 1- 25 B,(t > v, + lu) 
d B.(t > v 4 ly) 


R, 


= 3.647 + 0.05 (3.12) 


Fig. 3.2. e + e— — hadrons process. 
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Fig. 3.3. e + e— — hadrons data. The continuous lines are QCD fit. 


e^ . 


Fig. 3.4. Z? — hadrons decay. 


Fig. 3.5. c — v, + hadrons decay. 
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y 


Fig. 3.6. 1? — yy decay from the quark triangle. 


where B, is the leptonic branching ratio. We shall see later on that the QCD radiative corrections 
explain the 2096 discrepancy between the parton model prediction and the data. 

^ The decay rate of the neutral pion into two photons which occurs through the quark triangle loop 
(Abelian anomaly) shown in Fig. 3.6 is controlled by the square of the colour [71]: 


a? N m? 
c) A TM. (3.13) 


where f, = 92.4 MeV is the pion decay constant controlling the decay z^ — uv. It was shown 


ra > yy) = [N(9? - o2) ( 


a long time before QCD that this prediction is not affected by quantum corrections [72]. This 
prediction is in remarkable agreement with the data of (7.7 + 0.6) eV [16]. 


3.6 The SU (3), colour group 


The previous properties: 


* Quarks with three colours 
* Quarks and anti-quarks are different objects 
* Exact colour symmetry (hadrons have no colour multiplicity) 


are sufficient to select the SU(3). symmetric colour group for desribing the theory of 
strong interactions, instead of the other Lie group candidates S O(3) and its isomorphic 
SU (2) = Sp(1), which have real representations, and then cannot distinguish the particle 
from its anti-particle. In this SU (3), unitary group, quarks (anti-quarks) then belong to the 
fundamental presentation 3 (resp 3*), whereas gluons are in the adjoint 8. The previous Gell- 
Mann eightfoldway [7] quark model classification, can now be viewed in a modern way, 
where hadrons should be colour-singlet states. The SU (3). decomposition into products of 
3 and 3* representations gives for mesons: 


Gq : 3' 83-108 (3.14) 
and for baryons: 


q9q .38®383=10868610, (3.15) 


which guarantee the colour-singlet configurations of hadrons required by the confinement 
postulate. and which are satisfied by the experimentally observed hadrons. On the contrary, 
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some exotic combinations like diquarks: 

qq0:383-—3'06, (3.16) 
and four-quark states: 


19997 : 3®38383=3630306 O66 90159159159 15 (3.17) 


do not satisfy the colour-singlet confinement constraints, and can induce coloured states in 
the spectrum [73]. 


3.7 Asymptotic freedom 


Gell-Mann postulated that, at short distances, the commutation relations of the local 
hadronic currents imply that the quark fields entering them are free particles (asymptotic 
freedom). These assumptions led to the success of the different current algebra supercon- 
vergent sum rules and to the Bjorken scaling. However, such assumptions a priori contradict 
the previous confinement postulate. As we shall see, QCD can satisfy simultaneously the 
two conditions thanks to the property of the QCD gauge coupling g, which is the only 
parameter that controls the QCD Lagrangian in the massless quarks limit (as we shall see 
in the next chapter). °t Hooft observed [74] that the slope of the first coefficient (N, and n, 
are respectively the colour and flavour numbers): 


e TR 3.18 
Bi--—z a att (3.18) 


of the 6-function [75,76] is negative at the origin of the coupling constant for a SU(3), 
Yang-Mills gauge theory, while, independently, Gross, Wilczek and Politzer [77] discovered 
that for non-Abelian gauge theories, the origin of the coupling constant is an UV stable 
fixed point in the deep Euclidian region. This asymptotic freedom? property thus states, 
after solving the renormalization group equation (RGE) (resummation of all leading logs 
corrections), as we shall see in Section 11.7, that at large momenta Q, the running QCD 
coupling falls off as: 


g x 


4n  —filnQ/A ' 

where A is the characteristic QCD scale, which indicates that below its value, the perturba- 
tive approximation breaks down. The situation in QCD is the opposite of the familiar QED 
described by the U(1) Abelian theory, in which the effective charge a increases slowly 
for increasing Q? because the corresponding f function is positive (f = 2/3).’ At the 
electron mass, a has the value 1/137, while it is 1/129 at an Z? mass of a distance of 
1/500 fm (It becomes infinite (so-called Landau pole [79]) at an energy much higher than 


Qs = 


6 For historical reviews on the discovery of asymptotic freedom, see the talks given by David Gross and Gerard ’t Hooft at the 
QCD 98 Montpellier Euroconference [78]. 
7 More discussions on QED will be given later. 
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the mass of the universe). An intuitive understanding of this decrease of the QED effec- 
tive coupling at long distance is provided by the dielectric screening due to the cloud of 
virtual et e~ pairs created in the vacuum, through quantum effects, surrounding the elec- 
tric charge. For QCD, and more generally, for non-Abelian theories, one then expects an 
anti-screening effect generated by the gauge self-interactions of gluons, which spread out 
the QCD colour charge, and makes the Yang-Mills vacuum like a paramagnetic substance 
implying an anti-screening charge through relativistic invariance. This anti-screening or the 
asymptotic freedom property are only true for non-Abelian theories [80]. This remarkable 
asymptotic freedom property of QCD then permits a simple treatment of the different QCD 
hard processes, which can be approximated by perturbative series in the strong coupling a, 
at large momenta. This feature also confirms the success of the parton model in describing 
(to lowest order of the a,-series expansion in the perturbative QCD language), the examples 
of QCD processes Re+e-, Rz, R, and DIS mentioned previously, but also implies that for 
Q? — oo, quarks become free particles. 


3.8 Quantum mechanics and non-relativistic aspects of QCD 


We have learned from previous sections that quarks are free at very short distances but tightly 
bounded at long distances. For an heavy Q Q bound state, the QCD potential is Coulomic 
at short distances and increases linearly at long distances. This behaviour is typical for 
quantum mechanical systems bound together by a potential which is not singular at short 
distance and increases infinitely with distance at large distances. This is, for instance, the 
case of the harmonic oscillator where its potential reads: 


i 
V(r) = jno'r (3.19) 


The corresponding Green's function of the system is: 


mao 


ve imw 
> > = 22 , 22 22; 
G(x,x,t)-— exp1——— —((x- 4-x^)coseot —2xx )} , (3.20) 
2h sin wt 


27th sin wt 


which, for small t (wt «& 1), is well approximated by the function for the free particle: 


ee oe m N32 imo (i yy (321) 
ox, x,t) = xh exp hr X—xXx ; : 


Therefore, it is not so surprising that non-relativistic potential models of quarks [12, 
81—94] were able to describe some characteristic features of the systems, and successfully 
explain the complex hadron spectra made with heavy quarks. However, a purely quantum 
mechanical description of the theory is not fully satisfactory, as it does not incorporate 
Lorentz invariance. We shall come back to this subject in a future section. 


4 
Field theory ingredients 


In this chapter, we shall collect some of the field theory ingredients which will often 
be encountered in this book. More detailed discussions and derivations can be found 
in classic textbooks on quantum field theories [53] and some of the QCD books in 
[42-46]. 


4.1 Wick's theorem 


Let us consider free boson or fermion fields o; (x) of a particle i, which one can express in 
terms of the creation a! and annihilation a operators, and the corresponding ones 5! and b 
for the anti-particles, where a and b may (or may not) coincide: 


iG) = Y Paa + M EPOD. (4.1) 
For a fermion field (u and v are Dirac spinors): 
Wx) = f dk[a(k)u(k) e™ + b (k)v(k) el], (4.2) 
and for a boson: 
(x)= Í dk[a(k) e^ + p (k) e^]. (4.3) 


where the phase space measure is: 


dk dtk 


dk = ODME, Qay 


27 5(k? — m?)e(k9) . (4.4) 


The Wick or normal ordered product [95]: 


: q1G3)92(2) : (4.5) 


is obtained by placing all creator operators to the left of all annihilation operators, and 
by taking care on the (anti)-commuting relations if the fields are (fermions) bosons. 
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Therefore: 


: (10909) : = Y [e Gc Gas aw + C Gn Ye (aa) bh BI, 


n,n' 


t P Gef ablan + C Deo ye obla]. — (4.6) 


where ó — 1(0) for fermions (bosons). This results can be easily generalized to more factors 
of fields. 


4.2 Time-ordered product 


A time-ordered product is obtained by rearranging the fields or operators in the natural 
sequence of time. At a time t’ > t, we first create a particle at a time t with øt and annihilate 
later on at a time t’ with gy. This can be encoded by the amplitude: 


a(t’ — Dolt, Zo (t, X). (4.7) 


If, for t < t, an antiparticle is produced by g(x’), then it is annihilated by o! (x) at the 
time ¢, with the amplitude: 


a(t — t)g (t, X)g(t, X). (4.8) 
The sum of the two equations gives the time-ordered product: 
T e(x yp (x) = 0C — NaP E + 7 D?6( — fel G)eQ?) , (4.9) 


where ó — 1(0) for fermion (boson), where one should also note that fermion-boson oper- 
ators are taken to commute. The T -product is arranged from right to left with increasing 
times, and then the appropriate name. One can also express it in terms of the Wick product: 


T ex )g Qo) =: eye! (x) : HOLT eG)! G)10) . (4.10) 
The above results can be generalized to the 7 products of n operators/fields: 


TqiGa) Pan) = CD? gi Gi) Gi, Qi), (4.11) 


where in the RHS the times are ordered (t; > tj, > --- > ti,) and ô is the number of trans- 
position of indices of the fermion operators/fields necessary for obtaining the required form 
in the RHS. It can be written as: 


Tox) Onn) = T 160): 91m Gn Ga) 
= 1411): 91-1) : 91) 
+ (07 9Gc)eGo2)0) : 1G) > ++ eni -1) : 9G) + perm. 
+ (0/7 916x1)g2x2)]0) (0[7 93 (x3)p4(x4)10) : qiGas) -© Pn(%n—1) : Onn) + perm. 
Te, (4.12) 


42 I General introduction 
where - - - stands for: 
(OIT G1 (%1)G2(%2)10) - - - (017 Gn—1%n—-1) Pn(%n)|0) + permutations , (4.13) 
if n is even, and for: 
(017 Gi (x1 )p2(%2)10) - - - (017 Gn—2%n-2)Pn—3(%n—3)10) en (xn) + permutations , (4.14) 


if n is odd. The vacuum expectation values or contractions give rise to the field propagators. 


4.3 The S-matrix 
4.3.1 Generalities 


In field theory, one measures S-matrix elements, which is the probability amplitudes for 
transition between states which contain definite numbers of particles for t ranging from 
—oo to +00. They are usually named ‘in’ and ‘out’ states |œ, in) and |£, out), where a, f 
characterize particles momenta and quantum numbers. The S-matrix can be obtained from 
the interaction Lagrangian: 


S — T exp [ | d*x 4| (4.15) 
which one can expand as: 
S=1+i as £x) e a f d'xid'x, TLI) £i). (4.16) 
n! 
The S-matrix is relativistically invariant: 
S = U(a, N)SU- (a, A), (4.17) 
where U (a, A) is a transformation under the Poincaré group. It is also unitary: 
S'S =1. (4.18) 
It can be related to the transition amplitude: 
(B, out|T |o, in) (4.19) 


which gives the probability that the incoming state |o) will evolve in time to the outcoming 
state |B) as: 


S=1+iT (4.20) 


4.3.2 Applications: cross-section and decay rate 


We can illustrate the discussion by considering the scattering process: 


(Pi; J1) + (P2, J2) > (ki, JO + +++ Kins jn) - (4.21) 
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of two initial particles with momenta p; and p» and spin J; and J2, and n final states with 
momenta p, and spin j,. The unpolarized cross-section of this process can be written as: 


W 
o= i r7 (4.22) 


where Y^ represents an averaging over initial particle polarizations; W is the transition 
probability per unit of time and unit of volume, F is the incident particle flux and D the 
target-particle density. In the laboratory frame of incident particle 1 on a target particle 2, 
one has the kinematic variables: 


à(s, mj, m$) = [s — (mi + m2)" Ms — (mi — my]. 
F = 2E\|v; — v| = A (s)/m» , 
D=2E), (4.23) 
s — (pi po), (4.24) 


where v; (i = 1, 2) is the velocity of the particle i (v2 = 0). The transition probability per 
unit of time and unit of volume is: 


d; f 
= Sa fi TH azaz;! (IG = DIP, (4.25) 


where the sum over the helicities of different particles is understood. We have used the 
normalization of state | p, A) having helicity à and momentum p: 


(p, A Ip, a) = Qxy2bE9 (p! — p), . (4.26) 


Using trivial substitutions, one can deduce the well-known cross-section: 


] ] N 
— 21M? (s, mi, m2) CJ + DOR + 1) 


x foršs; - roa > NP I oon E (4.27) 
where we have introduced the reduced amplitude transition M: 
i(fITli) = 8*(P; — PMG > f). (4.28) 
Here: 
Br Y ys P; = pi + p, (4.29) 


and the statistical factor is: 


N=] E (4.30) 
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if one has n; identical particles in the final state. Analogously, the decay rate reads for a 
particle of mass M at rest is: 


dk; 


E; (4.31) 


N n 
r —> f)= oy eo -PMi >Ð T] 
j=l 


Repeated uses of the reduction formula will show that the transition matrix can be related 
to the Green’s function of the relevant particles. 


4.4 Reduction formula 


Let’s consider the simplest case for the elastic scattering of two scalar particles. The S-matrix 
of this process is: 


(kik2|S|p1 pz) (4.32) 
In terms of annihilation and creation operators, which satisfy the commutation relations: 
[a(p), a! (p')] = Qx)'2ES (p — p), la(p) a(p)] = 0, (4.33) 
the scalar field reads: 
$(x) = i EK alpe + aipe], (4.34) 
(27 )32E; 
which can be inverted: 
a(p) =i | Px e Fo P(x), (4.35) 
where: 
f a g = fog) — P) - (4.36) 
Then, after some algebra: 
(k1k» out| pı p2 in) = (kı|aou(k2)| pi p2 in) 


=i lim | Ëx e'** 3o (ki|O(x)| pi po in) 


Xo—> +00 


= (kiļain(k2)\| pı po in) 
i f dx dle Bo Ualo)|pip2in)]. — (437) 


Using: 


do( fog) = fig 
age! = (V? — me , (4.38) 
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one can replace the last term of the previous equation by: 
i f d*x e'* (92 + m?) (lé GOL pi pz in) . (4.39) 


Using repeatedly the above manipulations, one obtains the Fourier transform of the 
vacuum expectation value (VEV) of the I-product of four fields: 


(ky kz out| pı po in) = (Kiko in| pı po in) 


ei [ nd d'y gait - piyi — p272] 


x (82, 4- m?) (92, + m?) (87, + m?) (82, + m?) (ale GOn pi pz in) 
x (0/7 [666 G0) 009 Q2)110) , (4.40) 
where: 
(kıkz out| pı p2 in) — (kiko in| pı p2 in) = (kik2|(S — 1)| pı p2) 


= (2z)'i&(ki + ko — py — p kilalT| p1 p2) , 
(4.41) 


and we have used the shorthand notation: 


0, (4.42) 


|. 9@ 
ES 


Similar manipulations can be extended to spinor fields. 


4.5 Path integral in quantum mechanics 


The path integral method, used long time ago by Feynman [96], has been revived by Fadeev 
and Popov and De Witt [97] in its application to non-Abelian theory, and by ’t Hooft [98] 
when he derives the Feynman rules for massive gauge theories, particularly for the Standard 
Model of the Electroweak interactions. Detailed derivation of this method are described in 
modern textbooks. We shall briefly outline the method here, but starting from some examples 
in quantum mechanics. 


4.5.1 Transition matrix of quantum mechanics in one dimension 


The Hermitian operator ‘coordinates’ Q, and a conjuguate ‘momenta’ P5, satisfy the canon- 
ical commutation relations: 


[Qa, Pa] =idap,  [Qa, Qo] = [Pa, Ph] 20 (4.43) 


to which correspond the eigenvectors |g) and |p) and the eigenvalues g, and p;. In the 
Heisenberg picture, Q and P have a time dependence leading to: 


Iq;t) = exp Ht)lq) , |p;t) = exp Ht)|p) , (4.44) 
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for the eigenstates, which satisfy the orthonormality and completeness conditions: 
(q'stlqst) = êl =q), — (p'itlpit) = 9(p — p). 
[Tagan =1= f Javari (4.45) 


and: 


1 , 
(pin =] | RTF exp(qapa) - (4.46) 


One should remember that, in the previous notation, the state |g; f) in the Heisenberg 
picture coincides with the one of the Schrédinger picture |q(t)) at a given t. Now, we wish 
to calculate the scalar product: 


(q'3t'lq3t) , (4.47) 


which corresponds to the probability amplitude for measurements at time f to give the state 
|q'; t^), if we found that at the time t our system is in a definite state |q; t). This is an easy 
task if the time ¢’ and f are infinitely close to each other (t = v; t = t + drt and dv — 0) 
since from Eq. (4.44): 


(qt + dtlq;t) = (q'; t| exp(—i Hd)Iq; v) . (4.48) 


Expanding |q; 1) in terms of the P eigenstates | p; t) by using Eq. (4.46), one can write: 


(q';t +. dt|qit) = | Viera totino, P(t))dt]|p; T) (p; T1937) 


dpa : 1 ; j 
= f P exp E ,p)dt +i » = ade ; (4.49) 


where each p, is integrated from —oo to -- co. One can generalize this procedure by breaking 
the interval t’ — f into N + 1 sets of infinitesimal intervals, as shown in Fig. 4.1, and sum 


QN 


fo f ÎN >t 


Fig. 4.1. Subdivision of the time interval t’ — t into N + 1 sets of infinitesimal intervals. 
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over a complete set of states |g; T) at each time tg. Then, 


une f [Etre] rores 
N+1 
x exp | ye {Ha pi-0dt + È (dra — sona] | , (4.50) 


k=1 


with qo = q and qy+1 = q'. In the limit c > 0, and then N — ov, one can assume that qa 
and p, are (to leading order in the t-expansion) independent of t, such that the argument 
of the exponential becomes an integral over t. Making the formal substitutions: 


b» 
dae — da4-1) > Gad 5 Y-[: I i Ta] > fT. 


(4.51) 
one, then, obtains the path integral (= integration over all paths taken by g(t) from t to t’): 


d 
Wertung = f. = galt) []4am [1 PC 


[A = qt) na 


X exp pi dt |--na P(t)) + Laora] | . (4.52) 


One can perform the p integration. In order to read off the oscillating function in the 
exponential, it is convenient to work in the Euclidian space by formally treating idt to be 
real. Then, the integral has a definite norm. For a Hamiltonian of the form: 


H(P,Q)- — <= V(Q), (4.53) 


where V(Q) is the potential, we have to perform a Gaussian integral: 


Í TP setae E (4.54) 
—— exp|—ax x)= ex aj. . 
—oo0 20 r v 4ra P 


Then, one can deduce from Eq. (4.52): 


(q's t'last) = dann ] [2.0 x zi if Lends , (4.55) 


qa = qalt) ^? 


where: 
m.» 
Lz z347 V(q), (4.56) 


is the Lagrangian. 
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4.5.2 The Green's functions 


One can extend the previous discussion of matrix transition to the analysis of a Green's 
function which is the time-ordered products of different (local) operators. This can be 
illustrated by the example of a quantum mechanical two-point function, which is the matrix 
element of the time-ordered product between ground states: 


G(t,t^) = (O/T Q(n)OQ2)0) , (ti > 6). (4.57) 


where |0) denotes the ground state. By inserting complete sets of states, it can be written 
as: 


Gt, r’) = J dada O1a'st'Na'st iT oo goto: nsi > (t1 05). (4.58) 
Introducing the wave function of the ground state: 


(0|q; t) = do(q) exp[—i Eot] = $o(q.t) , (4.59) 


and using an analogue of the derivation of Eq. (4.52) for the matrix element: 


(q'3t'|T Q(t) O(t)lg3t) = firien — tlg (q1 Q(t) exp[—i A(t) — t)llq2) 
x (qo| Q(t) exp[ —i H(t — t)llq; t)dqidqo , (4.60) 


one obtains in the Schrödinger picture: 


d 
Gti) = a uo Heec T] PO ota’ roii. datet 


20 
q! = g(t’) T,a Lb 


x exp | dt [o pc»- Yen) | . . (461) 


Now, we can remove the wave functions by introducing a complete set of states. Then: 


(q^: |Q'; T^) = (q'|lexpl-i HG" — TINO’) = Y (g'in) (nl exp[-iH@' — TIO’) 


n 


= M oaoa (QD expL- E EG — T^], (4.62) 


where E, and ¢, are the energy and wave functions of the state |n). The contribution of the 
ground states can be isolated by taking the limit t’ — ioo and using the fact that E, > Eo 
for n Æ 0. In this way, one gets: 


,lim. (q^:r1 Q^: T^) = doa CQ) expL- Eolr'lexpliEoT]. —— (4.63) 
Similarly: 


lim (Q; T|q;t) = $o(q)09(Q) exp[— Eolt|] expl —i EoT] , (4.64) 


t—-Fioo 
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from which one can deduce: 
N= im (qit|qir) = lq pola) expl- Er] + Ip]. (4.65) 
t — -Fioo 
Therefore, one can derive after some straightforward algebra: 


m (qt T Q(t)Q(o)Iq; t) = fao d Q'(q';t| Q^; T?) 


t > +i00 


t 


x(Q';T'|T O(t,)O(t2)|O; T)(Q; T|q; t) 
= plq )0o(q) exp[—Eo(1t] + | DIG, 2). (4.66) 


Combining Eqs. (4.65) and (4.66), one can deduce the result: 


dpy(x) 
Gh. 5) = x aa E4en]] = 


q, = qt) T.a 
x exp | | a |-u ao p+ Xacone) | (4.67) 


This result for the two-point function can be generalized to n-point Green's function. 
This Green's function can be generated as: 


qi(ti)q»(t2) 


ô” Z[J] 
SJ (T1) -8I Tn) o 


G? (n, T2, ...T) = (-i)" (4.68) 


by the generating functional: 


ZU]- lim = = | Da ev f dt [l-24 - V(q)+ sont] , (4.69) 


ne 


which corresponds to the transition amplitude from a ground state at t to the ground state 
at t’ in the presence of an external source J (7), with the normalization Z[0] = 1. We have 
introduced the symbolic notation D for the integration measure: 


Dq= I] dqa(t) . (4.70) 


In order to elucidate the meaning of the previous expression, we recall that, by definition, 
a functional is an application of the space of smooth functions f(x) into complex numbers: 


J(x) — Z[J]. (4.71) 


while a functional derivative is defined as: 
óZ[J] ET Z[J + €8,] — Z[J] 


— lim : (4.72) 
ô J(y) e>0 € 
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where à, = d(x — y) is the ó-function at y. In the case of the functional integral: 


Z[J] = [^ K(x)J(x), (4.73) 
the functional derivative is: 
8Z[J] 
sn = KO), (4.74) 
8J(y) 
which, after performing a Taylor expansion of the kernel K (x), leads to: 
ô” Z[J 
Ki(x1,.--Xn) Ul (4.75) 


T STED STE) 


4.5.3 Euclidean Green’s function 
The unphysical limits t’ — —ioo, t > ioo can be interpreted in terms of the Euclidean 
Green's functions: 
S9). ct) = PGO (Emus ss —i Tn) 


ô” Zg[J] 


= ——————— : 4.76 
EIE IG, coe 


where Zg[J] can be deduced from Z[J] by the formal change t” — ir. In the Euclidean 
region, the path integral is well-defined, as it converges because the potential is bounded 
from below ((m/ 2)q? + V(q) > 0), such that the exponential in Eq. (4.69) will give a 
damping factor. 


4.6 Path integral in quantum field theory 
4.6.1 Scalar field quantization 


For simplicity let's consider a classical field @(x) and the corresponding Lagrangian density 
L(¢, ð p) to which corresponds the action: 


S= ie d^x £($, 9,0) . (4.77) 
The field $ satisfies the Euler-Lagrange equation of motion: 
ôL ôL 
SR ee SHO. (4.78) 
à(0,0) ô 
We denote by 7x (x) its conjuguate momentum: 
ôL 
U(x) = (4.79) 


5 (dog) ' 


4 Field theory ingredients 51 
which obeys the equal-time canonical commutation relations: 

[x (X, t), p, 0] = iba — X), (4.80) 
while the Hamiltonian density is defined as: 

H= | axira) cool (4.81) 


Therefore, in order to use the previous results of quantum mechanics, one can consider a 
field theory as a quantum mechanical system with infinite degrees of freedom. Therefore, 
one can make the substitutions: 


DqDp > Dóé(x)Dn(x), 
L(qi.di) > f d?x LP, 8,0) ; 
Hs 9) | rmai: (4.82) 


Using the fact that the ground state in field theory is the vacuum state, the generating 
functional Z[J ] is the vacuum-to-vacuum transition amplitude in the presence of an external 
source J (x), and read in the Euclidian space:! 


Z[/]— fos exp { eee Joson] , (4.83) 


up to an inessential normalization factor; Here, x is the Euclidian coordinate (t — it). In 
field theory, we are interested in the connected Green’s function, which is: 


(4.84) 


1 ô” Z[J 
S6,... Xn) = È uU | 


[J] 8J (x1): 8J n) 


J=0 
where an extra factor of 1/Z[J] has been inserted in order to remove the disconnected part 
of the Green's function. 


4.6.2 Application to X. theory 


We can illustrate this result by working with the Lagrangian of 4$ theory: 
L = Lire + Li (4.85) 
with: 
1 P 1 > 
Lire = z nP $) = 5^ [o , 


À 4 
£j mu (4.86) 


! We shall work in the Euclidian space in this subsection, where, as mentioned previously, the integral has a definite norm, and is 
well defined. This space is useful for a path integral formulation of non-perturbative QCD. However, the derivation of Feynman 
rule can still be done in the Minkowski space. 
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In Euclidian space, the generating functional reads: 


à 1 1 A 
= [»osol- [s (2. 5 (VG) + 34 + ae zl 3 
(4.87) 


which one can rewrite as: 


Z[J] 2 EE Ly (=) au (4.88) 


The free-field generating functional 


ZolJ] = D$ exp l f d’x (Liree + 10) : (4.89) 
can be written in the form: 


1 
Zol J] = I Dep |-5 ^ d'xd*y é(x)K(x, y)ó(y) + f dre] , (4.90) 


where: 
32 
K(x, y) = -S -V° + 1”) (4.91) 
and the identity: 
9$ V? TEES don z 
-(#) — (V9) -e(5 =y Je (4.92) 


has been used because their divergence is a total four-divergence. Integrating the Gaussian 
integral: 


dim, f Db. Don exp |- -Lake LI 


~ JUK- 55 |, 4.93 
Ax JP » (KJ | (4.93) 
one obtains: 

Zol J] EE f d'xd*y J(x)A(x, Z (4.94) 


where A(x, y) is the inverse of K(x, y): 


I d^y K(x, y)A(y, 2 = 8* (x — 2), (4.95) 
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which leads to the desired expression of the scalar propagator: 
d^k exp[ik(x — y)] 
Qu? k? +p? 


Perturbative expansion in powers of the interaction Lagrangian £, generates the Feynman 


A(x, y= (4.96) 


rules for different vertices. However, in order to keep only the connected Green’s function, 
one should expand In Z as defined in Eq. (4.84). 


4.6.3 Fermion field quantization 


The quantization of the fermion field can also be done by expressing the transition amplitude 
as a sum over possible lines connecting the initial and final states. For a classical fermion 
(anti-fermion) fields y, (Y) and sources n, ñ, the generating functional reads: 


Zin, ñ] = J ramt l fas [CQ V.) + Vm + z : (4.97) 
where the functional integral must be taken over anti-commuting c number functions which 
are elements of the Grassmann algebra: 

A(x), (x) = 0(x),0(x^) = A(x), 0x) = 0, 
[9GOP — 0, (4.98) 
where 0 = w or n. The fermion Lagrangian is: 
L = ge + Li, (4.99) 
with: 


É tee (X) = W(x)iy,a" = m)y (x) , 


£x) = Yayu V QG)A" (x) . (4.100) 


Since the fermion fields always enter the Lagrangian quadratically, the previous functional 
is a generalized Gaussian integral. Therefore, one can write: 


Z[J]= J Dvomi TEE jav) = detA , (4.101) 


where Z is the vacuum-to vacuum amplitude and the (connected) Feynman diagram gen- 
erated by In Z will be a set of single-closed fermion loops. 


4.6.4 Gauge field quantization 


Due to gauge invariance, gauge theories represent systems with constrained dynamic vari- 
ables. Their quantization is more involved than the one of scalar field theory or of free 
fermion discussed previously, and so we shall leave it for discussion in the next section. 


Part II 
QCD gauge theory 
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Lagrangian and gauge invariance 


5.1 Introduction 


After Einstein's identification of the invariance group of space and time in 1905, symmetry 
principles received an enthusiastic welcome in physics, with the hope that these princi- 
ples could express the simplicity of nature in its deepest level. Since 1927 [99,100], it has 
been recognized that Quantum ElectroDynamics (QED) has a local symmetry under the 
transformations in which the electron field has a phase change that can vary point to point 
in space-time, and the electromagnetic vector potential undergoes a corresponding trans- 
formation. This kind of transformation is called a U(1) gauge symmetry due to the fact 
that a simple phase change can be thought as a multiplication by a 1 x 1 unitary matrix. 
Largely motivated by the challenge of giving a field-theoretical framework to the concept 
of isospin invariance, Yang and Mills [101] in 1954 extended the idea of QED to the SU (2) 
group of symmetry. However, it appears here that the symmetry would have to be approx- 
imate because gauge invariance requires massless vector bosons like the photon, and it 
seems obvious that strong interactions of pions were not mediated by massless but by the 
massive p mesons. In 1961, there was the idea of dynamic breaking, i.e., the Hamiltonian 
and commutation relations of a quantum theory could possess an exact symmetry and the 
symmetry of the Hamiltonian might not turn to be a symmetry of the vacuum. This way of 
breaking the symmetry would necessarily imply the existence of massless-spin zero par- 
ticle, the Nambu-Goldstone boson [17] discussed previously. Later on, Higgs and others 
[102] showed that if the broken symmetry is a local gauge symmetry, as in the case of 
QED, the Nambu-Goldstone bosons could formally exist, but can be eliminated by a gauge 
transformation, so that they are not physical particles. These Nambu-Goldstone bosons 
appear as helicity states of massive vector particles. These ideas were the starting point 
for building the SU(2); x U(1) electroweak theory by Weinberg and Salam [61] as an im- 
provement of the model proposed earlier by Glashow [61]. The spontaneous breaking of the 
electroweak group into U (1) via a non-vanishing expectation value of the Higgs scalar field 


gives masses to the W* and Z° but leaves the photon massless. At present time, one even 
expects that nature has a richer symmetry (supersymmetry), which treats in the same manner 
the fermions and the bosons. However, we do not have yet any direct evidence of a such 
symmetry. In the following, we shall restrict ourselves to the discussion of the symmetry of 
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QED and QCD described respectively by a U(1) Abelian and SU (3). non-Abelian gauge 
groups. 


5.2 The notion of gauge invariance 


In quantum mechanics, a multiplication of a state vector by a constant phase factor, e’”, does 
not induce any observable consequences. Now if you take a wave function with two very 
distant peaks, and multiply one by a phase factor, then you have to multiply the other by 
the same phase. This is the local gauge invariance, i.e., independence under a space-time- 
dependent phase factor exp (ia(x)), postulated by Weyl [100]. However, this requirement 
does not even hold for free non-relativistic particles. Indeed, if w(x, t) is the solution of the 
Schródinger equation: 


2 
xf 345 233 05:35; (5.1) 
2m 


the quantity exp (io (x)) V (X, t) is not, in general, a solution of it. Then, gauge invariance 
necessarily implies that a particle should interact with fields. If indeed, we consider the 
Schrödinger equation in a magnetic field with a vector potential A(x, t), then the equation 
becomes: 


Wes 62. WM us E 
— (iv — -A(x, 3) wx, t) = ihü y(x, t). (5.2) 
2m c 
In this case, where the vector potential changes.! 
AG, t) > AG, — 5 Va), (5.3) 
e 


one can see that both w(x, ft) and exp (ia(x)) W(x, f) are solutions of the Schrödinger 
equation. From this example, we learn that a local gauge invariance of the wave function 
necessary needs a coupling of the particle to a vector field. Such an invariance will be 
satisfied by the gauge theory Lagrangian that we shall discuss below. 


5.3 The QED Lagrangian as a prototype 


The previous discussion can be illustrated in field theory by the simple Lagrangian of QED. 
In so doing, one can consider the Lagrangian describing a free Dirac electron field having 
a mass m: 


Lice = YENi ðY” — my). (5.4) 
Under a U(1) global phase transformation, one has: 
W(x) > exp(-i01) w(x), (5.5) 


' Fortunately, this gauge transformation does not influence the magnetic field. 
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where 0 is an arbitrary constant. Now, if one considers the case where 0 depends 
one the space-time coordinate, one can notice that the Lagrangian is no longer invari- 
ant under the phase transformation as the derivative of the field has induced an extra- 
term: 


9" W(x) > exp(—i01) (8^ — i9"0) W(x) , (5.6) 


which means that, for the theory to be consistent, the same phase convention should be taken 
at all space-time points. However, this is not natural. Gauge symmetry requires that the U (1) 
phase invariance should hold /ocally. This can be achieved, like for the case of quantum 
mechanics above, by adding a new spin-1 contribution which can cancel the previous extra 
term: 


Ayu(x) > Ay(x) — EX ; (5.7) 
and by defining the covariant derivative: 
D, V (x) = (8, + ied aV), (5.8) 
which transforms like the field itself: 
0" y(x) > exp (01) D"y(x). (5.9) 
Therefore, the Lagrangian: 
L = vo) Duy" — myx) = Ese — eAuGOV Gy" W(x) , (5.10) 


is invariant under the local U (1) transformation. As in the case of quantum mechanics, the 
gauge principle necessary needs a coupling of the electron field to the vector field, which is 
given by the second term of the Lagrangian. A complete QED Lagrangian can be achieved 
by adding the kinetic term of the electromagnetic field and a gauge term: 


1 esed 
Ly = AFF" — Fag Auda A" ; (5.11) 


which expresses that A,, can propagate. Here, Fay = 0,,A, — 3p A, is the electromagnetic 
field strength; og is the gauge parameter which is O(resp. 1) in the Landau(resp. Feynman) 
gauge. On the other hand, a possible m? A" A,, mass term violates gauge invariance, which 
then implies that the photon is massless. We have then shown that, with the alone gauge 
principle, one can rederive the QED Lagrangian, which leads to a very impressive quantum 
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field theory which applications have been tested to a very high degree of accuracy (see next 
section). 


5.4 The QCD Lagrangian 


The case of QCD is very similar to the one of QED though more involved due to the 
non-Abelian structure of its SU (3). gauge group. The QCD Lagrangian density reads: 


1 v a H = Ta : TO 
Loco) = = 70k Gus FE DV yD ashy — mW Wi 
j=l j=l 
1 
— — 0" AC I AY — 0,9, D" , (5.12) 
2aG 5 

where o = ð, A$ — dy A7, +g fap: Ab AS (a= 1,2,...,8) are the Yang-Mills field 
strengths constructed from the gluon fields AT (x) [101]. v; is the field of the quark 
flavour j while g“(x) are eight anti-commuting scalar fields in the 8 of SU (3). (Dy)ag = 
bap Ou — ig dog ASe Afi, are the covariant derivatives acting on the quark colour compo- 
nent a, 8 = red, blue and yellow; Aap are the eight 3 x 3 colour matrices and fap. are real 
structure constants which close the SU (3) Lie algebra: 


[Ta, Tp] =i Jabe T, , (5.13) 


where (T^),4 = Ag in the fundamental colour 3 representation, while (Ta)pe = —i fave 
in the adjoint 8 representation of gluon basis. The last two terms in the Lagrangian are 
respectively the gauge-fixing term necessary for a covariant quantization in the gluon sec- 
tor [æg = 1(0) in the Feynman (Landau) gauge] and the Faddeev—Popov ghost term [97] 
necessary to eliminate unphysical particles from the theory. 


One can rewrite the above Lagrangian in a more explicit form: 
Loen: = Lre + ££ + £8 PLE (5.14) 
where: 
Lid = Leo + ie EL (5.15) 


is the free-field Lagrangian containing the kinetic terms of the different fields, with: 


LE 


free 


1 1 
HAV VAH MAY VAH Hh Aa n 
^4 (8 Ai — 9 AL) (8 4-9 Abc zi Al On AG 


Lhe mi Y Wy" Qa, — Y mV Wie 
j=l j=l 
LEP = —9,904,0"9^ . (5.16) 


free 


? More general and useful properties of the 4 matrices are given in Appendix B. 
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The interaction Lagrangian of the gluon fields respectively with the quarks, gluons and 
Faddeev-Popov ghosts reads: 


22 Àa 
LI = gA X yy" (=) we, 
j=l ap 


2 
Le = = (8^ A? — à" A") A, Ac. — Tf fae Ay AL ALAS ; 
LITE = gfu(0,97)9 As, . (5.17) 


The new piece compared with the usual Abelian QED Lagrangian is the the appearance of 


the gluon self-interaction Lle, which is a specific feature of the non-Abelian group SU (3)e. 


Because of this new piece, the Faddeev-Popov ghosts fields are introduced (as mentioned 
above) for a proper quantization of the theory, which can be done formally using path 
integral techniques. This method is discussed in details in various textbooks and will be 
briefly sketched in the next section. 


5.5 Local invariance and BRST transformation 


ÉL ocp(x) is locally invariant under the BRST transformation [103]: 
A, (x) > Ay(x)+ oD, o, 
Wilx) > exp(—igoT - 9) yi, 
> o+—a,A", 
AG 
I. ets 
PPE EQ K ph (5.18) 


where w(x) is an arbitrary parameter. In order to see the usefulness of the BRST transforma- 
tions for generating the Slavnov-Taylor-Ward identities [104,20], let's consider the gluon 
propagator: 


iD? (k) = / d*x e" (0|T A7 (x) AT (0)/0) . (5.19) 


We shall prove that order by order in perturbation theory, the non-transverse part of the 
gluon propagator remains the same as for the free propagator: 


k"k"i Dé (k) = —iagd” . (5.20) 
In so doing, we start with the trivial identity: 

(018^ A7 Qx)9^(0)/0) =0. (5.21) 
The BRST invariance implies: 


(019 A" )g^ (010) = (018^ (A1) G^) (0)10) , (5.22) 
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where the new fields: 
A, — A, + oD," B 
g"—g ma, (5:23) 
AG 
have been introduced. Then, one can deduce: 


w b 
a; 018" Aj G9" A O10} =0. (5.24) 
G 


By taking its Fourier transform, one obtains the Ward identity written in Eq. (2.39). Using 
the canonical commutation relation: 


[114 (x), AP (0)]5(x0) = —igu,9"^3^ (x) , (5.25) 
where: 
1 
T(x) = -66,G) — gg? ATQO f (5.26) 
we obtain: 
[ AG(x), à" A^(0)]8(9) = —iagd*(x) . (5.27) 


Using Eq. (5.27) into the Ward identity in Eq. (2.39), one can deduce the result in 
Eq. (5.20). 
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Quantization using path integral 


A quantization of a theory can be done either by considering the quark and gluon fields 
as operators with canonical commutation relations or by introducing Feynman integrals 
in functional spaces. The second procedure is very convenient for gauge theories, and 
especially for the non-perturbative approaches. However, although this second method 
preserves Lorentz invariance, it is not clear that the S-matrix calculated in this way is 
unitary. On the contrary, Lorentz invariance is obscure from the canonical commutation 
relations, while unitarity is obvious. 


6.1 Path integral technique for QCD 


The expression of the path integral can be obtained following the derivation discussed in 
a previous chapter. However, the quantization of the gauge fields is more peculiar as the 
source term A7 JË is not gauge invariant and hence the generating functional itself. A gauge 
invariant functional can be obtained (detailed derivations are given in many textbooks). 
This can be achieved by first introducing an invariant measure (Faddeev—Popov ansatz). 
One considers that the action is invariant under the gauge tranformation: 


Ay > Aj,» (6.1) 
where: 
À 4° =u@)|~A ! U-(63,U(0) | U- (6 6.2 
go) Aet (8)8,U (8) (8), (6.2) 
and: 
AX 
v6) = exo] i500] : (6.3) 


Then, one makes an expansion for small 0, which leads to: 


9044 a abc 1 a 
(4j) 2: A + f Ob Auc = Fd y (6.4) 
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The proper invariant measure becomes: 


DA > DA AclAI[ [?[G" 476) - B*G)]. (6.5) 


G” has been introduced as: 
G" AY = B’, (6.6) 


as a generalization of the (Lorentz) gauge fixing condition 0,,A“ = 0; B" is an arbitrary 
space-time function, independent of the gauge field; Ag can be obtained from the volume 
normalization condition: 


l= E | [o[e^4765 — B"(x)]. 


AGIA] 
= , 6.7 
det Mg uU 
where:! 
8[G" (A?)" œ] 
McG, y)? = ————————- 6.8 
[Mc(x, y)] TUN (6.8) 
By integrating over B^(x) by the suitable choice of weight: 
i 4 2 
exp EE x[B(x)] | ; (6.9) 
2aG 
where og is the gauge-fixing term, the generating functional reads: 
Z[J] — [ra det Mg | [s[e“ 42) — B'(x)] 
1 2 
A 4 a a 
x exp {i IE X E — Don (G" A“) + ae ; (6.10) 
where: 
1 
Lin = — 4G" Gw, (6.11) 


is the gluon kinetic term; the last term in the exponent is the external source term. In a 
covariant gauge, the matrix Mg reads: 


9 \2 
[Mc(x, y)la» = ls (= ) = cha [e —y), (6.12) 
Xu 


which depends on the gauge field A7, such that a simple perturbative expansion of the 
previous generating functional is not allowed. In this case, one needs to exponentiate det Mg 


! One should note that in the case of axial (n.Ao = 0, n =a space-like constant vector) and in a temporal gauge (Ao = 0), det Mg 
is a constant like in the case of an Abelian theory, where the canonical quantization can be easily done. This is not the case of 
the covariant gauge as we shall see later on. 
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and consider it as a part of the effective Lagrangian. This can be done by introducing the 
Faddeev-Popov fictious ghost anti-commuting fields o and 9: 


det Mg = f DoD exp E i d" xd* y &"(x) (Mg(X, Yap ee) ..— (613) 


Therefore, the complete QCD generating functional is: 


Z[V. A, 9] — J »^?voénere exp |i [ten + Looms} (6.14) 
where: 


Lsource = ApJ" + X9 + OX +yn+iw , (6.15) 


with x, x and 5, 7 are respectively source functions for the ghost and fermion fields. The 
generating functional can now be written in the familiar form as in the case of scalar fields 
in Eq. (4.85), as the Lagrangian can be decomposed into: 


Loco = Liree 2E Ly , (6.16) 


where, as one can see in Eq. (5.15), that Lfree has three parts. Therefore, the generating 
functional reads: 


Z[v, A, 9] = ex fe L : Rise is, 22 : Zol J X i] 
» a, = L X NC Eom rU Ere > X> Xs 1, , 
A p d idJi ióm idm iôx ióx A AE de 


(6.17) 
where Zo is the generating function for free fields: 
Zo = ZhlIIZo' lx, %1Zóln, Ail, (6.18) 
with: 
Zi[J]- fpa exp l ii d*x (Lin. + an) 
Zi. ñl = fowo exp l f d'x (Lhee + Vm w) 
Zip. X1= I exp l J. d'x (Co. + XO + e) (6.19) 
6.2 Feynman rules from the path integral 
6.2.1 Free-field propagators 
The propagator for a free field $ is defined as: 
A2 82 In Zo 
D(x, y) = (0/7 $()9(0)]0) = (70) — — — (6.20) 
8J6JO|, 4 
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Following closely the derivation of the scalar propagator in the case of scalar A$^ theory 
discussed in previous chapter, and by using the generalized Gaussian integral, one can 
rewrite: 


ZjJ] = exp l / d'xd*y J" (x) Diy (x — yuo] 
Zin, ñ] = exp l f dxd y i(x)S(x — wo) l 
Zo’ Lx, X] = exp l f d*xd*y X (x)D*^(x — »xo| (6.21) 


where De S, D® are respectively the gluon, fermion and Faddeev—Popov ghost propa- 
gators, which obey respectively the conditions: 


f d'y KE (x — y) DG — z) = gu 9" * (x — z) , 
I d^y K**(x — y) D'(y — z) = 8” t(x — z), 


/ d*y Q(x — y)S(y — z) = 8*(x — 2), (6.22) 


MG 1 
Ko? = 8% E (=) + (1 - =) na| , 
QXy Og 
2 
K^ = 64^ a 
dx 


Q = -iy"d, +m. (6.23) 


where: 


Solving these equations give the Feynman rules (visualized in Appendix E) in the momentum 
space after Fourier transform: 


p d^k e ** Ky ky 
DY (x) = (-i)5” (<u (1 — ag)” js 


(27)* k? + ie k? 
dtk e ikx 
p^ ES ` ga 
GED" JOE ie 
SQ) — () / CLE i (6.24) 
XJ=U ES A a 
Qzx)*k—mc-ie 


6.2.2 Vertices 


Perturbative series can be generated by expanding the exponential in Eq. (6.17): 


Z[J,...]2 [rss fateh; d DEL (6.25) 
is Ji 
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Let, for instance, the three-gluon vertex at order g: 


53 ó 
ajma EV) 4 3g S 
E niu 1 X2, 33) = (-i) oT fa x £i (z=) Z [J] (6.26) 


From the three-gluon terms of the Lagrangian £,,, one can deduce: 


J=0 


fe Z8 \ gabe ( 3 P ee 88 pe (627) 
= x vo r z . 

2 Missa id Ja J iS Jo" i5 Jcv 0 
After some algebra, one obtains: 


Za,[J] = -i$ f” | d'xa*yid* yd^ ys[8, D (x — y1) — ay DiS x — yi] 


x DI?" (x — yj) Df" (x — y JEN YJ) (y,)Z5[J] , — (628) 


which gives: 


D$" Qus X2, x3) = gf" | d*x[9, DiE — x1) — 8, DGE (x — x1] 


x pos (x — x2) D?" (x — x3) + permutations. — (6.29) 
Taking the Fourier transform, one then deduces: 


414243 d^k d*ky . : 2 
Duu Xb X2; X3) = QxY Oxy exp | i sx I] Dy, 
i=l i=l 


x gf ^'^^ [(k — ka) g? + (ky — kx) g'?^5 + (ks — ky og], 


(6.30) 
with: 
kı ko +k3 = 0 (6.31) 
and: 
1 ky ky 
Dyy(k) = Ü [sw (1— æg) Ü | ] (6.32) 


Equation (6.30) gives the Feynman rule for the three-gluon vertex to order g, which is given 
in Appendix E. One can extend the previous analysis to derive the different Feynman rules 
listed in Appendix E. 
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6.3 Quantization of QED 


QED is a particular aspect of the more general non-Abelian case discussed previously. 
Under the U(1) gauge transformation, one has instead of Eq. (6.4): 


AY (x) = A (x) — LS ; (6.33) 


and the response matrix Mg in Eq. (6.8) will be independent of A,, for any choice of the 
gauge, and then the Faddeev—Popov factor det Mg plays no physical role and can be dropped 
in the generating functional in Eq. (6.10). 


6.4 Qualitative feature of quantization 


For a qualitative physical picture of the quantization procedure, one can notice that the 
gluon fields AZ have four Lorentz degrees of freedom, while a massless spin-1 gluon has 
only two physical polarizations. In QED, the gauge-fixing term is enough for making a 
consistent quantization, as the U(1) gauge symmetry guarantees that the extra degrees of 
freedom do not generate physical amplitudes, and the physical results is independent of 
the gauge parameter ag. In QCD, life is more complicated. For instance, if one tries to 
evaluate the cross-section of the scattering process gq — gg — qq, one notices that, due 
to the propagation of the longitudinal and scalar gluon polarizations along the internal gluon 
lines, the contribution of the higher-order diagrams shown in Fig. 6.1, violates unitarity. 
In QED, the analogous process ete~ — yy — ete~ does not have these drawbacks as 
unphysical contributions from the longitudinal and scalar components of the photons vanish 


q q q q 
Aime? 0E 
q q q q 
q q q q 
Pata 
q q q q 


Fig. 6.1. Gluon contributions to the qq — qq process. 
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q 
E „9 s p 
P4 P 
g pa I N 
I 
b t / 
T wee” 
= ae = p Z 
q p q q 


Fig. 6.2. Ghost contributions to the gq — qq process. 


due to gauge invariance and to the conservation of the electromgnetic current. In order to 
recover such a property in QCD, one can introduce unphysical scalar fields with negative 
norms (ghosts) which eliminate the contributions of such unwanted terms from the diagrams 
depicted in Fig. 6.2. 

More generally, the introduction of the Faddeev—Popov ghosts, in addition to the gauge- 
fixing term, guarantees a consistent quantization of the theory. 
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QCD and its global invariance 


7.1 U(1) global invariance 


Locp(x) is invariant under the U(1)g global transformation : 
Wilx) > exp(—i01)yi;(x), (7.1) 
to which corresponds the conserved baryonic current: 
a= divi"), (7.2) 
and the baryonic charge generator of the U(1)g group: 
B= | d?xJ*(X,t). (7.3) 
For massless quarks, Cocp(x) is also invariant under the axial U(1)4 transformation: 


y; > (-i0lys)Vi , (7.4) 


acting on quark-flavour components. The corresponding current: 


Jœ = Do piy" pia), (1.5) 
has an anomalous divergence: 
2 
Ou dE (x) = e A, (7.6) 
47m2 8 [AV p a a 


where the rate of the change of the associated axial charge: 
Ò; = i d?x 09J2(X, t) , (7.7) 
is zero in the absence of instanton-type solutions [105]. 
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7.2 SU (n); x SU(n)g global chiral symmetry 


As we have already dicussed in Part 1, and we shall partly repeat here, Cocp(x) also possesses 
a SU(n) x SU(n)r global chiral symmetry. In the massless quark limit (m; = 0), it is 
invariant under the global chiral transformation: 


Vi(x) > expC-i0^ TA ix) , 
Wilx) > expC-i0^ T, ys)yri(x) , (7.8) 
where T^(A = 1,..., 7 — 1) are the infinitesimal generators of the SU (n) group acting 


on the quark-flavour components. The associated Noether currents are the vector and axial- 
vector currents: 


VE = Viv, Tipi), 
Aix) = Vivas Ti Vile) , (1.9) 


which are the ones of the algebra of currents of Gell-Mann [69,13]. The corresponding 
charges, which are the generators of SU (n); x SU (n)g are: 


QA = f d?x (Vo! — Aj) , 
oA = pax (Voi + AQ). (7.10) 
The charges are conserved in the massless quark limit, and obeys the commutation relation: 


[07. 07] = ifepy Q% . 
[2R 05] = ifapy Qe» 
[07. 0%] 2 0, (7.11) 


wherea, B, y = l,...n.Inthe Nambu-Goldstone [17] realization of chiral symmetry, the 
axial charge does not annihilate the vacuum, which is the basis of the successes of current 
algebra and pion PCAC [13]. In this scheme, the chiral flavour group G = SU(n); x 
SU (n)g is broken spontaneously by the light quark (u, d, s) vacuum condensates down to 
a subgroup H = SU (n); g, where the vacua are symmetrical: 


(PuPu) = (Papa) = (rss). (7.12) 


The Goldstone theorem states that this spontaneous breaking mechanism is accompanied by 
n? — | massless Goldstone P (pions) bosons, which are associated with each unbroken gen- 
erator of the coset space G/H. For n = 3, these Goldstone bosons can be identified with the 
eight lightest mesons of the Gell-Mann eightfoldway (x+, z^, x, n K*, K, K?, K9). 
On the other hand, the vector charge is assumed to annihilate the vacuum and the corre- 
sponding symmetry is achieved a la Wigner—Wey] [18]. In the vector case, the particles are 
classified in irreducible representations of SU (n)z+r and form parity doublets. 


Part III 
MS scheme for QCD and QED 


Introduction 


As in QED, the evaluation of QCD Feynman diagrams leads (in many cases) to divergent 
results. Finite physical answers need a regularization and a renormalization of the QCD 
parameters (vertices, coupling, masses. ..). However, the renormalization programme of 
QED [106] cannot be extended to QCD in a naive way, as contrary to leptons which we 
can (freely) observe, quarks are off-shell, such that the standard Pauli- Villars regularization 
[107] and on-shell renormalization successful in QED cannot be used here. There exists 
different versions of off-shell renormalization schemes, which can be applied to non-Abelian 
gauge theories. Among them, we shall review the most elegant and powerful one, which is 
the: Dimensional Regularization and Renormalization, the so-called MS scheme originally 
proposed by 't Hooft and Veltman, Bollini and Giambiagi and by Ashmore [108,109,123].! 

The most important feature of the method is the concept of analytic continuation of the 
dimension of space-time to complex n (n — 4 for low-energy space-time). This regulariza- 
tion procedure has the great advantage of preserving the local invariance of the underlying 
Lagrangian, and allows one to treat, in a gauge-invariant way, divergent Feynman integrals 
to all orders of perturbation theory. 

In the e-regularization procedure, the UV and IR divergencies are transformed into poles 
in e, where the integrals are performed in 4 — € space-time dimensions). In general the UV 
poles are of the form: 


EX (7.1) 


and will appear as counterterms in the initial Lagrangian. However, these counterterms 
are not arbitrary as they should obey constraints imposed by the Slavnov- Taylor identities 
[103,104]. In the case of renormalizable theory like QCD, the Z(? must be constants or 
polynomial in the fermion (boson) mass after the introduction of the renormalized para- 
meters. 

Finally, the most relevant term entering in the renormalization group programme is the 
ZU fe, while the other Z(? for p > 2 are related to each other via the differential equation 
of the renormalization group equation. 


! For reviews see e.g. [110-112] . 
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In the following, we shall discuss successively the dimensional regularization and the 
renormalization procedure. We shall also compare this M S scheme with some other schemes 
proposed in the literature and discuss the link between these different schemes. 


8 


Dimensional regularization 


We shall discuss here the procedure how these divergences can be removed in QCD. Our 
discussion will be based on the previous QSSR1 book and review in [2,3]. 


8.1 On some other types of regularization 
8.1.1 Pauli-Villars regularization 
In QED, one regulates an UV divergent integral using a Pauli—Villars [107] regularization 


(PVR), by replacing the propagator as: 


1 1 1 


> : (8.1) 
q-m q-m -Ay 


where Avv is a UV cut-off. PVR respects translational and Lorentz invariance, and, in QED, 
the gauge invariance. However, the renormalization programme of QED [106] cannot be 
extended trivially to QCD. PVR, which is successful in QED, is not often convenient. 
For instance, using PVR, the proof of unitarity for massless Yang-Mills theory is quite 
cumbersome. For massive Yang-Mills such as the Electroweak Standard Model [61], PVR 
does not maintain gauge invariance [113]. 


8.1.2 Analytic regularization 


Like the case of PVR, the analytic regularization proposed in the literature [114], does not 
also maintain gauge invariance. It consists by replacing the propagator as: 


1 1 


> 8.2 
q?—m? ‘ (q? — mie (8.2) 


where o is a complex number with Re œ >1, which ensures the convergence of the integral. 
The original propagator is recovered fora — 1. 
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8.1.3 Lattice regularization 


Another type of regularization is the lattice regularization [115] dedicated to lattice calcula- 
tions of hadron parameters but not suitable for analytic gauge theories as it breaks translation 
and Lorentz invariance. It is based on the fact that the space-time is discretized and made 
of small cells of size a (lattice spacing). Due to the lattice structure of space-time, the 
short-distance contribution to the space-time is eliminated and then leads to a convergent 
integral. 


8.2 Dimensional regularization 


In QCD continuum theory or/and in the Standard Model, one uses instead the method 
of dimensional regularization and renormalization (so-called MS scheme [108-112,123]) 
which is proven to preserve gauge invariance to all orders of perturbation theory. Its most 
important feature is the concept of analytical continuation of the dimension of space- 
time to complex n(n — 4 for low-energy space-time). In practice, this means that Dirac 
algebra, Fierz rearrangments and the momentum integration are done in n dimensions, and 
then analytically continued to four dimensions.! As mentioned in the introduction, in this 
approach, the IR and UV divergences are transformed into poles in € = n — 4, as we shall 
see in the following explicit example of the two-point correlator of the pseudoscalar current. 
However, there are different variants of dimensional regularization, where the difference 
is due to the definitions of the Dirac matrices used in n dimensions, and in particular, on 
the one of ys which is more delicate when one works in n > 4 space-time dimensions. 
Among possible others, there are the so-called naive dimensional regularization (NDR) and 
't Hooft-Veltman (HV) [108,117] schemes, which we shall briefly sketch below. 


8.2.1 Naive dimensional regularization 


In this case, only the n-dimension metric tensor satisfying the properties is introduced: 


Suv = &vu > £up&5 = Suv s 2 Hn, (8.3) 


while the y matrices obey the same rules as in four dimensions (see Appendix D.5): 


Tr1=4, {V w} = 28w; {Yur Ys} =O. (8.4) 


where ys anti-commutes with the other Dirac matrices. NDR is very convenient and widely 
used in the literature because of its easy implementation in a software program. The defini- 
tion of ys in four dimensions given in Eqs. (D.10) and (D.11) has been proven to maintain 
chiral symmetry to all orders of QCD perturbation series [118]. However, care must be 
taken when odd parity fermion loops appear in the calculation due to the presence of the 
parity-violating term Tr (ysyuyvypyo) [117,119], as in fact, one does not know how to deal 
with such a term in n dimensions. 


! Useful packages for doing these n-dimension calculations are given in the Appendices D and F. 
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8.2.2 Dimensional reduction for supersymmetry 


Dimensional reduction [120] is a variant of dimensional regularization, and is convenient 
for supersymmetric theories,? because the conventional dimensional regularization does not 
preserve supersymmetry. Indeed, in n dimensions, the numbers of bosonic and fermionic 
degrees of freedom increases, the Fierz rearrangements need more covariants, while one 
also has to worry about the supersymmetric anomalies and Ward identities. This is obvious 
in the superfield language since the integral: 


| rao DoD Dota, 0, 0), (8.5) 


is 0 independent only forn = 4 [122]. Here, 0 is a four-component anti-commuting variable, 
D* is a covariant derivative and x is the space-time variable. The dimensional reduction 
technique is based on analytically continuing the number of co-ordinates and momenta, but 
not the number of components of the fields. In other words, the Dirac algebra should be 
done in four dimensions but the momentum integration has to be done in n — 4 — e in order 
to regulate UV divergences. In particular, the average of the momentum integral should be 
done in n dimensions: 
d"k 1 dk 
—— —kyk, f(k’, m?) = — 21 Efi. m). 8.6 
l= uke FUP, m) = 7g | GE FE, m) (8.6) 
More specifically, the tensor metric @,,, is defined in the same way as in Eq. (8.3), except 
that: 


Zi =4, 8585 = 8w > (8.7) 


where the last equality is needed for preserving gauge invariance for n < 4. 


8.2.3 "t Hooft- Veltman regularization 


The HV rule can be satisfied by introducing a new metric 2 in addition to the previous g 
n-dimensional and g four-dimensional metrics. In 4—e space-time, one has the same prop- 
erties as in Eq. (8.3), except that: 


gt = e. (8.8) 


The difference with dimensional reduction is that, instead of the rule in Eq. (8.7), one 
has: 


£59) = w,» (8.9) 
which does not lead to inconsistencies, while, one also has: 


$585 = Bu,  $,,85,-0. (8.10) 


? For a review on supersymmetry, see e.g. [121]. 
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The n-dimensional Dirac matrices are now split into 4- and —e-dimensional parts: 


Yu = Pu + Yu (8.11) 


where y, y and Ŷ satisfy the usual commutation rule analogue to the one in Eq. (8.4), but, 
in addition, one has the novel properties: 


(fu. 65-290. fy = , By =0, 8 y, = 0. (8.12) 

The ys matrix can be be introduced [117] which anti-commutes with 7 but commutes 
with 7: 

y=1, {ys %t=0, ys, M1 =0. (8.13) 


As ys does not have simple commutation rules, it is important to check that chiral Ward 
identities are respected at each step of the calculation, where anomalous genuine terms have 
to be cancelled by the counterterms of the Lagrangian [119,117]. For instance, in practice, 
one has: 


1 
zO + vov — y) = £40 — ys) - (8.14) 
Equivalently, one can represent the ys matrix as: 
i 
Ys = Ten YuYoYpYo » (8.15) 
where for n > 4: 
el^? — e" for uvpo =0,...,3, eH = 0 for uvpo >3. (8.16) 


It is clear that contrary to the NDR scheme, the HV scheme is more cumbersome, 
in particular, when one tries to implement it in the computer. Neverthless, it is the only 
dimensional regularization scheme which has been demonstrated to be consistent [119,117]. 


8.2.4 Momentum integrals in n dimensions 
Let us consider the typical one-loop integral: 
dk (y 
Qxy -RT 
It is convenient to rotate (Wick's rotation) the path of integration in the complex ko plane 
[k = (Ko, k)] by 4-x/2 without crossing the two poles: 


E/ IK + R2. (8.18) 


Therefore, the ko integration has the limits —ioo to 4-ico. Going to the Euclidian space, 
one can define: 


I(m,r) — (8.17) 


ko = 


ko=iko, mh and FSU, (8.19) 


80 III MS scheme for QCD and QED 

such that the ko integral goes from —oo to +00. It is easy to find: 
d'k (y 

Qxy [£g - Ry" 


I(m,r) = (—1) "i (8.20) 


Going over polar co-ordinates, one has: 


oo m- m 2x 
J e- f e", f 48, i Gin&, y? f desino) | d0, (821) 
0 0 0 0 


where p is the length of the vector &. In this way, the integrand of I (m, r) only depends on 
p, and one can perform the angular integration using the formula: 


a TN V ((m + 1/2) 
Í d0 (sin0)” = WA eros (mr 2/2) ' 


where T is the gamma function defined and having the properties in Appendix F. Then, one 
obtains: 


(8.22) 


ay? E ni Y 


I(m,r)—-(-1) "i p p —— o (8.23) 
P(n/2) Jo [p? — R?] 
which leads to the basic formula: 
d'k (ky 
I = 
(m. 0 — | oxy fe — RT 
j T 2) (m —r —n/2 
= l (1) 7" (R? wee (r 2 n/ ) (m r n/ ) . (8.24) 
(16z:2y!/4 T'/2) (m) 
Using the symmetry of the integration, it is easy to show that: 
d"k kyky ed d"k k? (8.25) 
(27) [k2 — RJ” - "n Qzxy [2 — R?]" ` l 
In the same way: 
kakykoko TA nr 4 25 ups t SupSvo + Suo 8vp) $ (8.26) 
In the case where r is odd: 
d'k Kye ky 
— M =), 8.27 
J Qzy [k? — R?]” Sen 


Finally, it is important to notice that tadpole type integral vanishes identically in dimen- 
sional regularization: 
d"k 


Oxy (kP! =0 for B=0,1,2,... (8.28) 


We shall also see that the divergent part of I (m, r) can be tranformed into e = 4 — n poles 
thanks to the properties of the I function. 
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8.2.5 Example of the pseudoscalar two-point correlator 


Let us consider the pseudoscalar correlator: 
Yq’ =i I d'x e'* (OJT Jp(x) (Jp)! 0) , (8.29) 


where: 


Jp = (mi + mj)Wiliys) yj , (8.30) 


is the light quark pseudoscalar current; m; is the mass of the quark w;. In order to simplify 
the discussion, we shall work to lowest order of perturbative QCD and work with massless 
quarks in the fermion loop given in the following diagram (Fig. 8.1):° 


p-q 


Serene EUM (8.31) 


Using Feynman rules given in Appendix E, it reads: 


dtp i i 
iWs(q2) = (mi + vonn [ oh j i , (832 
sq = (mi +m PDN | aT iz9 oos]. 32) 
where one can notice that for large k*, one has a divergent integral: 
dtk 


One can use either PVR, but it is more convenient to use dimensional regularization. In 
so doing, one works in n = 4 — e space-time dimensions, such that the previous expression 
becomes: 


€ 2 D. cx d'p 3 1 . 
v* Vs(q^) = (m; + m;) can f coc E far z “(iys) = (8.34) 
(27)" P 


pie —G+ie’ | i 
The arbitrary scale v has been introduced for dealing with dimensionless quantities in 
4 — € dimensions. 


One can parametrize the quark propagators à la Feynman (see Appendix E): 


ef dx =f dx ] (8.35) 
ab Jo (a—b)x +b} Jo ((p-12 - Rp" 


5 The case of massive quarks will be discussed later on in Section 11.14. 
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where: 


a=(p—qy +ie’, 


b= p’+ie', 
l=qx, 
R? = —q°x(1 — x) — ie. (8.36) 


One uses the properties of the Dirac matrices in n dimensions given previously: 
Tr pys(P — Qys = —4p(p — 4). (8.37) 
and does the shift: 
ppl. (8.38) 
Therefore, one arrives at the momentum integration of the type: 


d” P p 
Q7)" [pg — RPP 


(8.39) 


which one can evaluate using the formula given in the previous section. It is easy to obtain: 
N f! ex (Roi)? 
vy P (q? Qe mz, dxr (5) —— — 
Pq?) = m enr 2b 


x (3 os =) qx — x). (8.40) 


where yg = 0.5772... is the Euler constant. The loop UV divergence appears as a pole at 
€ = 0 of the l'-function: 


2 
lim T (5) ~ Í + In4r — ye + OC), (8.41) 


c0 


which, as you may have noticed simplify the calculation, which is remarkable when one 
does a higher order calculation. For large value of q?, one then obtains to leading order: 


eB (42 22 N [2 -q? 
v* r5 (q?) = (mi mj) rey Ogee ae WE (8.42) 


As we have discussed in the introduction, the UV (and IR) divergences originated from 
the I’-function, are transformed into poles in € = n — 4, and are, more generally, of the 
form: 


E (8.43) 


in the so-called [123] Minimal Subtraction (MS) scheme. 
Later on, it has been remarked [124] that the combination in Eq. (8.41) appears always 
in the stage of the calculation. Therefore, the authors in [124] find that it is natural to also 
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subtract the constant terms In 42 — yg together with the e-pole: 


2 2.2 
—— —-zm-—-rln4z — yg (8.44) 


^ 


€ € € 


This is the modified version of the MS scheme, and called: MS scheme, which will be used 
in the forthcoming discussions of this book. These divergences will appear as counterterms 
in the initial Langragian constrained by the Slavnov- Taylor identities [104]. One should 
notice that for renormalizable theories the Z(? are local, i.e. constants or polynomials 
in the inverse of the square of some momentum. These features will be discussed in the 
forthcoming section. 
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The M S renormalization scheme 


9.1 Renormalizability and power counting rules 


The notion of a superficial degree of divergences, based on the power counting rule of a 
given Feynman diagram, is often used for studying the renormalizability of the interactions 
in the Lagrangian. For instance, if we consider the previous two-point correlator V5(q?), 
we can see, for n-dimensions space-time, that, to lowest order, it behaves for large p^ as: 


Ws(q°) ~ lim p^, (9.1) 
poo 
and its degree of divergence is: 
d=n-2. (9.2) 


More generally, for an arbitrary Green's function C, the superficial degree of divergence 
reads: 


d — nl c 38, —2ng -nr , (9.3) 


where: 


n — space-time dimensions, 

| = number of loops (independent integrals), 
dy = number of momentum factors at the vertex v, (9.4) 
ng = number of internal boson lines (we consider a theory with massless bosons), (9.5) 


nr = number of internal fermion lines. (9.6) 
For a given interaction Lagrangian term £1, which one can write symbolically as: 
Li ~ gay (9) QA , (9.7) 


where $ and w are the bosonic and fermion fields, one can define the index of divergence 
of the interaction Lagrangian as: 


zt pa usus 9.8 
"spec a iy 
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where: 


ô = number of space-time derivatives in £j, 
b = number of boson fields in Zi, 


f = number of fermion lines in £j. (9.9) 


Actually, using the fact that the action: 


S= [^ d" x (9.10) 
is dimensionless, one can deduce from a dimensional analysis that: 
. n—2 n—l1 
n — dim[g] 4- E ue b+ ae f^, (9.11) 
such that: 
r = —dim[g] . (9.12) 


One can define respectively by: 


v — number of vertices corresponding to Ei in the Green’s function G, 
Ng = number of external boson lines in C, 


Nr = number of external fermion lines in C, (9.13) 
which obey the relations: 
2np + Ng = vb; 2np - Nr — vf, 
l=ng+np—v+l1, Mà =08. (9.14) 


Eliminating for instance the internal fields through Eq. (9.14), one can rewrite Eq. (9.3) 


as: 
n—2 n—l 
d —rv ( 5 )% ( 2 ) Neen, (9.15) 


where r is the index divergence given above. This result can be generalized to any numbers 
of interaction Lagrangians by the substitution: 


rU So rivi (9.16) 


From these definitions, one can classify the different theories as: 


* If one of the r; is positive, the divergences cannot be removed by any finite numbers of renormal- 
ization constants and interaction parameters. Then the theory is not renormalizable. 

e [fallr; < 0, then there is a possibility to remove the divergences by finite numbers of renormalization 
constants and interaction parameters. The theory is a candidate for a renormalizable theory. 

* [f r; < 0 for all i, then the theory is super renormalizable since the number of types of divergent 
diagrams, and the number of diagrams are finite. 
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* [f r; = 0, the theory is renormalizable in a narrow sense, which is the case of QCD. As QCD has 
a dimensionless coupling, then comes the conclusion from Eq. (9.12). 


9.2 The QCD Lagrangian counterterms 


As we have seen before, one can remove the UV divergences of a renormalizable 
theory by finite numbers of counterterms to any orders of perturbation theory. In QCD, 
the counterterms of the Langrangian are: 


1 
A Lecp = Azyu 1 (9, A, — Ap) (0% A" — 0" A") 
1 > > 
T Aiym 2 (9, A, ET 90, A,) gA” x A" 
1 2,7 > > E 
+ As 78 (A, x A) (A" x A”) 
-Axi Y Vy" o V; As D> my iV; 
j j 


E ài = 

= Airey y V Au 
1 3 E z » 

+ Ag 5 (Oy AMY + A3(0, 0" + Ai gd, GA" x v, (9.17) 
G 


which are all we need for removing the UV divergences of the theory. We have used the 
notation: 


Ay x Ay = fave Ab AS. (9.18) 


It is possible to rescale the fields in such a way that £ocp has the form in Eq. (5.12) 
but in terms of ‘bare’ quantities. This manipulation is correlated to the introduction of 
renormalization constants and then to the choices of renormalization schemes. 


9.3 Dimensional renormalization 


In QED, it is natural to use the on-shell renormalization scheme: 
Vs(q?)a = Ws(q^) — Ws(q? = 0), (9.19) 


for defining a renormalized Green's function, as the photon and electron are observed, and 
then are on their mass-shells (for a electron self-energy diagram, on can, for example, do 
the subtraction at p? — m2), which is not the case of QCD, as quarks are off-shell due 
to confinement. Therefore, there is a freedom to choose the renormalizaton schemes. We 
shall discuss these different renormalization schemes and their relations in the following 
sections. t Hooft [123] has introduced the M S (renormalization) scheme, which is specific 
for dimensional regularization. In this scheme, one only has to eliminate the 1/e poles 
[or in the MS scheme, the 1 /é poles defined in Eq. (8.44)] of the Green's functions. The 
renormalization constants are mass-independent and will appear as counterterms in the 
initial Lagrangian constrained by the Slavnov- Taylor identities [104]. 
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Table 9.1. Dimensions of the couplings and 
fields in n dimensions 


Name Notation Dimension 
gauge coupling g 1 (4 — n) 
quark mass m; 1 
covariant gauge parameter ^ og 0 
fermion field yœ) im-1) 
gluon field Aa (x) 10-2) 
Faddeev-Popov field q* (x) $(n—2) 


9.4 Renormalization constants 


Taking into account the dimension obtained in the 4 — € world (see Table 9.1) via the mass 
scale v, one has relations between renormalized and bare parameters: 


g^ lÍye g? gn 
g/An =a, , 
me = mz, ; 

ad = aes. 

R B = 

(v?) = ve? (y (Zor)? , 
(At) p = v? (A2) Zara)”, 
(g*)n = vP (g*)g(Z3) ?, (9.20) 


where Z; = 1 — Aj. One can introduce the renormalization constant for the quark-gluon- 
quark vertex as: 


(g Ay)n = (gp) nBAn VE Zip , (9.21) 


which corresponds to the Feynman diagrams (Fig. 9.1). 


Analogously, one can introduce the three-gluon renormalization constant (Zįym) corre- 
sponding to the vertex (Fig. 9.2). 
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and, (Z4) ghost self-energy and (Z5) ghost-gluon-ghost vertex one (Fig. 9.3). 


P d 
4 


hj 
N 


and (Zs) four-gluon vertices one. Then, one can deduce: 
-3/ 
gp’ = Ziym 2a BR; 
m 5-1 4-1/2 
Šg = Zi Zn ER > 
—]1/2 ks 
Bb = Zw Zap Zap BR: 


(20) =Z Zaut (9.22) 
which are related to each other by BRS [103] invariance: 
BR Eon ERES. (9.23) 
leading to the Slavnov- Taylor [104] identities: 
Zsym/Ziym = Ž3/Ž1 = Zor/Zir , 
Zs = Ziyu/Zarn - (9.24) 
This is the analogue of the QED relation: 
Zip = Z2. (9.25) 
The mass renormalization constant is: 
mp = (Zm = Z4 Z3) mn, (9.26) 
and the gauge one is: 
ag = ag Za. Zym . (9.27) 


Z3y mM comes from the evaluation of the gluon propagator (Fig. 9.4). 
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i 
-~ n 
= veo, peers + - sol ww ) 
2 rtr 
i= 


Zor and Zm come from the quark self-energy diagram, which can be parametrized as: 


X = mgr +(p—msp)X, (9.28) 
and leads to: 
ZF = : Zm =l- Xil (9.29) 
2F — am Sae , m — lipole > . 


More generally, for a Green's function with Ng, Nrp and Nr external gluons, ghost and 
fermion fields, one can associate the renormalization constants: 


Ze CROSS. (9.30) 


Expressions of these renormalization constants are known from standard diagram tech- 
niques (see Table 11.1). 


9.5 Check of the renormalizability of QCD 


We are now in a position to check the renormalizability of QCD. We want to see if the 
counterterms presented in Eq. (9.17) are sufficient for removing all divergences in Feynman 
integrals to all orders. 

If one looks at the superficial degree of divergences for the Feynman diagrams given in 
Eq. (9.15), and using the fact in Eq. (9.12), we can see for QCD in four dimensions: 


3 
d=4= Ng OUS (9.31) 


for Ng and Nr external lines of bosons and fermions. Here, Ng includes gluons Ng and 
Faddeev-Popov Nr» ghosts. Remarking that the coupling in the ghost-gluon-ghost vertex 
behaves like k,, (see Appendix E), the number of boson fields become: 


1 
Ny = No + Nre + 5 Nip - (9.32) 


It is easy to see that the condition d > 0 for a superficially divergent integral is obtained 
for seven different cases of the set (Nr, Ng, Npp) discarding the case (0, 0, 0) (vacuum) 
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and the one (0, 1, 0) because of Lorentz invariance. These seven diagrams are displayed in 
Fig. (9.5): 


d=1 d=0 d=0 d=0 


and have the same structure as the counterterms. It is an easy exercise to show that these 
divergences can all be absorbed by the counterterms. One should also notice that owing 
to gauge and Lorentz invariances, the apparent degree of divergence 2, 1, 1, 1 of the self- 
energies of gluons, ghost, fermions, and of the three-gluon vertex become logarithmic. 
These features have explicitly shown the renormalizability of QCD, which is maintained to 
all orders of perturbative QCD [113,108,125,104,103]. 
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Renormalization of operators using the 
background field method 


In the following chapters, in order to probe the hadron properties, we will have always 
to deal with local hadronic currents or/and operators built from quark or/and gluon fields, 
but not only with Green's functions. Therefore, it is of prime importance to study the 
renormalization of such operators. Renormalization of composite operators has been studied 
[126,127] using background field technology and some further examples have been studied 
explicitly in perturbation theory [128]. 


10.1 Outline of the background field approach 


The basic idea of the method is to write the gauge field appearing in the classical action 
as A+ Q, where A is the background field and Q the quantum field which is the variable 
of integration in the functional integral! The background field gauge is chosen, which 
maintains the gauge invariance in terms of the A field, but breaks the one of the Q field. 
This background field gauge invariance is further assured by coupling external sources only 
to the Q field, which allows one to perform quantum calculations without losing the gauge 
invariance of the background field. More explicitly, let us consider the generating functional 
in Yang-Mills theory:? 


Z[J] = J rovers exp ( f d^x [Lym + Lrp + L source + Lanes!) . (10.1) 


where Lym, Lrp are the QCD and Faddeev-Popov Lagrangians defined in Eq. (5.14) 
without the fermion fields, and Lsource is defined in Eq. (6.15). The gauge fixing term is: 


1 
Leauge = ree (10.2) 


where (G^) is, for example, G^ = 9, gu. Doing the shift: 


Q^(x) > Qix) + ATQ), (10.3) 


! We shall follow closely the discussion in [127]. 
? Fermions do not play a role in this approach as they can be treated in the usual way. 
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where AJ (x) is the background field, the functional integral becomes: 


Z[J, A] — [rovers exp (f d^x[Éyw + Leics F Lanes!) 2 (10.4) 
where: 
= 1 
Lym = =3 (9A + Q); = 9"(A + QJ) (^ Az — 9" AL) , 
Lep = —0u Pa (8^ Sap — 8g fabc(A + 9») yg" 2 


source = Q,, J" + xXP+ OX, (10.5) 


where the term A,, J“ in the source has been omitted as A, is an external field to which one 
does not need to attach a source. The gauge fixing term (background gauge) can be chosen 
as: 


E 1 2 
auge — ^4 — 7 , 10. 
L gaug Jag (G^) (10.6) 
where: 
G^ 29^ Q* + gf" Ay OH. (10.7) 


Like in the conventional approach, one can define the connected Green functions: 


W[J] = —i In Z[J], (10.8) 
and the effective action: 
PQ] = Wt] - fats EOE: (10.9) 
where: 
0" = 8W/8J; ‘ (10.10) 
Using the change of variable: 
O1 > Of — fre’ Or , (10.11) 


it is easy to show that Z[J] and hence W[J] are invariant under the infinitesimal transfor- 
mations: 


6A, T 8 fab’ Aj, = 0,0, , 
8J3 = ghar JE . (10.12) 


Then, it follows that [[Q, A] is invariant under the infinitesimal transformations: 
8A, = 8fapcOp Aj, = duba , (10.13) 
and: 


50" = g fabe O^, , (10.14) 
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in the background field gauge. In particular, Ñ[0, A] should be an explicitly gauge-invariant 
functional of A, since Eq. (10.13) is an ordinary gauge transformation of the background 
field. The quantity l'[Ü, A] is the gauge-invariant effective action which one computes in 
the background field method. One can show that: 


Po, A] = T[Ollo-a . (10.15) 


where the latter is the usual action calculated in an unconventional gauge depending on A. 
Therefore, Ñ [Õ, A] can be used to generate the S-matrix of a gauge theory in the same way 
as the usual effective action is used. Feynman rules in the background gauge formalism 
can be generated from f oue in Eq. (10.6). Since the effective action only involves 1PI 
diagrams, vertices with only one outgoing quantum line will never contribute. Furthermore, 
the propagator of the A field is not defined, which does not matter as it is a classical field 
which never appears in the loop. Compared with ordinary Feynman rules the only difference 
is the appearance of the A field in external legs, which one denotes by a blob. These Feynman 
rules are given in Appendix E. 


10.2 On the UV divergences and 6-function calculation 


The UV divergences of ro, A] can be absorbed by the renormalizations Z4, Zg, Zo; of 
the A field, the coupling constant and the gauge parameter, as it is a sum of a 1PI diagrams 
with A-field external legs and Q fields inside the loops. The renormalization of the gauge 
parameter can be avoided by working in the Landau gauge ag = 0. Because explicit gauge 
invariance is retained in the background field method, the renormalization constants Z4 and 
Zg are related, and the infinities must take the gauge-invariant form of a divergent constant 
times the product of field strength M P CIA ". Let's now consider the bare field strength: 


a,B _ 7!/2 a a 1/2 c 
Ge = zs [9, A5 — aA + Baez A’ At] ; (10.16) 


where we have used the fact that A, is a classical field for renormalizing AP AC. It will only 
take the form constant times G7, if: 


ZZ? =1, (10.17) 


which is a relation analogous to the one in QED. Equation (10.17) simplifies the computation 
of the 6-function as illustrated in the explicit calculation of [127]. In the following, we give 
another application of the method to the renormalization of some composite operators. 


10.3 Renormalization of composite operators 
The first thing to do is to classify these operators into three classes: 
Class I: gauge-invariant and do not vanish after using the equation of motion. 


Class II: gauge-invariant but vanish after using the equation of motion. 
Class III: gauge-dependent operators. 
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Therefore any composite renormalized operators can be written as: 
O= ZO? + Zu OP, + Z111 O07}, . (10.18) 


The great advantage of the background field techniques is that for graphs with external 
quark and background fields, one only needs gauge-invariant counterterms, i.e: 


Zin =0, (10.19) 


which is a consequence of the background field gauge invariance under quantization and 
renormalization. We shall now study some useful examples. 


10.3.1 The vector and axial-vector currents 


A classics example of composite operator is the local electromagnetic or neutral vector 
current: 


VE) = vy" bo), (10.20) 
which is conserved to all orders of perturbation theory: 
dnV"(x) 20, (10.21) 
and does not require any renormalization. The axial-vector current: 
A (x) = Viy"ysv;Go), (10.22) 
is partially conserved for SU(n); x SU(n)p: 
9, Af Œœ) = (mj + my)Wi Gys) Yj). (10.23) 


It can be seen that for the divergence of the axial current, the mass renormalization 
compensates that of the operator Y ysy, such that at the end it does not get renormalized. 
We shall see, in the following, that for the U(1), current, it needs to be renormalized. 


10.3.2 Renormalization of G,,G"” 


Let us illustrate the approach by studying the renormalization of the G7, Gt” gluon operator 
in the presence of massive quarks. For that, we have to take all bare (B) operators of 
dimension-four: 


obice. 
4 


OF 2 -M (D impy;. 
J 


0? =i mybiy;. (10.24) 
j 
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where D is the covariant derivative. The renormalized O operator is, in general, a combi- 
nation of these three bare operators: 


Of —Z40P + ZRO? + ZO. (10.25) 


The renormalization constants Z;; are mass-independent in the MS scheme, where one 
can notice that Z4; and Z2 can already be obtained in the massless limit. In order to evaluate 


the Z;;, one inserts the zero momentum O; operator into the gluon and quark propagators: 


ijs 


(4 O1 Aj) = Z; Zu(At O1 AS) + Zu( A? On Aj), 
(Y O1 V) = Zu(V Oi V) + ZorZiz(V. Oo V) + ZorZis(V. Os W). (10.26) 


In practice, the insertions of OË and OF into the gluon propagator corresponds to the 
Feynman rules: 


O, Er —ibu (p^ Suv E PuPv) , 
Dip (10.27) 


and one has to calculate respectively: 


(10.28) 
The insertions of OF ; OF and OF into the quark propagator correspond respectively to: 
_ Aa 
Oii Bron 


Or > i(h —mjg). 
Ose (10.29) 


which can be represented by the following diagrams (Fig. 10.1): 
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AAA ~ 


Evaluations of the previous diagrams give in the Landau gauge [128]: 


Vi (Qs 
zp-zP, En zg--h(&), (1031) 


as yis = | in the Landau gauge (the index (2) means second order in œs). Therefore, one 
can deduce: 


(G6), = ( + (2) ') (GG), +42 (S) mjete, (10:32) 
J 


€ T 


i.e., GG is not multiplicatively renormalizable. However, one can deduce from this expres- 
sion the finite non-renormalized combination: 


I E 
0; = 4P(,)6G  ) yum jV ji; (10.33) 
J 


which is the trace of the energy-momentum tensor; f (œs) and yj, (o) are the 6 function and 
the mass-anomalous dimension defined in the previous section. The non-renormalization 
of 07 is also preserved by higher-order terms [128]. 


10.3.3 Renormalization of the axial anomaly 


The renormalization of the axial anomaly has been also discussed in [129]. Here, the different 
lowest dimension gauge-invariant pseudoscalar operators are: 


RET 
4 
X pyysi — my; 
j 


O» 
O3 = ið” SCA : 
J 
Os = M mj jysy; . (10.34) 
j 
Previously background field techniques have been used for studying the renormalizations 


of these different operators, whereas the one of O; has not been studied because it does not 
appear in the triangle anomaly equation: 


ae (4. = 3e foo —2i omi ivsv; — (20 = G6) , (10.35) 
j j 
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where n ; is the number of quark flavours. After renormalizations, the divergence of the 
flavour singlet current and the gluon topological charge density mix as follows: 


tiie’ A m 
1 
R B B 
= Q? — — (1 — Zor , 10.36 
Q* = OP - i0 - 29 4s (10.36) 
where the renormalization constant is in n-dimension space-time (n = 4 — €), and reads: 
z-ie (8) 35 l (10.37) 
B a) 43 e 


10.3.4 Renormalizations of higher-dimension operators 


The renormalization of dimension-five and -six operators have been studied in [130,131] 
and reviewed in detail in [3]. In the chiral limit, one can built the RGI mixed quark-gluon 
d = 5 operator for N colours and n ; flavours: 


= " Xa 
(05) = a Pedo yy, ; (10.38) 


with: 


(N? — 5) 1 
=--> = —-(11N -2n,). 10. 
ys IN fi A N —2ny) (10.39) 


The triple gluon condensate does not mix under renormalization, and one can form the 
renormalization group invariant (RGI) operator: 


= : 2+7N 
(Og) = a7 ¥6/B) (o fs G^ G^ G^) . yg = z . 
The renormalization of the four-quark operators involves, in general, the mixing of different 
operators, such that the four-quark condensate: 


(Or) = (pyty), (10.41) 


retained in the QSSR analysis within the vacuum saturation cannot be made RGI but pos- 
sesses an intrinsic u dependence. This u dependence is only absent in the large N,-limit, 
where only the diagonal renormalization constant Z» 2 (notation in [130]) contributes. There- 
fore, only in this limit, one can form a RGI condensate: 


(10.40) 


E 143N 
(02 =a, Oy): =. 


We shall see later on, the importance of these operators in the context of QSSR. 


(10.42) 
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The renormalization group 


Renormalization invariance states that physical observables must be independent of the 
renormalization scheme chosen in their theoretical evaluation. The differential approach 
to renormalization invariance was pioneered by Stueckelberg-Peterman [75] and by Gell- 
Mann-Low [76], where it has been pointed out that the QED coupling constant is momentum 
dependent due to the definition of the renormalized charge. Such a consideration led to 
write a differential equation for the photon propagator. Later on, the study of the scaling 
behaviour in field theory (experimental observation of the Bjorken scaling [36] in deep 
inelastic scattering) gave rise to the Callan-Symanzik equation (CSE) [132], which is a 
very powerful technique for expressing the renormalization invariance constraints on the 
short-distance behaviour of the Green functions. The CSE takes into account the fact that 
scaling cannot be strictly implemented because of the necessity of a mass scale in the theory. 
In the e-regularization, such a mass scale renders the coupling constants dimensionless (see 
Table 9.1). A generalization of the uses of the CSE to arbitrary Green functions has been 
proposed [123,171]. The central idea was to treat g, m;, œg as coupling constants of various 
interaction terms in the Lagrangian. 

The meaning of the renormalization group can be seen from a simple example. Let us 
consider a field ø. One can renormalize it in two different renormalization schemes which 
we call R; and R2. Then, the renormalized field in terms of the bare one is: 


or, = Z(Ri))Ón , Qn, = Z(R23)Ón , (11.1) 


where: Z(R;) is the renormalization constant for each scheme R;, and $ is the bare field. 
As the bare field is by definition independent of the scheme, we can then, deduce: 


Qn, = Z(R1, R)óÓn, , (11.2) 
with: 
Z(Ri, R2) = Z(R1)/Z(R2) , (11.3) 


which should be finite as do the renormalized fields, despite the fact that the renormalization 
constants Z(R;) are divergent. Analogous reasoning can be applied for other parameters 
of the Lagrangian. The operation which relates quantities of two different renormaliza- 
tion schemes can be interpreted as a transformation from R, to R2. The set of all these 
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transformations is called the renormalization group. One can use the invariance of physi- 
cal quantities under this group in order to study the asymptotic behaviour of the Green's 
functions. This can be done as shown below using the renormalization group equation. 


11.1 The renormalization group equation 
The e-regularized Green function reads: 
PEO, pi, ..., py; &. G, mi) = ZrTP(v, py, ..., Puig, ae, m). — (114) 


The v-independence of Ig implies the zero of the total derivative: 


da o (11.5) 
v— = A 
dv , 
which is equivalent to: 
ð do, 0 dm; ð d ð 1 dZ 
v r i pee vT ITR =0. (11.6) 
Qv dv IAs 3 mj; dv am j dv daG Zr dv 


By introducing the universal 6 function and anomalous dimensions y;: 


as (As ces , 
dv 9p.mp fixed 
v dmk 
Ym = — —g , 
mr dv gp.mg fixed 
dZi 
"e (11.7) 
Zi dv 9p.mp fixed 
one can transform Eq. (11.6) into the renormalization group equation (RGE): 
»Ž fe ja, — c (a,)m ; — RES re=0. (118) 
5 53 "m m\“s Jj am; 
For Nc, Nyp and Nr external gluon, ghost and fermion lines: 
1 
yr = —z[NcYavyu + Nryor + Nrpys] . (11.9) 


2 


The expressions of the previous universal parameters can be easily deduced from their 
definitions as we shall show below. 


11.2 The £ function and the mass anomalous dimension 


Noticing that, in the MS scheme, f(o,) is mass-independent, one can, therefore, write 
[110,111]: 


do d 1 dZ, 
Os = yp (a8 v-*Zz!) = eaf -afv (110) 
dv 


as (ots, s Za dv 
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The fact that Z, is v-independent allows us to also write: 


2 0 
ferga, €) + ca? + (af) Blas, oz] Za =0. (11.11) 


Using the expression of the Z, in terms of the 1/e poles into the previous differential 
equation, one gets from the finite terms: 


af blas, €) = —ea* + (finite term = af B(a,)) . (11.12) 


Using this relation into the 1/e term, one can deduce: 


NA 


, 
S dak 


Bs) = a (11.13) 
i.e., B(a@s) is nothing else than the coefficient of the 1/e-term of Za. The different coefficients 
of 6 are given in Table 11.1, showing that 6 is negative for n < 11 where n is the number 
of flavours. We shall see in the discussion of the running coupling that this negativity is 
important for an asymptotically free theory. We apply the same reasoning for obtaining the 
quark mass anomalous dimension defined as: 


v dm? 


m^ dv 


Yin(As) = — (11.14) 


g®,m® fixed Zm dv 


where B and R refer to renormalized and bare quantities. Using the fact that in the 
MS scheme, Zm is only function of v and a@,, one gets: 


dZmg ð 0 
= {v— "T3 Zm: 11.15 
v ls. + Blas, €or xl (1.15) 

To lowest order of œs, noting that the only dependence on Zm is from o;, and using the 
previous expression of the 6 function in Eq. (11.10), the previous differential equation can 
be written as: 


v = Ed; 4 Raye Zo (11.16) 
Qa, 00, 


Using the expression of Zm, which is generically given by: 


= 1 (n) 

Zac E acp 117 
one can obtain that the mass anomalous dimension is given by the opposite of the 1/e pole 
coefficient in our sign convention (d = 4 — e). Analogous reasoning applies to the other 
anomalous dimensions, i.e., they are the opposite of the 1/é-coefficient. Their expressions 
are given in Table 11.1. The coefficients of the quark mass anomalous dimension and 6 
functions have been calculated in the MS scheme by: [133] (5), [134] (62), [135] (y3 and 


P3) and [136] (y4 and 4). 
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11.3 Gauge invariance of f(o,) and y,, in the MS scheme 


One can also prove the gauge invariance of B and ym. This property leads to a great simplicity 
in their evaluation, as one can perform the calculation in a given gauge like the Feynman 
gauge og = 1. For completing the proof, we start from a dimensionless Green's function 
I associated to a gauge-invariant amplitude. Using the fact that the bare Green's function 
is independent of the renormalization scale v and of the gauge og, one has the RGE: 


ð ð 0 0 R 
v— + B(a,)o — — Ym(&s)m — + Ba — rm’ =0. (11.18) 
Qv As om daG 
The fact that it is gauge invariant gives: 
ð ð 0 
— +a,p— TE =, 11.19 
(cmo toma.) ( ) 
with: 
das ld 
nee and mo (11.20) 
dog £P, e fixed m dag £P, e fixed 
We apply the commutators of the operators in Eqs. (11.18) and (11.19) into I^: 
[...5, C. ]rF^ 2 0. (11.21) 


Eliminating əl? /ðæç with the help of Eq. (11.19), one obtains a third independent RGE: 


-  40(a; 0 » Z5: 
ILL B 25 t + | Din — Bas 


Ss Ss 


Jež} LI^(o,, ag, m) 20, (11.22) 
om 


where: 


B=B-pBG,  YunSY»n =op. (1123) 


D ð P 0 
= Qs 5 
Qo Xs 


However, I^ depends only on the two conditions in Eqs. (11.18) and (11.19). Therefore 
the third equation should be trivially satisfied: 


z Has 0) _ 


DB -—B 0 
Qo, 
_ - Oc 
Dyn — Bas =0. (11.24) 
Qa, 
Therefore, the RGE becomes: 
ð = 0 ð 
py + Blas as — m Vin (Os mM — r? = (0) , (11.25) 
Qv Qa, om 


which shows that the physical consequences of the RGE are gauge invariant. Recalling that 
in the MS scheme: 


an € 
gp — v? gn ( +5 z) = vP aZ, (11.26) 


102 Ill MS scheme for QCD and QED 


and using the previous definition of p, one gets: 


1 (ða 1 ða 1 
= | SL ipee e (11.27) 
gB, e fixed daG € dag e? 


Then: 


da, 1 1 
p(i+—)= e qu i (11.28) 

€ dag € e? 
which is only satisfied if and only if p — 0 because p is independent of e (see its definition 
and its relation with B and f). One should notice that it is also due to the fact that in the 
MS scheme, Z, has no constant term other than 1 (the In4z — y term being al- 


ready absorbed into 1/é). Inserting o — O0 into Eq. (11.24), one gets the desired 
result: 


ap 


E ec ds (11.29) 
daG 


showing that 8 is gauge independent. With similar proofs, one also obtains ø = 0, leading 
to the gauge independence of Ym. 


11.4 Solutions of the RGE 


One can now solve the RGE. If D is the dimension of I in units of mass and if one scales 
the momenta p;,..., py by a dimensionless factor 4, the Euler theorem on homogeneous 
function gives: 


tà RET RE rap APN; Os, G,m;,v)=0. (11.30) 
der av ls N»Us, G> J? i * 


Introducing for convenience the dimensionless variables: 
t zlnA xj =mj/v, (11.31) 


one arrives at the desired form of the RGE: 


0 ð 
EI Jas T a7 Dall + maD + Pes p n| 


x T (d pi, ..., e PN; Qs, wg, Xj, v)=0, (11.32) 
with the solution: 
P(e! py,...,e' DN; as, AG, Xj, v) 


t 
= APT? (py, ...5 PN} Os, o, Xj, 1 =oyex|- [ d" velis a] . (11.33) 
0 


Table 11.1. Anomalous dimension y; = + Ft 
coefficients of the B function in the MS scheme for SU(N), x SU(n)r 
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dZ, 


+ = coefficient of —1/€ and 
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Fermion field 
Gluon field 
Ghost field 
Mass 


Coupling constant 


Gauge 
Three-gluon 
Ghost-gluon-ghost 


Fermion-gluon-fermion yr = i | 


vor = (&) S +0 (8) 
¥3YM = (8) (£ ( aa) AO 
p= —(4) 16-29 


ym = 7 = A (F) +D = F FG 


+[y3 = a [3747 — (1607; — 2$) n 


+ [ve = d [5095 + 5580s — 8800s 


«c - 


5242 800 160 332 
+ t ucl 


for N 23; £4 = 1.2020569..., 0 


= 1.0823232..., čs = 1.0369277 ... 
BOs) = le —-L 
= [Bi = -3 (11 - $9] (2) + [e = 

plpa as Se Rey 


24122 g, A 8804, 2 Erde )n 


+ [Bs = -r [58$ + 3564¢5) — (197898 


Le Pope er] (GY fees 


729 


aG — 
Bg =v dv ^ T OGY3YM 


Wy 


2 
2 


where &s, &g and x; are respectively the running QCD coupling, gauge and mass, solutions 
of the differential equations: 


and: 


a EPEE E OA 
d 
TUO = Bo (&) : àg(0,0,) = ac), 


dX 
dt — 


-[1 F Ym (Gs) |X; (t) 


Xi(0,0,) = xF(v). 


(11.34) 


(11.35) 
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Their explicit expressions will be given later on. One should notice that the Green function 
has acquired an extra dimension induced by the exponential factor, which explains the name 
anomalous dimension. 


11.5 Weinberg's theorem 


In connection with the power counting theorem, one can derive a theorem on the asymptotic 
behaviour of the Green's function at large external momenta. This theorem is known as 
Weinberg's theorem [137]. 

It states that if non-exceptional momenta! are parametrized as: 


Di, = AK, : l- lm, (11.36) 
the renormalized Feynman amplitude of a Feynman diagram G behaves as: 
U^ (pi; «s P) ~A Ina, (11.37) 
when à — oo and k; kept fixed. Here f is undetermined, while: 
a = max d(H) (11.38) 


where d(H) is the superficial degree of divergence of the subdiagram H consisting of 
continuous path of lines connected to the external lines with momenta p,,,..., pj;,,. For 
a renormalizable theory like QCD, the constant d(H) can be obtained from Eq. (9.15) by 
taking r = 0. In other word, the Weinberg theorem tells us that the asymptotic limit in the 
deep Euclidean region à — oo is given by the naive power counting times a logarithmic 
factor. 


11.6 The RGE for the two-point function in the M $ scheme 


In order to illustrate this discussion, let us consider the generic two-point correlator: 
N(q?) = if ax e* (OTJ (x)g (Jp (0)) 10) , (11.39) 


where Jj(x) is the hadronic current of quark and/or gluon fields. In n = 4 — € dimen- 
sion, II(q?) acquires an extra v-* dimension. The renormalized two-point correlator is 
[28,110,111]: 

TIg(q?, as, mi, v) = Tp (q^, a8, mB, e) - v-*C (q^, a9, mË, e), (1140) 


123 s per 


! A momentum configuration (p1, . . . , Pn) of momenta are non-exceptional if no non-trivial partial sum pi, + Pi, 4 --- Pim where, 
(ij take any of the label 1, ...n) vanishes. On the contrary, an example of vanishing trivial sum is p, + p2 +---+ Pn = 0, 
which is due to the energy-momentum conservation. 
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where in the M S scheme, C is the €-pole terms: 
1 
2 B B = 2 : 
C (q^, af, m?, e) = Y Ei , Ms, mj), (11.41) 


where, as usual, C, are constants or polynomials in m /q?. Using the fact that Tg is 
independent of v, implies the differential equation: 


s sr Blas J ES » Yn ts mj — am “| I^ as, mi, v) 


d 1 
cy me = . 11.42 
"dv ( : ek «) ( ) 


Rewriting: 
d 1 0 das 0 
m o =C T : ms T =C , 
"dv ( Le ) sex m LY Dm ak Da i 
(11.43) 
using: 
dds 
v = —EQs + asB(as) , (11.44) 
dv 
and the fact that the equation is finite for e — 0, one gets: 
d 1 ð 
lim : v— |v‘ — Cr | = -~—(asC), 11.45 
a0 "dv ( 7» ek ) 3o, ) ( ) 
and the set of recursive equations for k > 1: 
os B(os) — > THUS pa ee ) (11.46) 
S 5s Ym ! 9m; k= aa, sUk+1)- . 
The dimensionless condition of II reads: 
E 2 at Lan, -| noz, v3, o, mj, v) 20, (11.47) 


where f = Ind. Therefore, one arrives at the RGE for the two-point function: 


f] f] f] 
E + Plass r s 2a + Ym(0s))xj —— ax | M(t, o5, xi) = a C) =D 


(11.48) 
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with the solution: 
t 
I(t, as, xi) = I (t = 0, aoao- f JUDI =F & t), Xx], (11.49) 
0 


where à, and x; are running parameters solutions of the differential equations given in 
Eq. (11.34), and which will be given explicitly in the following. 


11.7 Running coupling 
11.7.1 Lowest order expression and the definition of the QCD scale ^ 


Solving the differential equation in Eq. (11.34), the expression of the running coupling, to 
one-loop accuracy is: 


a(t, ots) = MN) S (11.50) 
` 1— Bias(v)t 
where: 
As 
as = — , 
JT 
T ds (11.51) 
= — In — . 
2. pe’ 


and £j, is the first coefficient of the 6 function given in Table 11.1. It shows that fort — +00, 
a — 0 for fi < 0, which is satisfied for the number of quark flavours n; < 11. In this 
case, the theory is asymptotically free and the use of perturbation theory is legitimate. The 
point a, = 0 is an UV fixed point as shown in Fig. 11.1 because the £-function has a 
negative slope at the origin. 


B (aS) 


We can also re-write the solution as: 


r= |25 = q(z) + constant (11.52) 
J z0 ** | 
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where the constant term is a renormalization group invariant (RGI) quantity, which one 
identifies as: 


1 1 
t — Qq(z) 2 -ln y+ = constant = 5 In A? , (11.53) 


1 
2 Bias(v) 
where A is a RGI but renormalization scheme-dependent quantity. Therefore, the running 
coupling, in terms of A to one-loop accuracy, reads: 


1 1 
E 5 In E 


a (q^ = (11.54) 


11.7.2 Renormalization group invariance of the first two coefficients of B 


Before discussing the high-order expression of the coupling, let us discuss the renormal- 
ization group invariance of the first two coefficients of the £ function. Let 6“ and f^ the 
P functions related to two different values of the subtraction va and vp of the M S scheme. 
Using Eq. (11.52), we have: 


1, =q? d dz 1 
tp = -nL = ee = (2). (11.55) 
2 a es (va) z p'(z) 


Applying the operator v,0/dv, to both sides of Eq. (11.55), and using the fact that 
Q, (ty, ot os (v? )) obeys the differential equation: 


ə 
[oe As Q3 av sez] et os(v5)) — 0, (11.56) 


one obtains: 


1 das (va) b E» Ex] 
l= As = = : 11.57 
(aor) P'as (v) 5 "m zd dM eres mr E 


Using the a, expansion: 


p - (H) oo et (S) oo 
e - B (2) on) «t (S) en (11.58) 
and the relation: 
os (va) = æs(vp) + co (vy) , (11.59) 


where c is an arbitrary constant depending on the subtraction scale, one can easily 
deduce: 


pra pi and po =p); (11.60) 


which achieves the proof of the RGI invariance of f, and £5. The higher-order terms of the 
P function will be affected by the coefficient c and hence on the subtraction scale. 
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11.7.3 Higher order expression 


The previous result can be extended to higher orders. To order o, one can write the solution 
of Eq. (11.52) as: 
dz Um 


t =j + constant 
z? fi + (i/B)G/n) 


= 4 | : + Pa I In (- a EPDE) + constant , (11.61) 
Bl z rx z 


where the constant is a RGI quantity which has been fixed to be In A to lowest order. At the 
two-loop level, it is convenient to fix it as in [138]: 


constant = In A(1 loop) — E In (-&) ; (11.62) 
1 


Therefore, we get the RGI quantity to two loops: 


7 Bo By 
) = In A(two loops) — p In (-&) . (11.63) 


TE ELI c (: + (B>/Bi)(as) 


Bids B as 


Expanding Eq. (11.61), and inserting the expression of the running a, to one loop, we 
deduce: 


2\(2) _ (0) o f2 v? 
a(q2)? = a 11— al ue ; (11.64) 


It is not difficult to show that, to order a, one can relate the one- and two-loop values of 
A as: 


fi Pi 
A(two loops) = (-&) A(1 loop) (11.65) 
T 


To three-loop accuracy the running coupling can be parametrized as: 


2 
a,(v) = a | 1— 40: Inin — 


Bi A? 
2 2 2 2 2 
+(ay 1s In? In 3 E Inn c E + 2| +o]. (11.66) 


with £; are the O(a!) coefficients of the £ function in the MS scheme for n ; flavours (see 
Table 2.2), which, for three flavours, read: 


Bi=—-9/2, B=-8, b = -20.1198 . (11.67) 
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A is a renormalization group invariant scale but is renormalization scheme dependent. The 
running coupling a, has been measured from LEP, t decays” and deep-inelastic scattering 
data. We shall discuss these determinations in the next chapter. The present world average 
is [16,139]: 


o. (Mz) = 0.1181 + 0.0027 . (11.68) 


11.8 Decoupling theorem 


The decoupling theorem of Appelquist and Carazzone [140] states that the effect of heavy 
particles (fermion, boson) of mass M? > —q* can be ignored below their thresholds. 
However, in the M S and MS schemes, these heavy particles could contribute to the universal 
B and y functions as they are mass independent, and therefore the MS and MS schemes 
do not a priori satisfy this theorem. In order to satisfy this theorem, one should modify the 
scheme. References [141—143] have proposed to absorb into the renormalization constant, 
not only the 1/é pole but also terms of the type In" Mg /v coming from heavy fermion or 
boson loops (v being the scale of the MS scheme). In such an effective theory, one can 
relate the QCD scale of n light quarks to the one with n light plus one heavy flavour. To 
one loop, this relation is: 


ML NS 
Ana = A, (22) : (11.69) 


At the heavy quark threshold p? = 4M7, one can see that the heavy quark effect tends 
to decrease slightly the value of A. One can see more explictly such effects in Table 11.2. 


11.9 Input values of o, and matching conditions 


We shall discuss below, how this decoupling is used in the practical evaluation of the running 
coupling. In so doing, we run the value of &,(Mz) in the range given in Table 11.2, to lower 
scales by taking appropriately the threshold effects due to heavy quark productions. We run 
this value until M; = 4.6—-4.7 GeV, using the two-loop relation: 


9s ( — a P In inc-e*/A?)) (11.70) 
c i "fi 
and for n y flavours, we note that: 
1l] ny 51 19 
mcm ee d mS qe ny 11.71 
By 5 + gi; cu Bo 2 + if ( ) 


? This process gives so far the most precise measurement of a, at Mz as a modest accuracy at the t-mass becomes a precise value 
at the Z-mass because the errors decrease faster than the running of a,. Also, here, compared with some other determinations, we 
have relatively the best theoretical control including the perturbative corrections to order o, the non-perturbative condensates 
and the resummation of the asymptotic series. 
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Table 11.2. Value of à; and A to two-loops at different scales 
and flavours 


as(Mz) As[MeV] o,(My) A&,[MeV] o,(M;) A3[MeV] o,(M;) 


0.112 160 0.198 240 0.312 290 0.277 
0.118 225 0.218 325 0.372 375 0.319 
0.124 310 0.241 432 0.463 480 0.378 
0.127 360 0.254 495 0.528 540 0.417 


Following references [144,145], we do the matching condition o? =a at this 
b-mass, in order to extract a, for four flavours. We continue iteratively this procedure 
for completing Table 11.2, which is one of the basic inputs of numerous phenomeno- 
logical analyses discussed in this book. We use here the value of the perturbative pole 
mass to two-loops: M; = 4.62 GeV and M, = 1.42 GeV which we shall discuss later on. 
Notice that doing a similar procedure at the three-loop level, we reproduce the value of 
as given in [139]. In this case, one can use the three-loop relation at the subtraction scale 
My [146]: 


as") = ar" [1 — 0.291667a? — [5.32389 — (n; — 1)026247]à?] , (11.72) 


where: a, — ot P fg. 


11.10 Running gauge 


The running gauge àg is the solution of the differential equation in Eq. (11.35). To leading 
order in as, it reads [110]: 


i m N is 
àg(-4))- | 


= + 
[4 In (—q2/a)] ^ 48 [1 In(—q?/A) 
where for SU(N), x SU(n)F: 


-1 
al , (11.73) 


13 n 


6=—N--. 11.74 
12 3 ( 
Gg is a renormalization group invariant parameter defined to one loop as: 
1 8/—fi 
adc Md ( ) i (11.75) 
1 — Xag) \=Bias(v) 


It is interesting to notice that for n < 9, the running gauge tends to the Landau gauge 
(æg = 0) for —q? — œ. One also obtains: 


àg(q?) = ag(v), (11.76) 
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for ag = 0 (Landau gauge) to all orders and for ag = 46 (peculiar gauge) to lowest order 
in Qs. 


11.11 Running masses 


The running masses are solutions of the differential equation in Eq. (11.35). Analogously 
to A, one can also introduce an invariant mass ñ; [28]. The expression of the running quark 
mass in terms of the invariant mass ñ; is [28]: 


mv) fi; (pias) P i + f (2 e 2) a,v) 


E 2 5 (2 2) A 5) 5 ; 
DE B f B2 \Bi k T B Bs a;(v) + Olaz) t, 


(11.77) 


where y; are the Olai) coefficients of the quark-mass anomalous dimension (see 
Table 11.1). For three flavours, we have: 


yı=2, w=91/l2, y3 = 24.8404 . (11.78) 


As we shall see later on, QSSR is, at present, the most appropriate theoretical method for 
extracting the absolute values of the light quark masses. A long list of these determinations 
is given in the recent review [54] (see also [57] and the chapter on quark masses in this 
book), where the QSSR results are compared with the ones from chiral perturbation theory 
and lattice calculations. We only quote below the results: 


maq(2 GeV) = (6.5 + 1.2) MeV, m,(2 GeV) = (3.6 + 0.6)MeV , (11.79) 
and: 


m;(2 GeV) = (117.4 + 23.4) MeV , (11.80) 


and the bounds from the positivity of the spectral functions: 
90 MeV x m,(2 GeV) < 168 MeV. (11.81) 


The running masses of the c and b quarks have been also extracted directly from the J / y 
and Y sum rules. To two-loop (order a,) accuracy, one obtains [149]: 


mM.) = (123*00, +0.03) GeV — my(My) = (4.23*00; 0.02) MeV. (11.82) 


From the D and B meson systems, one obtains to order o2 [150]: 


mM,)- (1.10 +0.04) GeV — mj(M;) = (4.05 +0.06) MeV, — (11.83) 
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which agree with the former within the errors though the central values are slightly lower. 
These results can be compared with different results based on non-relativistic and some 
other approaches [16]. 


11.12 The perturbative pole mass 


The notion of perturbative pole mass can be useful in the phenomenology of the heavy 
quark systems. However, unlike in QED, where the pole mass is well-defined, due to 
the observation of the lepton, this definition is ambiguous in QCD due to confinement. 
Attempts to define the pole mass within perturbation theory have been done in the literature 
[141,133,148]. By analogy with QED, one can define the pole mass as the pole of the quark 
propagator. For definiteness, on can start with the bare quark propagator: 


1 


S => 11.84 
NOS E (11.84) 


After interaction, one has: 

Sep) ( 1 ) 1 
FIP) = 2 
1 — 25/ P — Ms[1 + 25] 


which shows explicitly the wave function and the mass renormalization constants in 
Eq. (9.20). An explicit evaluation of 2.» in the MS scheme gives: 


(11.85) 


C 1 
B-- —e/242 F 
Xy =(8gV ) demas] dx 


2 —e/2 
x [re (=) [2(2 — x) — e€(1 — x) + —ag) — 2x)] 
p? 
+ (1 — æg)2x(1 — E (11.86) 
C 1 
z =a oom | dx 


R? —e/2 
x [re (=) [2x + e(1 —x)+ (1 — ag)2(1 — x)] 


2 

p 
1— 2x(1 — x) ——— |, 11.87 
* = agx( E (11.87) 


where: 


R? = (1 — x) (Mj — p°x) — ie’. (11.88) 


11 The renormalization group 113 


æg is the covariant gauge parameter and Cr = (N? — D/(GN) for SU(N),. These para- 
metric integrals lead to: 


TT 
1 MA MÀ 2 
$ E [4p yn fo 
2] —p? —p? M; 


1 1M 1M? M? 
+(1 ZI Ba E (1+ 2E) m(1- 


She 


2 2-p 2-p 


Jj e» 


p. (% 1 2 Mi-p 
af =()crzl+d solzei In, 
M2 2 2 MA 
+ (=) n(1- 25) - 5 (11.90) 
—p M5 —p? 
with: 
1 
1/ê = 1/e + s ndm y), (11.91) 


which shows that D vanishes to order a, in the Landau gauge ag = 0. Their asymptotic 
expressions are: 


" | (05 1]3 5 3 -p° 1 M? —p? 
INCOLAE JE Wl cL QA ure 


B as 1 2 —p? M? =p? 
Efe T (=) Crzl 1+(1 sole In " &o( nu ' 


and: 


3 
4 
1 1[f-p 
1 
+= a6)]=3 Ta 
p Os 1 2 M? 1 2[f-p 
DE pa (cra ial; SS ui) (11.93) 
At p? = M? = v’, one gets: 


Qs 113 
x, p-M (=) E «2| : (11.94) 
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which is gauge independent. It is related to the pole mass, which is defined at the pole 
p? = M? of the full quark propagator through Eq. (11.85). In terms of the running mass, 
the pole mass reads: 


(11.95) 


Xj(p- M?) | 


Mpole = mp?) {! + = Xp? = M3) 


Therefore, the previous expressions gives [148]: 
M, np) it ($41 p (=) (11.96) 
ole = mM ES D-— nes , . 
m F 3 M?) \x 
which is gauge and renormalization scheme independent. The IR finiteness of the result to 
order o2 has been explicitly shown in [133]. The independence of Mpole on the choice of 


the regularization scheme has been demonstrated in [148]. The extension of the previous 
result to order a? is [151]: 


4 p? a 
— (n H La S 
Mao 1+ ($e) (2) 
221 13 p 1S nN, P |/@s\2 
K 1 1 11.97 
+| (s x) (5 s) (2) pale?) 


where, in the RHS, M is the pole mass and: 


4 mi 
Kg = 17.1514 1.04137n+ = 3 A (r2 —]. (11.98) 
pers Mo 


For 0 <r < 1, A(r) can be approximated, within an accuracy of 1% by: 


2 
A(r) & or — 0.597r? + 0.230r? , (11.99) 


while, its values in the following limiting cases are: 


Alr > 0)& E -O(9, 


AC varie es nrp 24 El 40071 ) 
i) S g apu rH 288 r Inr), 


A(r —1)— LO = s . (11.100) 


As, one can notice, the behaviour of A(r — oo) is quite bad, such that in the effective 
field theory where the heavy quark mass tends to infinity, one should write a well-defined 
relation in this limit. This can be achieved by introducing the coupling and light quark 
masses in the effective field theory in terms of the corresponding quantities in the full 
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afv) = a, (v)C(o, (v), x) 
m” (v) 2 m(v) H(as(v), x) , (11.101) 


where x = In(/n2 /v?) and: 


Ca,n=1t (2), Cex) = Y Cas, 


kel O<i<k 
As \* ; 
H = — = "E ; 
(Qo x)=14 07 Hm( T). meo) Ho. — an» 
21 O<i<k 
with: 
out os d Woa x? 
bu n 2 24" 36’ 
89 5 x 
Bic c Wc 2 11.103 
i PU 38 45 ( ) 


eff 


Ss 


X ya 7 19X%  X?N yo, 2 
eff sS S 
—-o,ll ) ) ; 11.104 
os a {1+ 2 (2 +( 24 x x)G | ( ) 


where X = In(M, Fa / v?). In this way, the previous expression becomes: 
4 p? a 
m s 
Mpole =m(p | + (5 T In £;) (=) 
+| Kol Jm) + 173 13 l pus 15 n in? 2 (=) 
my,/m n |In n , 
dei 24 36 ) m? X8 12] m|\r 


(11.105) 


and by expressing o?" in terms of the pole mass: 


where m is the running mass of the finite mass heavy quark, n is the number of finite 
mass quark flavours and the summation in Kg through A(m s/m) runs over the n — 1 
lightest quarks. For instance, in the case of the bottom quark mass, one uses n — 5, and 


deduce: 
- 2 4 p? asf 
Mp -—my(p^) 1+ + In = : 
3 my T 


"E 389 p? 35 , p? a, \2 
K l l :) 11.106 
+| gung mts Tog ae E ee 


where, by neglecting the u and d quark masses: 


4 
Kon s/y) = 9.278 + z XO ^6n [my . (11.107) 
f=s,c 
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Finally, a recent order o? evaluation leads to [152]: 


WBMpoie) = My e (=) + [714.3323 — 1.0414n] (Sy 


3 
+ [—198.7068 + 26.9239n — 0.65269n?] (=) | <. (11.108) 


However, one should be careful when using the previous mass in the OPE, as, in order to 
be consistent, one should use the same truncations in the mass definition and in the hadronic 
correlator to be analysed. For this reason, the re-summed result obtained to leading order 
in (£105) term within the large n -limit [154], should also be used with care. Using the 
previous relation with the pole and running mass as well as a direct estimate of the two-loop 
order a, running mass from the y and Y-sum rules, one obtains the value of the pole mass 
to two-loop accuracy [149]? 


MET? = (1.42+0.03)GeV, MPT? =(4.62+0.02)GeV. — (11.109) 


It is informative to compare these values with those of the pole masses from non- 
relativistic sum rules to two loops [149]: 


MNR = (1.451505 + 0.03) GeV,  MN* = (4.697057 + 0.02) GeV, (11.110) 


and, recently, to three loops of order o2^ including a resummation of the Coulombic 
corrections [156]: 


M;'* = (4.60 + 0.02) GeV , (11.111) 


in good agreement with the former results. 
If one uses the value of the running mass obtained to three-loop accuracy [156], and the 
three-loop relation between the pole and the running mass, one obtains: 


MPT? ~ (4.7 + 0.07 + 0.02) GeV , (11.112) 


which, although slightly higher, is in agreement within the errors with the two-loop result. 

Recent extension of the sum rules analysis [157,159] have led to more accurate values 
of the pole mass. The one using the relation between the pole and the 1S meson mass gives 
[159]: 


MET? ~ (4.71 + 0.03) GeV , (11.113) 


in agreement with the two-loop a, result given in Eq. (11.109). 
One can also compare the previous values with the dressed mass: 


M?" = (4.94 + 0.10 + 0.03) GeV, (11.114) 


3 We shall discuss these different points in more details in the chapter on quark masses. 

^ This result can be considered to be an improvment of the Voloshin value of 4.8 GeV [155]. 

5 This value is slightly lower than the one given in [149], as the value of the running mass used there is higher. However, the 
results agree within the errors. 
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obtained from a non-relativistic Balmer formula based on a bb Coulomb potential and 
including higher order a4-corrections [94], or the mass obtained from the fit of the spectra 
within potential models [12]: 


mp ~ (4.8 ~ 4.9) GeV. (11.115) 


This non-relativistic mass is slightly higher than the one from the sum rules. One can 
remark that the mass difference is : 


Mr" — Mf? ~ (100 ~ 200) MeV . (11.116) 


The interpretation of this mass difference is not very well understood. If one has in 
mind that the non-relativistic pole mass contains a non-perturbative part, which can be of 
the same origin as the one induced by the truncation of the perturbative series at large 
order, then one might eventually consider this value as a phenomenological estimate of 
the renormalon contribution, which is comparable in strength with the estimate of about 
100—133 MeV from the summation of higher-order corrections of large-order perturbation 
theory [154]. 

An extension of the previous analysis of the J/y and Y-systems to the case of the D, B 
and D*, B* mesons leads to the value to order a, [149]: 


Mf? = (4.63 + 0.08) GeV , (11.117) 


in good agreement with the previous results, but less accurate. This result has been confirmed 
by recent estimates to order a? [150]: 


MET? = (1.47 £0.06) GeV , MET? = (4.69+0.06)GeV, — (11.118) 


11.12.1 The b and c pole mass difference 


One can also use the previous results, in order to deduce the mass difference between the b 
and c (non)-relativistic pole masses: 


M,(M,) — M.(M.) = (3.22 + 0.03) GeV , (11.119) 


in good agreement (within the errors) with potential model expectations [12,16], and with 
the heavy quark symmetry (HQET) result from the B and D mass difference [164] (see also 
Chapter 44): 


EM ài 1 F 


(11.120) 


where one has used the QSSR estimate of the heavy quark kinetic term inside the meson 
[165,166]: 


Ai ~ —(0.5 + 0.2) GeV?. (11.121) 
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A direct comparison of this mass difference with the one from the analysis of the inclusive 
B-decays needs however a better understanding of the mass definition and of the value of 
the scale entering into these decay processes. If one chooses to evaluate these pole masses 
at the scale v = Mp, which might be a natural scale for this process, one obtains to two-loop 
accuracy: 


M.(v = Ms) = (1.08 + 0.04) GeV, (11.122) 


which leads to the mass difference: 


M, — M,|,-u, = (3.54 + 0.05) GeV . (11.123) 


11.13 Alternative definitions to the pole mass 


It has been argued that the pole masses can be affected by non-perturbative terms induced 
by the resummation of the QCD perturbative series [154] (see chapter on power corrections) 
and alternative definitions free from such ambiguities have been proposed (residual mass 
[158] (see also [160]) and 1S mass [159]). Assuming that the QCD potential has no linear 
power corrections, the residual or potential-subtracted (PS) mass is related to the pole mass 
as: 


S ole 2 2 y q). . 


The 1S mass is defined as half of the perturbative component to the °S, Ø Q ground state, 
which is half of its static energy (2Mpole + V) Ó The running and short distance pole mass 
defined at a given order of PT series will be used in the following discussions in this book. 


11.14 MS scheme and RGE for the pseudoscalar two-point correlator 


In order to illustrate the discussions in the previous sections, let us consider the two-point 
correlator: 


Vs(q2) = if es e'^* (0|T Jp (x) (Jp(0))! |0) , (11.125) 
where: 


Jp = (m; + mj)Viiys)v; , (11.126) 


is the light quark pseudoscalar current. 


6 These definitions might still be affected by a dimension-two term advocated in [162,161,438], which might limit their accuracy 
[163]. 
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11.14.1 Lowest order perturbative calculation 


We shall be concerned with Fig. 8.1 discussed in Section 8.2.5 for massless quarks 
(Fig. 11.2): 


p-q 


— —»—— > — 


Using Feynman rules, it reads: 


: € d"p 
wesa =m m PDN [ SP. 
i i 
x Tr: (i j , 11.127 
[eese ee sc. 


Parametrizing the quark propagators à la Feynman (Appendix E) and using the properties 
of the Dirac matrices (Appendix D) and momentum integrals (Appendix F) in n-dimensions, 
one obtains for the bare correlator: 


—e/2 
N [! 2 R?- ie’ 
vows (q°)= Qi + mF as f EE E + In4z — ») (EE) 
0 


x {(3+ ;)exa x) 2 (1 + =) (mx + mia — x) emm) ; 
(11.128) 


where: 
R? = —@?x(1 — x) + mix m- x), (11.129) 


and y = 0.5772... is the Euler constant. Two limiting cases are particularly interesting: 
N 2 -q? 
ey? (42 2 \ im. R EAA E A Lijs —4. 
v Ys (a om; =m; + mj) e| (Zeman y in( à )) 


: patience] 


-q? 
2 


2 
€,2/{ 4 € —4d 
*2* jm ( : 5 (in dx +n (5E) |. (11.130) 
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and: 


> N m? m? 
vut = oom cem (min enin 


2 
_ (2+ ina —y-1) etn. (11.131) 


The case q = Ois useful for the Ward identity discussed in Eq. (2.17) and for the definition 
of the scale-invariant condensate which will be discussed in Part VII. 

One can explicitly check the Ward identity perturbatively by evaluating the longitudinal 
part of the axial-vector current correlator defined in Eq. (2.18). One obtains: 

—e/2 
WA AS 8 j R? — ie 
quq Hs. = gd Í dx [mx + m5 — x) + mim; ] AA T(e/2) , 
(11.132) 

which by comparison gives: 


uv 2 N 3, m 3, M 
qug; = Ws(q pompes m; bins tlle . — (11.133) 
Finally, one can extract the spectral function by using: 
In R? = In|R?| — iz6(—R?). (11.134) 
Therefore, one can deduce: 


ImUs(r) = Im (qq, 12") 


N 2 (n; — mj)” 
-ga0n + my) (i mm 
2 m? 
a? (i = 2n mem? (11.135) 


11.14.2 Two-loop perturbative calculation in the MS scheme 


For a pedagogical illustration, we consider a massless quark inside the quark loop. The 
corresponding two-loop perturbative contribution comes from Fig. 11.3. 


Fig. 11.3. Two-loop perturbative contribution to the pseudoscalar two-point function. 
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A routine application of the previous rules leads to [167]: 


3 2 -q? 
Dye e ei mf a y+2 in( E ) 
2 2 
€ =q Ena [Ta 
-$ nar -y + 2)1n( "o )+ Sin ( m2 ) 


By-e2 A? r4 4 29 aye 
«(Ez ) |$* 20 N+ = +00] (=) . (11.136) 


Introducing the renormalized parameter (we shall omit the index R): 


m? =m; I M (3) (11.137) 


one can deduce [167]: 


2 3 2.3|2 -q? 
Usus; Uto mg COPIE y -2-]n " 


(s 69] 
— [| — + 2(ln 4r - y) | In | —— : (11.138) 
3 v? 


This expression tells us that the lowest order term proportional to € induce via the mass 
renormalization a non-zero finite term. It also shows how the non-local: 


42 
1163 (11.139) 


€ v? 


pole has disappeared after renormalization. The disappearance of this term is a double check 
of the calculation as well. Finally, one can also use the RGE for checking the In-coefficient. 
This can be done by working with the RGE of the two-point correlator given in Section 
11.6. In so doing, we consider the coefficient of the 1/e-terms: 


D D (35) D. (11.140) 
VIA 
with: 


3 25,42. 
Do= -g i5 + xj) 2e f 


3 10 
D= (xi Frae l (11.141) 


NT 
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where x; = m;/v is a dimensionless mass and t = —1/21n(—q?/v?). Expressing Vs in 
terms of x;, one has: 


220.4 
Ws(t, Os, xi j) 2 —— Qi + xj) e"q 


8x 2 
x[- 20 Ins - y +2+ (2 -) da +2bt+) ]. (11.142) 


where a, b, c have to be determined. Using the RGE, one obtains the constraint: 
D = 3 ( 3 : 25 2t 
Ore FE xi dx j) es 


Dj—--— ——(x; xy er 


3 
8x 2 
x [-8at — 2b — 2yyIn4z — y +2) + 2y12t] , (11.143) 


where y; = 2 is the mass anomalous dimension. The fact that Dı cannot depend on t 
implies: 


—4a+2y=0 = azl. (11.144) 
The relation between C, and D given in Eq. (11.48) implies: 
Cc? = Do. (11.145) 
C ud is not fixed by the RGE but we know it from the previous calculation: 
2 
c” = T gare" (11.146) 


while we deduce from Eq. (11.48): 


2C” = Di. (11.147) 
The recursive relation implies: 
3 
a) 272 
C= gU +xjet2y, . (11.148) 
Inserting the previous expressions into the one of Di, one can deduce: 
m. 
—2b — 2y (ln 4r — y + 2) = F (11.149) 


One can see that the RGE and an explicit evaluation of the 1/e-coefficient to order o; 
allows one to fix the coefficients of the 1/c?, In? and In at that order. This impressive result 
allows to have a double check of the direct calculation. 
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Other renormalization schemes 


In previous chapters, we have concentrated our discussions on the modified minimal sub- 
traction MS scheme, which is the most convenient one for QCD. However, it is known 
that there is a freedom for choosing a renormalization scheme. Among different existing 
off-shell renormalization schemes discussed in the literature, we choose to discuss the fol- 
lowing schemes which have been widely used in the 1980s. We shall also discuss their 
connections by comparing the renormalized QCD coupling in these different schemes. 


12.1 The MS scheme 


The M S scheme is the original minimal subtraction scheme proposed for dimensional renor- 
malization. We have already discussed the difference between the MS and MS schemes, 
which one can illustrate by the comparison of the renormalized coupling in the two schemes: 


vo? — of {! $ (=) (£ $ 3) +0 (3y (12.1) 


where ô is an arbitrary constant characteristic of the scheme used. In the MS scheme: 
Ooms = —[In4z — y], (12.2) 
and the running couplings in the two schemes are related as: 
aS — as E (=) +062] P (12.3) 


This leading order relation can be translated by the relation between the scale A in the 
two schemes: 


Ays = Aus exp(5/B1) , (12.4) 


i.e., one obtains to this order: 


Agrs % 2.66 Ams . (12.5) 
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Table 12.1. Value of 5(ag, n y) in the MS and MOM schemes 


Scheme (oc, ny) 
MS 0 
MS Sus = (fi/2)[In4z — y] 
2 3 
MOM Three-gluon sms- 3- RI = 06 (= D4 B-D- Ge + a 37) 


Quark-gluon ous x (89 5 J) dg z (1 iJ) + TG (3—J)-4 M 


o2 n 
Ghost-gluon Ooms z% z (41 + 3J) zg (9 — 2J) in (3 1) A ne 


12.2 The momentum subtraction scheme 


In the momentum subtraction scheme (MOM scheme), the renormalized two-point (or in 
general Green's) function is defined as [168-170]: 


W5(q7)r = Ws(q?) — Ws(q? = —,2, m’), (12.6) 


where u is the subtraction point in the Euclidean region. The choice of u is arbitrary. It is 
often chosen at the symmetric point of the three-gluon vertex with which one defines the 
renormalized QCD coupling. However, the choice of the vertex is also arbitrary, as one can 
choose the quark-gluon-quark or ghost-gluon-ghost vertex for defining the renormalized 
coupling. In this scheme, the renormalization constants and universal parameters are mass- 
dependent, which is not convenient when one works with massive particles. However, due 
to the Appelquist-Carazzone decoupling theorem, one may ignore the effect of the heavy 
quarks having a mass larger than the momentum scale of the analysis. If one expresses the 
renormalized QCD coupling o, in terms of the bare coupling w? in 4 — e dimensions, one 
has: 


v~a =a, | + (sc. np)+ £) ay + o(a?)| , (12.7) 


where ô(œg, n y) is a finite term which depends on how o; is renormalized, and are given 
in Table 12.1, where ag is the gauge parameter; 8, = —(1/2)(11 — 2n 5/3) for SU(3), x 
SU (n) y, and: 


: Inx 
J= -2 f dx —————— = _ 2.3439072..... (12.8) 
0 x2—x+1 


Therefore, one can derive the lowest order relation between the MOM and M S schemes 
in the case of massless quarks [170]: 


(12.9) 


ô , 
A:imon = Ams exp [m : 


Bi 


12 Other renormalization schemes 125 


In the usual case of three-gluon vertex, and for some particular values of the gauge 
parameter, one has: 


$(0, 3) = —8.46, 6(1, 3) = —7.68 , (12.10) 


which leads to the numerically lowest order relation: 


(12.11) 


LENS Be for ag — 0: Landau gauge ) 


5.51 forag = 1: Feynman gauge 


12.3 The Weinberg renormalization scheme 


The Weinberg scheme [171] is variant of the MOM scheme. In this scheme the renormalized 
two-point function reads: 


Vs(q?, m?)g = Vs(q?, m?) — Ys? = —u?, m? =0), (12.12) 


and is renormalized at an off-shell space-like point q? = — u? and putting the particle masses 
to be zero. It coincides with the MOM scheme, in the case of massless theories. One can 
see that, in this scheme, the renormalization constants are also quark-mass dependent. It 
has been shown by [172] that the Weinberg scheme violates the Slavnov- Taylor identities 
due to the arbitrariness of the subtraction point at a specific vertex, the gauge dependence 
of the coupling and to the definition of the tensorial structure of the vertex at the subtraction 
point. 


12.4 The BLM scheme 


The BLM (Brodsky-Lepage-Mackenzie) scheme has been introduced in [173] and has 
been based on the analogy with QED where only the light fermion vacuum polarizations 
(VP) contribute to the renormalization of the strong coupling constant. In QED, the running 
effective charge can be defined as (see the next chapter on QED): 


a 
= ——M————— 4 12.13 
GA ERC on 

where to lowest order in o, and using an on-shell renormalization: 

1/2 Q 5 
Tem = li j 12.14 
(Q- -3 (5 em >) (12.14) 
The scheme states that an observable O which has the perturbative expansion: 
O = Cyo( Q) | +a.. | (12.15) 
m 


can be replaced by: 


0 = cop 1 cr P +... (12.16) 
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where all VP corrections are absorbed into the effective coupling by an appropriate and 
unique choice of scales Qo, QT, .... Since the number n p of light flavour dependences 
usually enters the VP to this order, then, both Q7 and C7 are independent of n+, while, 
in general, the scales Q7? can depend on the ratio of invariants. Taking the example of the 
anomalous magnetic moment of the leptons, which can be expressed as (see QED section): 


a a 
= L| -0.657—]. (12.17) 
2x 2x 
and the VP contribution to the muon anomaly gives: 
a 2 m 25| a 
A 0 = | Z In — 2 12.18 
yh E T Hs s] noe ( ) 
For the muon, one can expect that, at a scale Q* ~ m,,, the exact result can be expressed 
as: 
a(Q") 
= ; 12.19 
au P ( ) 


where the running coupling is defined in Eq. (12.13), such that Eq. (12.18) and Eq. (12.19) 
must be equal. In this way, one obtains: 


Q* = m,e”. (12.20) 


In this procedure, the electron and the muon anomaly have the same expression to this 
order, as we replace: 


a = 5 [1+ Ave +O) ++] : (12.21) 
by: 
js a(Q*) | + «(Qc de | : (12.22) 
2x Um 
where: 
"m a 
OVS car TY ERE (12.23) 
and: 
C; = —0.657 . (12.24) 


In the case of QCD, a similar approach can be made. The observable can be written as: 
M = Coorgs(Q)[E + (ays(Q)/7) (ny Ave + B)]. (12.25) 


One can change the coupling by: 


* —1 
ers (Q^) = ongs(Q) | — fi(orgg( Q)/7) In » Te | f (12.26) 
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and express the observable as: 
M= Coays(Q*)[1 + (eas (Q*)/x)CT Te]. (12.27) 


Then, one can deduce: 


Q* = Q expGAyp), 
33 
C; = wove +B, (12.28) 


where the term S Ay p in CT serves to remove the part of B which renormalizes the leading- 
order coupling. 

The ratio of these gluonic corrections to the light quark ones is fixed by the P function. In 
some of the examples given by BLM, the value of Q* appears to be lower than the original 
scale of the process, which might be inconvenient for the convergence of the QCD series. 
Moreover, the scheme dependence of the result in Eq. (12.28) has been pointed out in [174], 
while an extension of the BLM result beyond NLO shows an ambiguity in the prescription 
[175]. Recent interest in the resummation of perturbative QCD series using large value of 
P in the naive Abelization of QCD (see Renormalons section) has revived the use of the 
BLM scheme despite these previous drawbacks of the procedure. 


12.5 The PMS optimization scheme 
The principle of minimal sensitivity (PMS) scheme has been introduced by Stevenson 
[176] in QCD. It consists on the fact that physical quantities should be insensitive to a 
small variation of unphysical parameters, and is based on variational approach. It is more 
instructive to illustrate the method by the classical example of the e* e^ — hadrons total 
cross-section, which is known to high-accuracy in perturbative QCD. To order a, the 
corresponding Adler D-function reads: 


wo d 
Dq’) = -¢ f ET & 2 QiI- [Dz Sa; (1 a,F)]----), (1229) 


where: 
c(e*e- — hadrons) 


Rz : 12. 
c(ete- > pty) ew 


Qi is the quark charge in units of e; F3 is renormalization scheme dependent; a, = a@;/1 
is the QCD running coupling. The v (subtraction scale) dependence of the dimensional 
renormalization scheme can be introduced via: 


t = —fln(v/A). (12.31) 
Using the differential equation obeyed by the running coupling: 
ð 


ds 
OT 


-hi 


= asf(a;) = fia; ( + as) ; (12.32) 
1 
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one obtains: 


aD OF: 
esas (i4 Pr (TE Eja ihe, (12.33) 
OT j pi ? OT 


Using the fact that D; is independent of c, the a? term in Eq. (12.33) must vanish, which 
leads to: 


F(T) = T — To + F3(To). (12.34) 


The optimization criterion imposes that the remainder term of ð D2/əðT also vanishes at 
a critical value t = t,. The optimal value of F} corresponds to: 
P. +2F;" (1 + Patto) =0, (12.35) 
Bi Bi 
where the rôle of a; 62 can be increased by computing the next order terms. From this result, 
one can deduce the optimal value of D»: 


(12.36) 


Dp =a (Bo/Bi)as(t) I 


2[1 + (B2/B1)as(t)] 


The last step of the analysis is to find a,(t,). This can be done by integrating Eq. (12.32). 
One obtains to two loops: 


" 8e d 1 s 
É4(a) =r E ; * adea B in( (B2/ Bia. ) . (12.37) 
a X -(5/Bpa;CX) as By 1 + (82/Bi)as 
where the upper limit of integration is equivalent to the choice of A in t = — f In(v/ A). 
Using Eq. (11.53) by including next leading corrections, one can derive the relation: 
Bo £8)? 
Aopt = Ams (25) : (12.38) 
fi 
Rewriting Eq. (12.34) as: 
F; = Éx(a,) — o(Q) , (12.39) 
where: 
p1(Q) = To — Fa(19) , (12.40) 


is a constant term independent of the unphysical variable t at fixed Q, where at Q? = 
—q? = v’, it reads: 


P(Q? = v?) = -pı (Q/A) — Fs. (12.41) 


It is also a renormalization scheme invariant quantity, as the scheme dependence of A 
cancels the one of F3. Substituting the value of F} from Eq. (12.39) into Eq. (12.35), one 
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gets the following transcendental equation for as(Te): 


É3(a, (x) + Eg ( + x) = pı(Q), (12.42) 
E 2 Bi Bi 


where the solution a,(t,.) is the one to be used in DP. As p; behaves like 1/a;, it needs to 
be large for a good description of the process. The PMS scheme has been quite popular in 
the period of 1980-1990. 

At present, the interest in the method has decreased. This is probably related to the fact 
that it does not yet incorporate the power corrections which plays a non-negligible róle 
in the extraction of the QCD coupling from different processes. However, an extension of 
the method including these non-perturbative corrections, although small, should be more 
attractive. 


12.6 The effective charge scheme 


Like the PMS, this scheme is also conceptually based on the construction of scheme- 
invariant quantities from combinations of scheme-dependent coefficients [177]. In order to 


illustrate the discussion, let's start from the D function defined in Eq. (12.29), which we 


rewrite as:! 


n-l 
o, Yat pesa (re aat) e] ; (12.43) 

i i=1 
where all higher order corrections and scheme dependence of the process are absorbed into 


the definition of the coupling constant. The ECH approach imposes the condition that all 
coefficients d; = 0 for all i > 2. Writing the 6 function as: 


Blas) = —fia; ( + Saai) ; (12.44) 
i=l 
and: 
DECB = D, (as) + 8DE" , (12.45) 
these conditions imply for the remaining corrections to the physical quantities [178]: 
DY = dod (ci + d») 
8 DECH = dod, (o = eidi — 2d? + 3d; + d) ; (12.46) 


These conditions are realized provided that the expansion of the £ function in terms of 
a, makes sense, which translates into the renormalization scheme-independent constraint: 


Cid, = M <l, (12.47) 
Bi 


! We neglect in this discussion the small contribution due to the light by the light-scattering diagram (see next chapter). 
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which for four flavours corresponds to Q > 1.624. However, it is interesting to see the 
modification of this constraint when non-perturbative terms are included in the QCD series. 
In [178], relations between the corrections to D, in the PMS and ECH scheme have been 
also derived with the result: 

2 
DPMS = 5 DOH + de 
SDMS =p DECH, (12.48) 


as well as an extension of the analysis to n = 4. 


13 
MS scheme for QED 


Related discussions can e.g. be found in [147,110,111]. QED which is an Abelian theory is 
much simpler than the non-Abelian QCD. As we have mentioned in the introduction, QED 
works well with the on-shell renormalization scheme and has been experimentally tested 
with a high degree of accuracy (g — 2,...), such that it is a priori useless to introduce a 
new scheme for studying it. However, it is interesting to know the relations of different 
observables in the on-shell and M S schemes. 


13.1 The QED Lagrangian 


As we have already mentioned previously, the QED Lagrangian is quite simple, as we do 
not need ghost fields for its quantization due to its Abelian character. Its expression is given 
in Eq. (5.10), which we repeat below: 


Lon = £y + £i Li, (13.1) 
with: 
1 1 
Ly = -7E GG) — 2g; 4468. GBA QD p 
Li = W(x) (ið y" — mx), 
—eA,Q)V G)y" Wx) (13.2) 


where F,,(x) = 0,,Ay(x) — 0,A,,(x) is the photon field strengths of the photon field A, (x); 
dg is the gauge parameter with æg = 0 (Landau gauge) and g = 1 (Feynman gauge); y(x) 
and m is the lepton field and mass; e is the electric charge. 


D 
II 


13.2 Renormalization constants and RGE 


The renormalization constants of the fields are defined analogously to the case of QCD in 
Eqs. (9.20, 9.21, 9.22), and will not be repeated here. The QED Ward identity, analogous 
to the one in Eq. (9.24), gives: 


Zip = Zr, (13.3) 
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which implies: 
Zum (13.4) 


while the gauge invariance of the QED Lagrangian implies that there is no renormalization 
counterterm for gauge term of the Lagrangian. Then: 


Zg = Z3 (13.5) 


The RGE of QED has been originally introduced by [75,76] for improving the QED 
perturbation series. It has the form in Eq. (11.32) with the solution in Eq. (11.33). 


13.3 6 function, running coupling and anomalous dimensions 


The £ function is known to order o?. It reads [179]: 


pa) = 


B Dent (*)+ Had (*)'+ by = 121 (f) (13.6) 

V 3J Nm ? 7 2]^n 2 MAJ AR) C ) 
where, in the case of massless fermion, 6; and f» are invariant under the renormalization 
schemes. It is important to notice the crucial difference between QCD and QED, as here 
the 6 function is positive, which means that the origin of the coupling is no longer an UV 


fixed point and the QED coupling increases with q?. The running QED coupling is solution 
of the differential equation analogue to the one in Eq. (11.34). Its solution to one loop is: 


a(v) a T 
1 —(2()/2) B15 In(—q?/v?) Biz In (—g?/A2,,) 
where in the last identity, we have introduced the RGI parameter ^em in analogy of QCD. 
The anomalous dimensions are: 


f (13.7) 


alq’) = 


v dZar AG (a 2 
= = O A 
Y= Zp d 2 (=)+ (e) 
o V dZm — -73 a 2 
m= = (mire. 
OE I Sd (13.8) 
m=z d = ality a NFYFI, s 


where n, and nr are respectively the number of external photon and fermion fields. 


13.4 Effective charge and link between the M S and on-shell scheme 


One can relate the electric charge in the QED on-shell scheme to the one in the 
MS scheme, by using the fact that the QED effective charge is invariant under the choice 
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of renormalizations:! 


OB QR 
1+ epN, 1+ eIik, 


2 
oeg(q^) = ; (13.9) 
where the indices R and B denote renormalized and bare quantities; œ = e?/4 is the fine 
structure constant; Tem is the electromagnetic vacuum polarization defined as: 


mq) =i l d*x e^ (OTJ (x)J"(0)]0) = — (g""g? — q"^q")THles(q?) ,. (13.10) 


where J^ = ly" is the local current built from the lepton field. Using the Feynman rule 
given in Appendix E and the Dirac algebra in n dimensions in Appendix D, its expression 
can be easily obtained, if one follows closely the derivation of the pseudoscalar two-point 
function discussed previously. The bare two-point correlator reads to lowest order: 


2 1 V2. 1— Qn 
m2 (q?) = “4 (n4z)- y — 3f EE E a A 
127? |€ 0 v? 
(13.11) 
From this expression, one can deduce to leading order in m?/q?: 
1 [2 -q? 5 
B 2 2) _ 
Man(-4 > m°) = us [e + nd y In 32 t3 
ps «e( 2 yi xc (13.12) 
n à : 
—q? —q? m? 
and: 
"OP 1 (2 m? 
Heng’ = 0) = —51--ün4z)-y -ln t. (13.13) 
12x? le v2 
The renormalized vacuum polarization can be easily obtained: 
1 g^ 5 
We ~ l 
em a | Mam Ua | 
TES 1 -q? 5 
m%s = l ZE 13.14 
em | ae fae | D 


Using the fact that I19?-5*1(52 = 0) = 0 in Eq. (13.9), one can relate the charge in the 
on-shell and M $ scheme as.” 


2. 
a(v) = dos, fı $ (=) po | (13.15) 


3 m 


! The last equality comes from the fact that the charge renormalization constant Z, and the photon field renormalization constant 
Z, are related to each others from Eq. (13.4). 
? For a more elegant notation, we shall not put index for the MS coupling. 
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Using this relation into Eq. (13.7), one can deduce the running coupling in the MS scheme 
in terms of the one in the on-shell scheme evaluated at v = m: 
Qos. 


1 — (@Œo.s./7) B15 In(—q?/m?) ` 


Identifying this result with the one in Eq. (13.7), one can deduce for one fermion: 


aq’) = (13.16) 


Bi Qos, 


This result can be easily generalized to n fermions of mass m;: 


z T 
Aem = i A 13.18 
(fjr ) oe (s) ( ) 


For the three observed charged leptons e, m, T, this leads to: 


Bam =m exp ( T ) (13.17) 


Aem = 5.2 x 10? GeV , (13.19) 


which is an astronomical number. This is the scale at which one expects that the QED series 
expansion breaks down, and is commonly called as the Landau pole. Using its definition 
in Eq. (13.9), the effective QED charge can be expressed in terms of the running charge. It 


reads, in the MS scheme: 
2 EN. a\ 1/5 m? 
eng) Sala) -zla tola : (13.20) 
7T/23N3 q 
Analogous relation from Eq. (13.9) can also be obtained in the on-shell scheme. The iden- 


tification of the two relations for o; leads to the relation between the running coupling in 
the M S and on-shell schemes: 


= 5 2 2 
asandi (e) D cd +0(=) | f (1321) 
m Jj3 m? - 


This relation is useful in the analysis of electroweak processes where the Green's functions 
are often evaluated using the M S scheme. 


14 
High-precision low-energy QED tests 


As shown in the previous chapter, one expects that QED works well until an astronomical 
value of ^em, which is due to the non-asymptotically free property of the theory, where the 
effective charge grows with the energy. Therefore, contrary to QCD, one expects that QED 
is best tested at low energies which is the interesting experimental region.! 


14.1 The lepton anomaly 


Indeed, one of the most impressive and traditional test of QED is given by the measurements 
of the leptons (e, u) anomalous magnetic moments (lepton anomaly) a,,, where one notices 
that from the electron to the muon, the running charge has increased from &(t = 0) to 
a(t = In(m,/m-)). The anomalous magnetic moment of charged leptons and for on-shell 
photon (q? = 0) is defined as: 

a = (8 — 2) = F,(0), (14.1) 


where F5(0) is the Pauli form factor related to the lepton-photon-lepton vertex as: 
— 2 12 2 — (ul 2 1 — (ou v 2 
alp Tup" = po = m up) = ap yup) F) = 2 AP omg uCp) Fa’) . 
(14.2) 


The full vertex and the lowest order QED contribution are given by Fig. 14.1. 
The lowest order contribution is: 


a? = (5) . (14.3) 


14.1.1 The electron anomaly and measurement of fine structure constant o 


In the case of the electron, the anomalous magnetic moment has been measured with a high 
accuracy [181]: 


a,” = 115 965 218 84(43) x 10 P, 
aj. = 115 965 218 79(43) x 10 . (14.4) 


! For some other low-energy tests of the fermion substructure beyond the standard model, see e.g. [180]. 
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Fig. 14.1. Full vertex and lowest order QED contribution to aj. 


A comparison of this value with the theoretical prediction [182,183,184]: 


sm 17/0 a2 a\3 
a = = (=) — 0.328 478 44400 (7) + 1.181 234017 (2) 
2 Nt T T 
4 
— 1.509 8(384) (=) + 1.66(3) x 107!2(hadronic + electroweak loops) (14.5) 
T 

provides a very precise measurement of the QED charge (fine structure constant) at the 
scale of the electron mass [185]: 


œT! (ae) = 137.035 999 58(52) , (14.6) 
which is more precise than the one from the quantum Hall effect [182]: 
a! (Hall) = 137.036 003 00(270) . (14.7) 


A resolution of the two discrepancies can provide a bound on new physics which 
is however not very strong as the new physics scale is constrained to be only larger than 
100 GeV, assuming a generic effect of the order of m2/ A?. 


14.1.2 The muon anomaly and the róle of the hadronic contributions 


In the case of the muon, higher order QED contributions are known up order o?. Typical 
higher order QED diagrams are shown in Fig. 14.2. 
The total QED contribution reads [184,186]: 


1 o [04 2 a 3 
og» _ ^ (* 40.765 857 376220 (Y +24. 44) (S. 
ag? = = (=) + 0.765 857 37627) (—) + 24.050 508 98(44) (7) 
4 5 
+ 126.07(41) (=) + 930(170) (=) 
IT T 
= 116 584 705.7(2.9) x 107"! . 
(14.8) 


The electroweak contributions are known. In the standard model, the lowest order con- 
tributions come from Fig. 14.3. 
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Fig. 14.2. Typical higher order QED contributions to aj. 
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Fig. 14.3. Lowest order electroweak contribution to aj. 


It reads [186]: 


G,m2 5 1 2 
a?" (1 — loop) = UA E | VQ 4sin? 0w? +O (52) | ~ 195 x 107"! , 


(14.9) 


where the G, = 1.16637(1) x 1075 GeV?, sin? 0w = 0.223 and M denotes Mw or Muiggs- 
The full two-loop contribution including hadronic electroweak loops and a leading log- 
resummation is [186]: 


af. (2 — loop) = —43(4) x 107" (14.10) 
and gives the total contribution: 


ak = 152(4) x 107" . (14.11) 


14.1.3 The lowest order hadronic contributions 


The main theoretical errors in the determination of the muon anomalous magnetic 
moment are due to the strong interaction (hadronic loop) contributions, in the region 
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Fig. 14.4. Lowest order hadronic contributions to aj. 


below 2 GeV, and mainly in the o meson region. The lowest order diagram is depicted in 
Fig. 14.4. 

Using a dispersion relation, the hadronic vacuum polarization contribution to the muon 
anomaly can be expressed as [187—191]: 


a 1 i 
a oye "a AM dt K,(t) g(t). (14.12) 
4m7 


K,,(t) is the QED kernel function [192]: 


x: a- [a x?(1 — x) 
eT Jo UT x E(Im)a-» 


z 1 
-a (1-Ẹ)rara(1+3]) 
Le 


2 
dm 
x L aean zu g 


+ (=) 2 unz,, (14.13) 
with: 
a= IL and v, = ae (14.14) 
K,,(t) is a monotonically decreasing function of t. For large t, it behaves as: 
m2 
Kalt >m) e T ; (14.15) 


which will be useful for the analysis in the large t regime. Such properties then emphasize 
the importance of the low-energy contribution to auc oy, where the QCD theory cannot 
be (strictly speaking) applied. o y(t) = o(e*e^ — hadrons) is the e* e^ — hadrons total 
cross-section which can be related to the hadronic two-point spectral function ImIT(‘)em 
through the optical theorem: 


o(e*e- — hadrons 
Roe = = 12x ImI (tem , (14.16) 
c(ete- > utp) 
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Fig. 14.5. Isovector spectral function from tau-decay and comparison with the e*e~ data. 


where: 
PNG Qo Ano? 
olee —^gu'w)- a (14.17) 
Here, 
Hv oL 4 iqx H v t 
Ne, =i IE xe (0T IE (x) (Ian) [0) 
= —(g""q* — qq" Has(q^) (14.18) 
is the correlator built from the local electromagnetic current: 
Ze Is 1_ 
JE (x) = given — 34Y'd E 3 Y"s Tee (14.19) 


The present most precise result comes from combining the e*e^ — hadrons compiled 
in [193-198,16] and the precise t-decay data [193,199]. These data are shown in 
Fig. 14.5. 

An average of the results from e*e^ — hadrons: am [e*e-] = 7016(119) x 107!!! and 
t decay a?! [r] = 7036(76) x 107"! data leads to [201]: 


al?4(1.0) = 7021(76) x 107"! , (14.20) 
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Hadronic Vacuum Polarization 
Fig. 14.6. Lowest order hadronic vacuum polarization contributions to a, from [207]. 
where the CVC hypothesis has been used in order to relate the electromagnetic to the 
charged current through an isospin rotation [200]: 


4x a? 


og(t) = vi, (14.21) 


and where a correction due to the w — o mixing has been applied. We follow the notation 
of ALEPH [193], where: 


1 
Inl , = —v,, (14.22) 
m 
is the charged vector two-point correlator: 
Mav =i f d*x e (OIT Jia) (J440))' 10) 


= -(g"q? — q"q"IO yaqa 
t q"4 TO ya, (14.23) 


built from the local charged current JI v) = uy" d(x). It is amusing to notice that the 
central value here coincide with the old result in [209,215]. In [202], the impressive agree- 
ment of the result of the hadronic contributions to the QED running coupling œ and to 
the muonium hyperfine splitting with other determinations (see next section) is a strong 
support of the estimate obtained in [201]. In Fig. 14.6, we see that the most recent standard 
model theoretical determinations [205,201] are in good agreement with the measured value 
[206,207]. After the completion of this work, we became aware of recent determinations 
[203] using recent e* e^ — hadrons data from CMD-2 and BES [204] and of more precise 
measurement of ap” = 11 659 204(7) (5) x 107!° [208]. The estimate based on t-decay 
agrees with ours whereas the one from ete~ differs by 1.40 from ours, and leads to a 
discrepancy of 30 between a,” and a5" of the Standard Model predictions. However, a 
new analysis of the scalar meson contributions (SN, hep — ph/0303004) gives an additional 
effect a < 13(11)10~'°, which reduces the discrepancy of a?" and a7". The difference 
between the results from et e~ and t decay still needs to be understood. 
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Fig. 14.7. Higher order hadronic vacuum polarization contributions to aj. 
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Fig. 14.8. Light-by-light scattering hadronic contribution to a,,. 


14.1.4 The higher order hadronic contributions 


Higher order contributions were first discussed in [209]. They can be divided into two clases. 
The one involving the vacuum polarization is given in Fig. 14.7, and can be related to the 
measured e*e^ — hadrons total cross-section, similar to the lowest order contribution. It 
gives [201] after rescaling the result in [209,210]: 


aj" (h.o.)yp = —101.2(6.1) x 107" , (14.24) 


The second class is the light-by-light scattering diagram shown in Fig. 14.8. 

Contrary to the case of vacuum polarization, this contribution is not yet related to a 
direct measurable quantity. In order to estimate this contribution, one has to introduce some 
theoretical models. The ones used at present are based on chiral perturbation [211] and 
ENJL model [212], where to both are added vector meson dominance and phenomenological 
parametrization of the pion form factors. The different contributions can be classified in 
diagrams Fig. 14.9, where the first two come from the quark (constituent) and boson loops, 
whereas the last one is due to meson pole exchanges. The first two diagrams are quite 
sensitive to the effects of rho-meson attached at the three off-shell photon legs which reduce 
the contributions by about one order of magnitude. The third diagram with pseudoscalar 
meson exhanges (anomaly) gives so far the most important contribution. There is a complete 
agreement between the two model estimates (after correcting the sign of the pseudoscalar 
and axial-vector contributions [213)], which may indirectly indicate that the results obtained 
are model independent. However, there are still some subtle issues left to be understood 
(is the inclusion of a quark loop a double counting?; why the inclusion of the rho-meson 
decreases drastically the quark and pion loop contributions?; is a single pole dominance 
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Table 14.1. al (ho) y, x 10!! 


Type of diagrams [211] [212] 
m~ loop —4.5(8.1) —19(13) 
quark loop (not added in the sum) 9.7(11) 21(3) 
x9, n, n’ poles 82.7(6.4) 85(13) 
axial-vector pole 1.74 2.5(1.0) 
scalar pole —6.8(2.0) 
Total 79.9(18.2)  61.7(23.8) 
{ q q 
Pa lt." 
N 
at A ) Q 
\ / 
> 8 > > > 
u 
q 
M M=79, 1, n', o ... 
> > 
u u 


Fig. 14.9. Different light-by-light scattering hadronic contributions to a,. 


justified?, . . .). The results in [211] and [212], after correcting the sign of the pseudoscalar 
and axial-vector contributions [213], are given in Table 14.1. 
An arithmetic average of the central values and of the errors give: 


al (h.o) = 70.8(21.0) x 107! . (14.25) 


One can remark the agreement in sign and magnitude with the contribution of a quark 
constituent loop diagram (first used in [209]) without any hadrons [214] and YTO1 in [205]. 
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Then, we deduce: 
ai (h.o) = ap (h.o)vp + a (h.o) = —30.401.9) x 107, — (1426) 


where one can notice a partial cancellation between the higher order vacuum polarization 
and the light-by-light scattering contributions. 


14.1.5 The total theoretical contributions to a,, 
Summing up different contributions, the present theoretical status in the standard model is: 
pM AF aQED + an n" ane 
= 116 584 669.9(39.2) x 107"! + a? I.o.) 
= 116 591 846.9(78.9) x 107!! . (14.27) 


This theoretical contribution can be compared with the experimental average [186] of 
CERN78 [216] + BNL98 [207] + BNL99 [208]: 


aj," (average) = 116592023(151) x ioc (14.28) 
which is more weighted by the new BNL precise result: 
a? (BNL99) = 116592020(160) x 10! . (14.29) 


The comparison of the theoretical and experimental numbers gives: 


an™ = a? — qM = (176+ 170) x 107! , (14.30) 


which can indicate about o deviation from the SM prediction. This result can be used to 
give a lower bound on the presence of new physics beyond the standard model. Combining 
this result with the world average of atèa :9.), we can have the range at 90% confidence 
level (CL): 


—42 xar" x 10 «413 (90% CL). (14.31) 


This range is expected to be improved in the near future both from accurate measure- 
ments of a,, and of e* e^ data necessary for reducing the theoretical errors in the determina- 
tions of the hadronic contributions, being the major source of the theoretical uncertainties. 
Constraints on some models (supersymmetry, radiative muon mass, leptoquarks) beyond 
the standard model (SM) using this result have been discussed in [186,201]. The lower 


uw are typically: 


bounds on the scale of the models using this new allowed range of a 
m > 113 GeV : degenerate sparticle mass 
M > 1.7TeV : compositeness 
Ms, > 55.5 GeV : Zee model singlet scalar 


2 


M > 1.1 TeV: leptoquarks . (14.32) 
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14.1.6 The t anomaly 


The different theoretical contributions to the t anomaly have been discussed before in [215]. 
Compared to the case of the electron and of the muon, an eventual precise measurement of 
a, will provide a further test of the QED calculation at short distance t = In (M, /m;) not 
reached in the electron and muon case. Then, it can provide a measurement of the QED 
running coupling d as given by the RGE discussed previously, and a test of an eventual sub- 
structure ofthe t lepton. As can be seen in details in [215], the relative weight of the hadronic 
contributions has decreased compared, for example, with the weak interaction contributions. 
Also, because of the large value of M;, the rôle of the o-meson has relatively decreased, 
which renders, almost equal, the contribution of the hadrons below and above 1 GeV. This 
is a positive feature which can allow a precise theoretical prediction of this observable. An 
update of the theoretical predictions obtained in [215] is [201] (in units of 1075): 


agEP = 117327.1(1.2) , 
aEV ~ 46.9(1.2) , 
a™4(1.0) = 353.6(4.0) , 
a™*(h.o)a) = 20.0(5.8) , 


a™ (h.o) = 27.6(5.8) , (14.33) 
which leads to: 
aM = ae ei aEW + aQED 
= 117 755.2(7.2) x 1075. (14.34) 


where we have used the present accurate value of M, = 1.77703 GeV. This value in 
Eq. (14.34) can be compared with the present (inaccurate) experimental value [217]: 


a? = 0.004 + 0.027 + 0.023 , (14.35) 


which, we hope, can be improved in the near future. 


14.2 Other high-precision low-energy tests of QED 
14.2.1 Lowest order hadronic contributions 


In addition to the high-precision measurements of the lepton anomalies, some QED high- 
precision tests are also performed. As in the case of the lepton anomalies, the hadronic 
contributions also play an important for the QED predictions of the running QED coupling 
a(M7z) and of the muonium hyperfine splittings v. These contributions can be expressed in 
a closed form as the convolution integral:? 


1 oo 
Ohad = us | dt Kolt) ou(t) (14.36) 
4r? 4m2 


2 For a recent estimate and review see e.g. Ref. [202] and references therein. 
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where: 


Ohad = Aog X 10° or Avg. (14.37) 


For the QED running coupling Aog x 10°, the kernel is: 


(T M3 
Ka) = (=) (5) | (14.38) 


where o7! (0) = 137.036 and Mz = 91.3 GeV. It behaves for large t like a constant. 
* For the muonium hyperfine splitting A vpaa, the kernel function is (see e.g. [220]): 


1 3 
gatos coin ue e (s + >) Inx, (14.39) 
1—v, 2 
where: 
mo E n. cuit (14.40) 
E cm i me 4m? iia Xa ; 


and vy is the Fermi energy splitting: 
Vp = 445 903 192 0.(511)(34) Hz. (14.41) 


It behaves for large t as: 


m^V(9. t 15 
K,(t 2)~ o,{ 1 . 14.42 
(t > mi) (oes (14.42) 


The different asymptotic behaviours of these kernel functions will influence on the relative weights 
of different regions contributions in the evaluation of the above integrals. 


14.2.2 QED running coupling «(Mz) 


Using the same data as for the anomalous magnetic moment, one can deduce the lowest 
order hadronic contribution [202]: 


Adtnad = 2763.4(16.5) x 105. (14.43) 


We add the hadronic radiative corrections Aog = (6.4 + 2.7) x 107? from the radiative 
modes z?y, ny, mzy ... coming from the largest range given in [195] and YTOI [205]. 
Using the renormalization group evolution of the QED coupling: 


a (Mz) = a^ (0)[1 — Aagep — Ana] . (14.44) 


and the available results to three-loops [218] of Aaggp = 3149.7687 x 1075, one can 
deduce: 


a (Mz) = 128.926(25) . (14.45) 


The results in Eqs. (14.43) and (14.45) are in good agreement with other determinations 
[205,219] as shown in Fig. 14.10, but more accurate, thanks to the combined e*e^ and 
t-decay data. 
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Fig. 14.10. Recent determinations of Aoj44 and o7! (Mz). The dashed vertical line is the mean central 
value. References to the authors are in [218,219,195,205]. 


The above results are important for a precise determination of the Higgs mass from a 
global fit of the electroweak data as shown in Fig. 14.11. 

We expect that with this new improved estimate, the present lower bound of 114 GeV 
for the Higgs mass from LEP data can be improved in the near future. 


14.2.3 Muonium hyperfine splitting 


Using again the same data input as in previous observables, the hadronic contribution to the 
muonium hyperfine splitting is [202]: 


AVnag = (232.5 + 3.2) Hz , (14.46) 


which is in excellent agreement with recent determinations shown in Table 14.2. 

Here, due to the (Int)/t behaviour of the kernel function, the contribution of the low- 
energy region is dominant. However, the p-meson region contribution below 1 GeV is 
47% compared with the 68% in the case of a,,, while the QCD continuum is about 10% 
compared to 7.4% for a,,. The accuracy of our result is mainly due to the use of the t-decay 
data, explaining the similar accuracy of our final result with the one in [220] using new 
Novosibirsk data. Combined with existing QED and electroweak contributions: 


G 3 
Avorn = 4270819(220) Hz,  Avweak(l.0) = Seu (=) vp c —65 Hz, 


|AVwear(.0)| 220.7 HZ ,— Avpag(h.o) ~ 7(2) Hz , (14.47) 
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Table 14.2. Recent determinations 


of A Vhad 
Authors AVhaa [Hz] 
FKM 99 [221] 240 X7 
CEK 01 [220] 233 X3 
SN 01 [202] 232.5 + 3.2 


a ee 


T 


H 
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Fig. 14.11. x? of the global fit determinations of the Higgs mass using electroweak data. 


one obtains the SM prediction: 
VsM = Vr + Avogp + AVweak + AVhad + A Vnaa (71.0) , (14.48) 
from which one can, for example, deduce [202]: 


PSM L 1.000 957 83(5) , (14.49) 
Vr 


by noting that v enters as an overall factor in the theoretical contributions. Combining this 


result with the experimental value of v: 


Vexp = 4 463 302 776(51) Hz , (14.50) 


one can deduce the SM prediction: 


vM = 4 459 031 783(226) Hz , (14.51) 
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where the error is dominated here by the QED contribution at fourth order. This result is a 
factor of 2 more precise than the one in [220]. One can use this result in Eq. (14.51) in the 
expression: 


me 
= 1 ; 14.52 
VF = PF (=) TESUPES (1 a4) ( ) 
where a, = 1.165 920 3(15) x 1073, and: 
16 
PF = 3 UY Z'cRs f (14.53) 


and Z = 1 for muonium, œ~! (0) = 137.035 999 58(52) [182,184], cR&, = 3289 841960 
368(25) kHz. Therefore, one can extract a value of the ratio of the muon over the electron 
mass: 

My 

— = 206.768 276(11) , (14.54) 


e 


to be compared with the PDG value 206.768 266(13) using the masses in MeV units. If one 
uses the relation: 


My 1 
ie (14.55) 
B= ee (=) (F m/m,” 


one can also extract the one can deduce the ratio of magnetic moments: 


ue = 4.841 970 47(25) x 107° , (14.56) 
Hg 
compared with the one obtained from the PDG values of u,/pp and up/us: uu / Mg = 
4.841 970 87(14) x 107°. In both applications, the results in Eqs. (14.54) and (14.56) are 
in excellent agreement with the PDG values. 


14.3 Conclusions 


We have discussed the evaluation of the hadronic and QCD contributions ar] o), AQhad 
and AVhaa respectively to the anomalous magnetic moment, the QED running coupling and 
to the Muonium hyperfine splitting. Our self-contained results derived from the same input 
data and QCD parameters are in excellent agreement with existing determinations and are 
quite accurate. One of the immediate consequences of these results is the prediction of 
dy, à; and a(Mz). We have used the result for the muonium hyperfine splitting for a high 
precision measurement of the ratios of the muon over the electron mass and of their magnetic 
moments. These standard model predictions are in excellent agreement with those quoted 
by PDG [16] and can be used for providing strong constraints on some model building 
beyond the standard model. 
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Deep inelastic scatterings at hadron colliders 


15 


OPE for deep inelastic scattering 


15.1 Introduction 


Deep-inelastic scattering (DIS) are classical QCD processes playing an important róle in 
the understanding of perturbative QCD and of the nucleon structure function, where several 
structure functions F;(x, Q?)[x (fraction of proton momentum) and Q? (squared of transfer 
momentum)] can be predicted and measured from different targets and beams and different 
polarizations. In the past DIS has been used for establishing the parton nature of quarks and 
gluons and QCD as a theory of strong interactions. 

At present (as we shall see later on), DIS provide quantitative tests of QCD (measurements 
of quark and gluon densities in the nucleon, of a,(Q7), . . . ). The theory of scaling violations 
for totally inclusive DIS processes are based on the operator product expansion (OPE) and 
renormalization group equation. 

The OPE has been introduced by Wilson [222] and was proven by Zimmermann [223] 
in perturbation theory through the application of the BPHZ method. Let us consider the 
time-ordered product of two scalar fields: 


T b(x)(0) (15.1) 


which we can write, using the Wick's theorem studied in Section (4.1), as: 


T $(x)9(0) = (O/T (6x)9(0) 10) + : $G09(0) : (15.2) 
The first term in the RHS is the scalar propagator: 
1 i 1 


m+ie (x4 
(15.3) 


t3 


oT 010) = iA = dtp —ipx 
OTEO = iao = f en 


where - - - means less-singular terms. It is a c-number (unit operator) but singular for x — 0, 
while the operator : $(x)9(0) : is regular. In general, any local operators J(x) and J'(y) 
can be expanded in a series of well-defined and regular operators O;(x) multiplied with the 
c-number C;(x), the Wilson coefficients containing the singularity of the product J (x)J'(y) 
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for x — y. This leads to the OPE or Wilson expansion: 


oo 
J0)J'0) = 316,6 - yO, (: EE *) n=0,1,2,.... (15.4) 
n=0 2 
15.2 The OPE for free fields at short distance 


As an application, let us consider the neutral vector current: 


u(x) =: Yyy): , (15.5) 


which is a normal ordered product of two quark fields. Applying the Wick theorem studied 
in Part 1, one can write: 


TIO) = —Tr(OIT QAO) V G0910) y, (17 Qr GOV (0))10) v] 
+ : WO) 017 GIG) (0))0) y, V () : 
+ : WO) (017 QE) V EIO) y, Jr QD) : 
+: YQ) WOO): , (15.6) 


where the free propagator: 


i 


= d^p : 
(OIT (Gv (00/0) = —iS(x) = i; On gie (15.7) 


p—m+tie’ 
is singular at short distance (x — 0). Therefore, by inspecting Eq. (15.6), one can see that 
the first term is more singular than the second..., i.e. Eq. (15.6) is a typical example of an 
OPE. Relating the free fermion propagator to the scalar one: 


Sœ) = (8 + m)A(x) , (15.8) 


one can extract the leading singularity for x — 0 from Eq. (15.3), which is quark mass 
independent. As the singularity behaves like x? (but not like x), it is on the light cone 
and called light-cone singularity. From the expression of the Fourier transform of the 
propagator: 


iqx 1 gm n-1 
dx e Gay = 20 ray 44 ; (15.9) 


one can see that the dominant contribution of the T-product of the two currents comes from 


the most singular part of the c-number coefficients. Therefore, near the light cone, one 
obtains [224]: 


(X eus — 2xyuXy) x^ 
z^(x? — ie) (2zx2(x? — ie)? 


x [iouis Ov A) + €05,04 00] + O10) 5 (15.10) 


T(G)J0) = 
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where O(x) are regular operators: 
Oy, v) = : POYO — VOW): , 
O, AQ) = : Puys WO + POY ya): , 
Oy, (x) = : PAVO vi Q(O) :. , (15.11) 
and: 
Suave = BuxBvp + BupBvi — BuvBvp - (15.12) 
We have used the relation: 
YuYAYv = (Opvo + l€uxvoYs)Y" , (15.13) 


where €,5,, is the totally anti-symmetric rank 4 tensor with the properties defined in 
Appendix D. Analogous expression can be derived for the current commutator: 


T[J,GO, J(0)] , (15.14) 
by using: 
1 
+ T pinia”, (15.15) 
x—ie x? 


where 7? denotes principal value. Differentiating this expression, it is easy to obtain: 


1 1 ET (-1)""! is 
Gig Gi aa os (15.16) 


Therefore: 
TIJ IO] — TII EIO = eLa), J,(00)] 


i 
= -gal 60 gw — 2xyuXy) 


1 
- UP [ouv (x) + eus, OA x)] 
-O, (x) - O,4(x), (15.17) 
where: 


€(xo) = (15.18) 


Xo 
xo] ' 
is the sign function. 

15.3 Application of the OPE for free fields: parton model and Bjorken scaling 


For simplicity, we consider the unpolarized process: 


etpectX (15.19) 
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h p 


Fig. 15.1. Kinematics of the e + p > e+ X process. 


which we have anticipated in Section 2.3. Here, we shall derive explicitly the structure 
functions Wi »(Q?, v) using OPE for free fields. The kinematics of the process is given in 
Fig. 15.1. 

There are three independent kinematic variables: 


s=(ptky, q'z(Kk-Ky, Wiz(pcay, (15.20) 


where k and k’ are momenta of the initial and final electrons, p and q are respectively the 
proton and photon momenta. In the laboratory frame (proton rest frame) and neglecting the 
electron mass, one can rewrite: 


[^] 


= "QE F Mp) , 
0 
q? = —(Q? > 0) = —AEE'sin? 2 
W? = M? +2M,(E — E) - q^, (15.21) 
where E = ko, E' = kj are the energies of the incident and scattered electrons in the proton 
rest frame, and 0 is the scattering angle of the electron. The physical region is: 


Mj, q's0, W°>(Mp+m:}, (15.22) 


m being the pion mass. It is usual to introduce: 
v=p-q=M,(E-E’, (15.23) 


where v/M, is the energy transfer in the proton rest frame, in terms of which the physical 
region condition on W? reads: 


2v +q° > m,QM, + mz). (15.24) 


The inclusive differential cross-section of the unpolarized process can be written as: 


do 1 1 , 
E' BE = XXE. DD x +K -k- p)(eX|TleN)/?, (15.25) 


15 OPE for deep inelastic scattering 155 


where o’, c, A are the spin components of the scattered, initial electrons and the target 
proton. The amplitude is: 


1 
(eX|T|eN) = Bs (E Me Kitta 0075 X70) J^ (Jp, À). (15.26) 


This leads to the expression of the cross-section as a convolution of the leptonic and 
hadronic tensors: 


, do a? u 
E T TE. Ed : (15.27) 


where a = e? /(47) is the QED fine structure constant. The leptonic tensor is: 


v 1 f. Du v 
L™ = 4 Tri + mey” (k +me)y'} 
= Ak" + KRM) + (24? +42) gh” . (15.28) 
The hadronic tensor can be written as: 
1 fel 
Wy, = oo fas ed 5 2 a p) : (15.29) 
Using the property: 
fas e* Y (p J,()J, GIA; p) = 0, (15.30) 
p 


for physical process, which can be shown by using: 


i d*x &** Y (p; x44) J, GA: p) 


A 


= $ Orfa — p+ px) os J,Q)IX)XL GO p). — 05.30) 
X À 


The assumption that q — p + px = 0 in the physical region (Eq. (15.22)) would lead to 
the contradiction qo > 0. Therefore, one obtains: 


1 yl 
Way = 5 T dx el X (Pi MIJO), OIA: p) - (15.32) 
À 


Causality requires that the commutator vanishes for x? < 0, such that the integral is only 
non-zero for x? > 0. Using the optical theorem, one can relate the hadronic tensor to the 
absorptive part of the forward Compton scattering amplitude: 


i x 
T,, = [ave 2 1 (p; [T Jax) OA; p) , (15.33) 
by the relation: 


1 
Wuv = z nus , (15.34) 
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which corresponds to the discontinuity of 7,,, across the cut along the line qo > 0 in the 
complex qo plane: 


1 
[Tv (qo + ie) Ex Tv (Go = ie)] . (15.35) 


ImT,, — 
KE 9i 


Using the general Lorentz decomposition, one can express W,,,, in terms of the invariants 
Wi (so-called structure functions) introduced in Section 2.3: 


1 : : 
©) Wi(Q?, v) + D Q - Pa) Q - Pa.) Wa(Q?. v) 


mQ, v). (15.36) 


qudv 


Wav = (s AV 7 

+ jeu a 2 

For unpolarized process, only W,,2 are relevant. Then, the differential cross-section has 
the form: 


do —— za? 
dQ?dv — 4M,E? sint OEE' 


asin? Wy? 29 y, 2 15.37 
; , V) + cos 2 »(Q^, v)p . (15.37) 


Coming back to the OPE of W,,, given in Eq. (15.17) between two proton states, one 
can notice that the last term is less singular than the two former terms, such that we can 
neglect it to a first approximation. The first term can also be omitted as it corresponds to a 
disconnected diagram. Also noticing that the operators O are regular and finite for x — 0, 
one can Taylor-expand the quark fields: 


1 
V (x) = WO) + x"[9, v Q)].—o + zy lm Ou. V Glo + ++ (15.38) 
and write: 
o] 
OF AC) — 5 3 P" dO ictu AO) ; (15.39) 
z n! 
where: 


OV uu, C) = ya cr Wun PONV VE) — WOODY? p Ip, WO : 
O^ uisu, OO = Das r9, WO? ys Qo) + Gy" vs), Pa WE: (15.40) 
For the unpolarized process which we discuss here, the operator ©% will not also con- 
tribute. One can express the matrix element: 


(PIOS ppa 0 p) = Ôn p’ Puy ^: pu, + terms containing gy . (15.41) 


where Ó is a Lorentz invariant constant reduced matrix element which depends on p? — M; 
and on quark masses. We have used the fact that the matrix element only depends on p, 
and is symmetric in the indices 41, 4, ++ Un. The terms containing g,,, in Eq. (15.41) are 
of the form p^ ^ Bur Puz*** Pu, and so on, which are less singular in x? because Bird 
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gives rise to x?, and can therefore be neglected. Therefore, the relevant part of Eq. (15.17) 
for our process can be written as: 


1 ; 
Wc -zgane p? I d^x et x^e(xo)8 (x?) f(p x), (15.42) 
with: 
oo E z” 
ENTO = =:, 15.43 
fG) 2 = (15.43) 


where one can also notice that due to the form of OF ATES Ó, vanishes for n even and the 


summation in Eq. (15.43) only runs for n odd. Taking the Fourier transform: 


+00 " 
f= | die FG), (15.44) 
—oo 
one can rewrite: 
i p à Te 4.. j(qd-pt)x (Dg,2 
Wi, = -p2 Thue P | acra) fa x e'MTPS e(x0)8 ^ (x^) . (15.45) 
À J—oo 


Using: 


L, = fas eia 8 (x2) = (q^ e(qq)6 (q?) ; (15.46) 


in? 
4n-1(n — 1)! 
one obtains: 
+00 
Wo = f dt FE). — (p -q + tM?) Suv +2EPu Po + Pudv + Prdu] 
—oo 
x €(qo + £po)à (q^ + 2¢p -q + CÓ M?) . (15.47) 
In the Bjorken limit: 
p:q—00, —q?— oo and ¢ =x = —q°/2p-q) fixed, (15.48) 


one can neglect p? — M;, and deduce: 


Wy = ;"o( mE 5 PuPv + ute Pe l (15.49) 
(p :q) pq 
which one can rewrite in terms of Wj » defined in Eq. (15.36) with: 
Wi(v, 0°) = IFO) = F(x), 
— Wy. Q?) = F(x) = RO), (15.50) 
M? 2 


p 


as given in Eq. (2.83) in terms of the Bjorken scaling function Fj 2(x). This result shows that 
the assumption of free-field light-cone structure is equivalent to that of the parton model. 
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15.4 Light-cone expansion in be (x) theory and operator twist 


For simplifying our discussions, we shall work in p (x) theory with a mass m. The hadronic 
current is: 


J(x) = px), (15.51) 


and the OPE has the form given in Eq. (15.4). In the previous sections, we have used the 
OPE at short distance x — 0, i.e. large q, such that we can neglect terms of order p -q 
compared with q?. For instance, in this case, the tree level amplitude of a forward Compton 
scattering reads: 


1 1 1 
=—+0 15.52 
qq+tpyY—m q? (=) 


In deep inelastic scatterings, the light-cone region x? — 0 corresponds to the Bjorken 
limit in Eq. (15.48). In this region, the tree level Compton amplitude reads: 


1 1 1 


Folq, p) = = 
(q+ pP—m qi HR 
1 2p. 2p.gY 1 
RE p.a , Qp- eso). (15.53) 
q q q A 


which expresses that the dominant term of the amplitude in the Bjorken limit is due to an 
infinite number of ‘composite operators’. This can be seen by taking the Fourier transform 
of Eq. (15.53): 


: 1 2 
fea HORE pe qut ic. (15.54) 
x4 x4 8x4 
Its k-th term can be written as: 
1 
se XI (plOu up). (15.55) 


In general the OPE near the light cone has the form (light-cone expansion): 


JII = FC at eO sc): (15.56) 
ik 


where the index i specifies the type of composite operators. Identifying with Eq. (15.4), the 
coefficient functions are: 


C(x) = CP ute (15.57) 


In free-field theory, in order to match the mass dimension of both sides of Eq. (15.56), 
the coefficient function should behave as: 


P G) 
CP?) AU (x2) tdi Hed) ; (15.58) 
where d;,, dy, and df? are canonical dimensions of the current J, J’ and of the operator 


Qu. us This naive power counting is valid for free-field theory as no other mass scale is 
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present in the OPE. The index: 
TUE au — k = dimension — spin (15.59) 


which governs the strength of the singularity of the coefficient function is called the twist 
of the composite operator OU u, [225]. k is called the spin of the operator and d is its 
dimension. The operators of lowest twist dominate in the light-cone expansion. The scalar 
field $, the fermion field w and the gauge field G,,v have twist one. Taking the derivative 
of these fields cannot reduce the twist as the derivative increases the dimension by one unit 
but changes the spin by 1 or 0. Therefore, the minimum twist of an operator involving n 
fields is n. In the light-cone expansion the dominant operators have twist 2. In the presence 


of external field, the symmetric traceless tensors of rank k and twist 2 are e.g. of the form: 


OU ii = 9" Dy, DU Du? , 
;k—1 
: i d 
rM — "gU Yi Dus Dy V + permutations} , 
;k—2 
: l 
etu Tx 25 THE us Dy, i: Duy e + permutations} . (15.60) 


where D,, is the covariant derivative which is half the difference of the derivative acting to 
the right and to the left. In the presence of an external field the scale dimension counting does 
not hold. In the case of a theory with an UV fixed point, the scale invariance is recovered 
with the anomalous dimension, and the canonical dimensions are replaced by the scale 
dimensions d; and ap . Therefore, the light-cone singularity reads for x? — 0 [222]: 


or O op POEMA (15.61) 


In QCD, this expression will only be modified by logarithmic corrections as we shall see 
later on. 


16 


Unpolarized lepton-hadron scattering 


16.1 Moment sum rules 


We shall consider the previous lepton-hadron unpolarized process studied in Section 15.3 
governed by the T-product of two electromagnetic currents. The general Lorentz decompo- 
sition of the hadronic tensor has the form: 


J œO) = (9,9, — g,,)0LG) 
+ (8,5958, + 8ovðu ðk — BurSpvd : 8 — 8,99,8,)05 (x) 
T icu Of (x) 
+ilCuvapð -3 — 6:50107 3556525050 IO, Os (16.1) 


where 0,, = 9/8x,, and ©; are suitable bilocal operators, where Or, corresponds to the 
longitudinal structure functions W; — 2x Wi defined in Eq. (15.36). The operators 03,4 do 
not contribute to the unpolarized process. Using the result in Eq. (15.56), one can write an 
OPE for the invariants. In the QCD deep inelastic scattering region, one can neglect quark 
mass corrections such that we have a good realization of the SU (n); flavour symmetry. 
For the case n ; — 2 here (isospin symmetry), the electromagnetic current corresponds to 
the third component of SU (2) such that the product J (x)J (0) and the associate composite 
operators O belong to the representations: 


3832106395. (16.2) 


Therefore the lowest twist (r — 2) gauge invariant operators which dominate the light- 
cone expansion are, the non-singlet (A, /2 is the SU (n) ; flavour matrix): 


ji 


i 7 ^a i 
(2 can UE {Fn Pr ee OA aa permutations} , (16.3) 


and singlet operators which mix under renormalizations: 


:k—1 
; 1 2 2 
OF ou = qr UY Du, Dy, V + permutations} , 
y i^? . 
Oe: = 2-7 Tr {Gma Dp Da G + permutations} . (16.4) 


160 


16 Unpolarized lepton-hadron scattering 161 


We have omitted terms containing g,,,, the so-called trace terms. Substituting Eq. (15.56) 
into Eq. (16.1), one can deduce in momentum space: 


forc f d*x e (pIT J œJ, (0)| p) 
. —q? —n—1 
= — (es^ — Gud) X (POP pu (| p) CD), E q (+) 
+ (guxdpdv + 8ovdud» — Q^ Bui Bpv — 8pv Gp) 
' 2 —n—-1 
x Yol. (1p) C2) Ea -- q^ (+) (16.5) 


where we have defined the Fourier transform of the coefficient functions: 


x — 2 x E p 
CP (—q? qh og (E ) = if ax go a oma Aa) 


y — 2 cn? : f 
CQ) (qaq ---q"72 (=) = if ax ef Ht... xO) (x2), (16.6) 
and we have used the simplified notation: 
1 
(PIT Ju(x)JvO)| p) = 5:2. P3A\T J Œ) OA; p) - (16.7) 
X 


Using the tensor structures: 
(DIOP OP) = Orn pu 7 puo 
(pIOM™ OVP) = Oo, ia p^ p^ pa Pun Fo (16.8) 


where Ô; are reduced matrix elements not calculable in perturbation theory, and we have 
omitted terms containing g,,,, we finally deduce: 


Tuy = 20" M. eme, CÔP, — du Coa C-4 OS, , (16.9) 
with: 
euv = Suv — qu4v/ 4^ , 
d» = gy» — Q PuPv/(D : 4. — (pudo  Pvqu/Q : 9)» (16.10) 
where c! = Q?/(2p - q) is the Bjorken variable. Because of crossing symmetry: 


Ta (œ) = Ty, (—0) , (16.11) 


the sum runs only over even n. The unphysical relation in Eq. (16.9) (0 « w < 1) can be 
converted to a physical one w > 1 by using a Cauchy integral to both sides of Eq. (16.9). 
Since T,,, is an analytic function in the complex œw plane with branch cuts along the real 
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| [o 


Fig. 16.1. Integration contour. 


axis for œ < —1 and w > 1, as shown in Fig. 16.1, it obeys the dispersion relation: 


tpe 2/2) av 
T,,— — Í — f — —ImT,,(Q?, v) + subtractions. — (16.12) 
T Q?/2 —oo y —v 


Using the Cauchy integration to both sides of Eq. (16.9) along the contour in Fig. 16.1, 


one obtains: 
1 Tw 2 pd : 
$ m i P mT, =o, dx x" "Wy, , (16.13) 
2iz Jc œo” m J| o" 0 


where we have used the definitions in Eqs. (15.34) and (15.35) and the crossing symmetry 
in Eq. (16.11). 
Noting that: 


$ do o" = mai (16.14) 
C 
one can write: 

T, = 2Y eC, (C209, = dO (4909, 06.15) 


Equating Eqs. (16.15) and (16.13), one can deduce the moment sum rules for the structure 
functions [226]: 


1 ; ae 
MQ?) = f dx x" ? Fix, 0°) 2 M C$, CÂ., , 
0 i 


t 


: j A (i 
MPE) = i dx x" F9, Q) = 3 CP, ÂL, (16.16) 
0 
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where the structure functions Fr = Fy — 2x Fi (longitudinal structure functions) and F> 
are defined through: 


Wuv = olen FL + dav F5] 5 (16.17) 


and are related to the W; » in Eq. (15.36) as: 


v2 
Fix, Q°) = -Wi v, Q) + ( + =) W2(v, Q5), 
Fx, 0) = zr; Wa, Q5. (16.18) 
Pp 


The coefficient functions C: and (o^ in Eq. (16.16) are of short-distance nature and 
are calculable using perturbative QCD. The reduced matrix elements Or and Or x are 
of long-distance nature and cannot be calculable. They can be determined experimen- 
tally, which can be done by measuring the moments in Eq. (16.16) at a fixed Q? and 
solve it for the reduced matrix elements. In practice, the moments are not very conve- 
nient as they are expressed in such a way that direct predictions of the structure func- 
tions cannot be made. Instead, one can take their inverse Mellin transform, which can be 
obtained by analytically continuing from integer n to complex n following the Carlson 
theorem [227]. 
One gets: 


Bes du ATA e ce ly ctae 

Fy»(x, Q ) P ON dn [4 C; 5,4 (Q Oros 3 (16.19) 
2in c—ioo 

where C is an arbitrary real positive constant. Assuming (for simplifying the discussion) 

that only one operator contributes to the moment, we can suppress the index i. Therefore, 

one can deduce from the moments in Eq. (16.16): 


1 


D SA m 
Hn Cro (Q;) 


1 
f dx x"? Fra(x, Q9), (16.20) 
0 


which, when inserted into Eq. (16.19), gives after rearranging the integral: 


1 
d 
Fras, g= f x (Z, o, i) ia. 0) (1621) 


where the kernel function is: 


1 foem l—n Cr2.n(Q7) 


2 ON ae Be 
K (z, Q , Q0) TY 2iz J. ios ds Cro (Q7) l 


(16.22) 

Equation (16.21) expresses that once we know the structure function at a given o? for all 
x (0 < x < 1), one can predict its value at another Q? using a perturbative QCD calculation 
of the kernel function K. 
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16.2 RGE for the Wilson coefficients 


The Q?-dependence of the structure functions is completly contained into the one of the 
Wilson coefficients. As the electromagnetic current is not renormalized, the anomalous 
dimension of the composite operators should be cancelled by the one of the Wilson co- 
efficients. Using the discussions in Chapter 11, we can write the RGE for the Wilson 
coefficients: 


0 0 0 f . 
c Ja, — — nalam; — — yË 1 CO(-q?) 20. 16.23 
v5, + Bl@s)as 5 LY (o.,)m ; inp | Oq’) (16.23) 


where y? is the anomalous dimension of the composite operators Ô® , which can be proven 
to be gauge invariant such that the gauge-dependent term in the RGE is absent here. In the 
case of non-singlet structure functions, we have only one operator. In the case of singlet 
operators, we have coupled RGE due to the mixing of the two operators presented previously 
in Eq. (16.4). In this case, one should understand the anomalous dimension as a 2 x 2 matrix 
and the Wilson coefficient as a two-component vector. The solution to the RGE is: 


COQ? Jv? as, m) = CO (1, as), m) exp |- f arva (16.24) 
0 


where t = 1/21og( Q?/v?). One can also rewrite the solution as: 


m : Be Vn 8) 
C (Q^) = CP (1, a,(r)) exp EI d > (16.25) 
a, Bg) 
where the 6 function has been defined in Chapter 11 (Table 11.1): 
Qs Qs 2 
8-5(S)«&(S) +. (16.26) 
T T 


16.3 Anomalous dimension of the non-singlet structure functions 


In the following, one can safely suppress the index i because in the non-singlet case, only 
one operator dominates the light-cone expansion. Therefore: 


d) _ _ 0 (as 1/05? 
YNSa = YNSn = Yn (\—) EnD) toc (16.27) 
T T 


In the following, we shall explicitly discuss the evaluation of yp . It comes from the 
Feynman diagrams in Fig. 16.2. 

Using the Feynman rules given in Appendix E for the composite operators, Fig. 16.2a 
gives in the massless case and in the Feynman gauge: 


ctum 12 Mi; d*k y"kA(A-ky-!ky" (—gyv) 
Wr VE De 2 J a (16.28) 


2 Qz)N k^ (p—ky' 
The relevant contribution to the anomalous dimension is the divergent part of the coef- 
ficient of (A - p)'-! À. Using standard Feynman parametrization and shift of momentum 
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D 
"o 
"o 


mi 
A 


(d) 


Fig. 16.2. Diagrams involved in the evaluation of y. 


(see Appendix F), the divergent part is: 


dnk N 
ya 25C f dxil Jj , (1629 
ij le pole 7 $8 OU Cr iE Qz) [£2 + p2x(1 — x) 


where: 
2k? a,,BR n—1% n—1 
N= “Wl y IYBYaX A(A € p) < (16.30) 
Therefore: 
Qs 2 CF 2 ^ = 
y E ( :) Aca: py"! , 16.31 
i lepoe — Vx) 24 n(n 4 DA P) Oe 


where Cr = (N2 — 1)/2N, for SU(N), and: 
2 2 
- = — + log4r — yg. (16.32) 
6 € 


Figures 16.2b and c give the same result. It reads: 


dNk A" ALZA - pYA - (p+ OY? yy, 
Qz) k?(k + py? i 


vP = ve = —i?g’CFrôij 
(16.33) 


The pole part of the coefficient of (A - p)"~!A is: 


yo E rig C88 f ax f dk (A : py (A^ -k +xAky 1 
ij le pole dn ^ (22)N [C + p?x(1 — x) 


=-(“) 2s (A: py tA [afry (16.34) 
Me eee WT vus 


1=2 
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The diagrams in Fig. 16.2d give the same contributions as the fermion wave function 
renormalization constant Zor defined in Eqs. (9.22) and (9.29). In the Feynman gauge, it 
gives: 


(d) = As 2 Cr rae 
VP asm (=) 2-4 A py À (16.35) 
Adding the different contributions, one obtains the renormalization constant defined as: 
piarbtetd) 
ZNS = ered om (16.36) 
(Ax py tA 
Using the definition of the anomalous dimension: 
eee ey ere (16.37) 
Vie ig E cient of — z) : 
one obtains the result: 
Cr 2 "1 
0 
= 1 4 =], 16.38 
Yn zl FIERET »H deem 
or equivalently: 
C 2 
y)-—|4$,4-3 ; (16.39) 
2 ; n(n + 1) 
with 
"1 
Sin = T° (16.40) 


The expression of 5, , can be analytically continued to complex n thanks to the Carlson 
theorem [227] which we have used previously when taking the inverse Mellin transform. 
In this case, one can write: 
es 1 d log T(z) 
Sin = ———— = +1)+ : =, 
T n NERO Want D+ye > W@)=—- 


(16.41) 


where the expression of yl is also known [228] and corrected in [232]. At this order, 
the problem of even (resp. odd) structure functions arises. The corresponding anomalous 
dimensions are y, ^. They read: 


NIS 8(2n + 1) 32 T 1 
1+ zE 
See alode cca s uS rures Day LN i 
Yn go | xm 1n San 7g LS, t| h "3d 

128., 32 3 16 

$54 25s Al 7| SŁ , — 28 
gt. nar 59 
g 1517 + 2608? + 96n? + 3n + 10 
9n3(n + 1» 
32Qn! 2n +1) | 32n; 3. Lin? 452-3 
+ 6854 — 1051» , (16.42 
9 man+IP 27 = ipse o ieee E 
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where: 


i , "REN 
Sun = Si,n/2 $ Sun = Si, —1)2 , Si = Eris TF = (k + ny 
kel 


Sinik. (16.43) 


16.4 Strategy for obtaining the Wilson coefficients 


The main task in perturbative QCD is to calculate the Wilson coefficients. This can be 
simplified by the key observation that they are independent of the states which sandwich 
the light-cone expansion of the T-product of the electromagnetic current for the forward 
Compton amplitude 7,,,. For instance, instead of taking proton states, one could consider 
quark or gluon Green’s function with the insertion of the T-product of electromagnetic 
current. In the case of quark fields, the truncated (quark external line) Green’s function 
reads: 


Tag; plum = i ri d xd xid xy e 1019? (QUT 7, 0) JO (a1) Qo210) ,— (16.44) 


where p is the quark momentum. Repeating the same reasoning as in the previous section, 
one can write the OPE analogous to the one in Eq. (16.9): 


Pult: Prune = 20" 9^ ej Cp C74 Ops ^ — dCi (7d 0$2 ^, (1645) 


i,n even 


where the Wilson coefficients are the same as in Eq. (16.9) but the “composite operators’ 


Qu are calculable in perturbative QCD. The strategy is to calculate I'iv(q, P)trunc 


and Oo in perturbation theory and then deduce the Wilson coefficients order by order 


of perturbative QCD. 


16.4.1 Non-singlet part of the Bjorken sum rule 


In the non-singlet part of the Bjorken sum rule, the Wilson coefficients can be expressed as: 
2 0 1 Os 
C, us(1, of5(Q?)) = C? ys {1 TIN (=) T | (16.46) 
For their evaluation, we shall consider the quark Green’s functions: 
Tw(q,w)=t Jj d^x e" (JT I) SOW) , (16.47) 
which has the decomposition: 
Tal) = Cuv Ti + dwn, (16.48) 


where epy and e, have been defined in Eq. (16.10). We shall also use: 
Oren p" pit = (YORA IW) - (16.49) 
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* * 


y y 


N 


Fig. 16.3. Tree-level diagram for a photon-quark scattering. 


The quark tree-level diagram shown in Fig. 16.3 leads to the amplitude: 


n = Piy up Yo —— E 
Hv "2 Pbdgem- "^p-á—m' * 


where u ;(p) is the quark spinor, and Qy is its charge in units of e. Introducing the Bjorken 
variables, one has: 


1 1 1\” 
0 ^2 "T D 
T°, = Qd, (= x ;) =207diw Y (=) ; (16.51) 


n=2,4-- 


where d,,, has been defined in Eq. (16.10). Then, ones find: 
0 ; 2 0 


These results are already known from the free-field theory discussed in the beginning of 
this chapter. Solving the RGE for the Wilson coefficient, one obtains the modification due 
to QCD at leading order: 


2\ YO/2fi 
Con) ~ (10g S) (16.53) 


showing that the naive Bjorken scaling is modified by the running coupling of QCD to 
leading order. To second order, one has [233]: 


Cr 


Sin 3 4 2 
C, us SE (2st, T3514, —285, 


n(n--l) n TATA 


9) . (16.54) 
Therefore, to second order, the non-singlet moments read: 
mson - [LDV ( 1+ Buts Y 
ü æs(Q?) 1 + Bo/Bi (a;(Q5)/z) 


fe Cys.n(@s(Q?)/s) 
1+ Cs, (0. (Q0)/7) 


) MYS (Q3), (16.55) 
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where: 


Pn = Vn /B2 — YO/. (16.56) 


This relation is well verified experimentally and used to measure the QCD coupling œs. 


16.4.2 Callan-Gross scaling violation 
To leading order, the longitudinal structure function, coming from the diagram in Fig. 16.3, 


vanishes being defined as F — 2x F. In the following, we analyze the structure function 
to order a,. 


Non-singlet part 
To order œs, the non-singlet part comes from the diagram in Fig. 16.4. 


The analysis is simplified by noting that Tz is the only amplitude multiplied by q,q,. 
The amplitude from the direct diagram is: 


: l ex 
T5 die = iC rbij8° 7 b ü(p,o) 
d"k yl p+ DOy"(p +Ê + Oy’ (pt y? 
Qz)N (p t KYX (p +k + qk? 


u(p,a). (16.57) 
Using: 
$ ap, e)Mu(p, o) = Tr 9M], (16.58) 
and extracting term proportionnal to q^q", one obtains after usual manipulations: 


sos, 207 gii r ( -= yz) 
ra= (2) Cr f vaf a y . (16.59 
eli (=) er acca d "b - DI --»- »a/xIf 


V, V, 

q p+k+q 

p+k p+k + crossed 
ip jp 


Fig. 16.4. Diagrams contributing to FAS. 
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Expanding in powers of 1/x and integrating, one obtains: 


oo n 
TNS |. = (=) Cry. - R - (i) (16.60) 


n=1 


The crossed diagram doubles the even n contribution and cancels the odd one. Then, one 
finally obtains: 


as oc 1 1" 
TNS - 2(=) C — (=) ! (16.61) 


n-even 


Comparing with Eqs. (16.52) and (16.16), one can deduce the scaling violation QCD 
correction to the Callan—Gross relation: 


NS | ons (2s Cr NS 
Min = ôL (> ) E TMn s (16.62) 


where for ep scattering 8N 5 = 1/6. Taking the Mellin transforms, one can derive the non- 
singlet part of the structure functions: 


1 
FG 0°) = / dy Cs», O°) FNS (=. o?) ; (16.63) 
x y 
where: 
CESO, Q’) = Cex(o(Q?)/2) + Oo) , (16.64) 
where the a? correction has been evaluated in [235]. 
Singlet part 


The calculation of the singlet part is similar to that for the non-singlet. To the quark diagram 
in Fig. 16.3, one has to add the gluonic diagram in Fig. 16.5. 


q q 
p+k + crossed 
k 
p p 


Fig. 16.5. Diagrams contributing to the gluon component of the structure function. 
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For electron-proton scattering, the singlet structure function can be decomposed as: 
1 
x x 
Fix, Q^) = f dy [cto Q^FI (=. o?) + CGO, DFG E o?) | . (16.65) 
x 
where: 
C$, 0°) = Chs + Chs, 
2 

o, (Q?) 

x 3 


Chs, 0°) = Cos ( 


2 2442 
CEG, Q?) = 4n ,Tgx(1 — x) (“2 ’) uel (“2 ’) . . (16.66) 


T T 


C E s has been defined in Eq. (16.64). The coefficients C Ü " and C "S have been evaluated in 
[235—237]. The full longitudinal structure function is the sum of the non-singlet and quark 
singlet components. 

It is given by: 


F, = Fy —2xF3 = F$ + FNS. (16.67) 


16.5 Singlet anomalous dimensions and moments 


The singlet calculations are more involved than the case of non-singlet and longitudinal 
structure functions. The corresponding anomalous dimension is a 2 x 2 matrix because of 
the mixing of the operators in Eq. (16.4). Using an expansion of the anomalous dimension 
and Wilson coefficient function: 


Qs Os \? 
Yn = Yon (=) + rin (=) Tee 
TT TT 


COA, o,(Q?) = C?; hid (=) xe] (16.68) 
3 4 VIA 
To leading order, 
»/ P1 
f a;(Q5) P 
CO desc. 0 (16.69) 
TN e09) 


where the indices i, j = q, g indicate quark and gluon composite operators respectively. 
The calculation of C n ; is very analogous to the non-singlet case by considering the forward 
Compton amplitude sandwiched between two quark states for C M q and two gluon states for 


Cy g: One obtains to this order: 


1 for Cy2 


0 — 
C= | E (16.70) 


Since the gluon does not couple to the photon to lowest order, one obtains: 


c? (0° =0. (16.71) 
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(a) (b) 


(c) 


Fig. 16.6. Diagrams contributing to the singlet anomalous dimensions. 


The anomalous dimension matrix reads to leading order: 
Yon Yon 
Yon = : (16.72) 
Yon Yo 


The diagrams contributing to the anomalous dimensions are given in Fig. 16.6, in addition 
to the contribution from the diagrams in Fig. 16.2. The results are [168,234]: 


Cr 2 n] 
11 1 4y s 
Yon = “> l E »» l 


joa 
n+n+2 
ve = 2n r Tm D 
n(n + 1)(n + 2) 
2 
m n +n+2 
= —Cr—, 

Yon Pn —D 


gg 1 1 " 
Yon = a] (s n(n+1) (n+ n +2) ex ; +F p J , (16.73) 


where Cr = (N2 — D/2N,, Tr = 1/2 and Cg = Ne for SU(N),. To this order, the mo- 
ments in Eq. (16.16) read: 


2) N Yo / Bi 
(0) 2 V c9, e, (Q5) 
M2, (0°) 25 (2 f 


Mi’) =0. (16.74) 
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In order to make a comparison with experiment, it is convenient to diagonalize the 
anomalous dimension matrix Yon. On this basis, one can write: 


Ü 2 — yo, /2B1 8 Q? —Yo,/2Bi 
Moan) = C. , (e =) TUO (vs =) ! (16.75) 


with: 


"S! 
vis = bit ovt e Vott evey etin. (16.76) 


To the next order, the expressions of the anomalous dimensions are known and the Wilson 
coefficients read [233]: 


Cr 2S1. 3 4 2 
1 = ! = —— 2 2 n 2 n : 
Chg C, Ns 4 ( Sin +351, $, n(n + 1) s n "m nal a n? zx 
1 1 6 6 n? +n+2 
Cl =T Sis : 16.77 
ng mj( à ou au uq m) l | 


To this order, the moments in the singlet case have more involved expressions, because of 
the mixing of operators. We refer the readers to, for example, the papers in [228,232,233], 
the review in [49] and book [46] for some expositions of this case. Finally, the expressions 
of few moments including three-loop corrections have been evaluated in [238]. 
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The Altarelli—Parisi equation 


Although convenient, the use of OPE to deep inelastic scattering does not provide a trans- 
parent physical intuition of the parton model. An elegant reformulation of the moments 
which makes a close contact with the parton model picture is given by the Altarelli—Parisi 
equation [239] and the review in [48]. 


17.1 The non-singlet case 


One can illustrate this equation by taking the simple example of the non-singlet structure 
functions, which one can write as an incoherent sum of quark parton densities q (x). In 
presence of external fields, the quark parton densities acquire a Q? dependence, and the 
structure function can be written as: 


FASO =x X 3849,95, (17.1) 
$ 


where 55 S are known coefficients. Using the QCD expression to lowest order, the corre- 
sponding moments read: 


MXS (Q?) = log Q? / A2)y*/ Ps , (17.2) 


From its definition, the moments of the quark densities are: 


1 
Mya @)= [dx x" lax, 95. (17.3) 
0 
Using Eq. (17.2), one can derive the evolution equation: 
OM p. (t) o (Os 
= t n(t) , 17.4 
z n (Z) OM pal (17.4) 
with t = (1/2) log(Q?/v*). Defining: 
1 
f dz z"! PO) =-y?, (17.5) 
0 
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and taking the Mellin transform of Eq. (17.3), one can deduce the Altarelli—Parisi equation 
[239]: 


üqr(x,t) — es) fe o» (* 
= P D, 17.6 
at = ur NS y ary ) ( ) 
which one can symbolically write as: 
dq; — s(t) 
- == qr D PO. (17.7) 


In its infinitesimal form, the equation can be rewritten as: 


qr. t) + dq p(x, o=f aof dz (zy — xq f(x, n [sc - D+ (Ž 3) PROA) l 
(17.8) 


One can interpret PE (2) (splitting functions) as controlling the rate of change of the 
parton distribution probability with respect to t. One can check that Eq. (17.5) is satisfied if: 


(P 3 1+2? 
Pws(x) =Cr {590 z) + VES (17.9) 
where for any function g: 
1 dz ! dz 
= 1)]. 17.10 
Í TIEN g(z) Í d-2 [g(z) — &(1)] ( ) 


17.2 The singlet case 


In the case of singlet structure functions, analogous relations can be obtained. The Altarelli— 
Parisi evolution-coupled pics are:! 


oe Oe M i " —— ie (17.12) 


The splitting functions are: 


0 (0) 
Piz = E ; 
po Teaia 
ny 


1 
PP = Cr 0-35, 
(11Cg — 4T) 
ya, 


pO = 2CG 1-x +x(1—x)+ PES NET él (17.13) 
88 x (1 — x) 


! Recall our definition of t which is 1/2 of the one used in the original paper. 
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where: T znj/2 , Cg = (N? — 1)/QGN) and Cg = N. In the limit Crp = Cg = 2T 
(supersymmetry of the massless QCD lagrangian where both gluons and Weyl fermions 
transform according to the regular representation of the group), one has the remarkable 
relation: 


PO + PO Sone po. (17.14) 


By taking the difference of Eq. (17.11) for q; and qj, where q;,; are any quark or anti- 
quark densities, the gluon term drops out, and one recovers the previous simple result for 
the non-singlet (or valence) evolution equations: 


0 Vij 5 
aie so 7 Vij(x.t) = qila.t)—qj(x.t). (17.15) 
Defining: 
Ua, t) = Dat N= M ENHE, 0]. (17.16) 
flavours 


one can also obtain the evolution equations in terms of two independent densities: 


hp» t 

3 = es sO ) {2 @ PO --Ge&e2n,PO), 

dG 2 (0) (0) 

wo ome. {= @ PI +G@ Po}, (17.17) 


which are convenient to work with in the phenomenological analysis. The solution for a 
quark i can be reconstructed by splitting it into its non-singlet q; — 2/2 and singlet © /2 
components. 


17.3 Some physical interpretations and factorization theorem 


We have seen in Eq. (17.8) that one can interpret the (splitting functions) PZ) as control- 
ling the rate of change of the parton distribution probability with respect to t. This can be 
understood by considering the scattering of an off-shell photon on the parton as depicted in 
the different diagrams in Fig. 17.1. 

Diagram 17.1a shows the free quark diagram in the parton model with a certain probability 
q f(x) of having a fraction of the proton momentum q (x). After a time t, the quark may 
radiate into gluons as depicted in different diagrams shown in 17.1b and 17.1c. One can 
show that, in the axial (physical) gauge, only diagram 17.1b contributes to the cross-section 
and gives a term proportional to t: 


E a(t)? 
c(y*q — qt g) = —— alt PO) + FO), (17.18) 
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(a) (b) 


UD 


Fig. 17.1. Scattering of an off-shell photon on the parton. 


P(x) is well-defined perturbatively, while f (x) depends on the IR regularization procedure. 
One can generalize the above procedure to sum up the contributions of an arbitrary number 
of gluons. In the leading log approximation, one can show [240] that only the ladder graphs 
in Fig. 17.2 contribute and lead to the factorization theorem: 


n 2 
oy g qug) (2) In" 2 . (17.19) 


It is also important to recall that the splitting functions po? are universal (anoma- 
lous dimension of the RGE) and consequently the parton densities depend only on the 
the target and are independent of the nature and polarization of the probe (vector, axial- 
vector, .. . ). 


17.4 Polarized parton densities 


The previous approach can be generalized to parton densities of definite helicity in a polar- 
ized target. The quark and gluon densities q;+ and G+, with helicity + in a target of definite 
polarization, are related to the unpolarized ones as: 


Pa+%,t) + pA- (5, t) = pal, t) : s(pa = qi, G). (17.20) 
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* 


y 
q 


P; 


Fig. 17.2. Ladder diagrams contributing at the leading log approximation. 


The corresponding evolution equations can be written to leading order as: 


OPA ors (t) (0) O 
9t — om 2. [pa. & Pars, + ps. O Prep] : (17.21) 


Parity and probability conservation gives: 


(0) (0) 
Pals mA PA B. , 
(0) (0) (0) (0) 
PA B, + PA p, = Pig t PA p (17.22) 


which imply that (pA, + pA.) = pa and (pA, — pa.) = Apa evolve separately for any A. 
The evolution equation for the difference is: 


OPAs s(t 
EE Y Aps 8 APR. (17.23) 
ot alae 
The splitting function: 
APE? ee ae (17.24) 


measures the tendency of a parton A to remember the polarization of its parent B. From the 
helicity conservation at the quark gluon vertex, it follows that the non-singlet kernel is the 
same as in the unpolarized case: 


(0 — p(0 (0) 
APO = pO —pO, (17.25) 
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One also finds: 


PU 
O 2 2 
AP, Tut —(1—x)), 
C 
(0 _ 2 
AP vy c br em 
Co 1 1 (1— xy 
AP® = — ( (14 x4 
E aC TOTO qum x 
liCe-—aT 
él x! Bo ) (17.26) 


In this case, all charge moments are well defined, as the total helicity is finite though the 
total number of gluons and quark pairs is infinite. To leading order, the net helicity is also 
conserved, such that APO and APO are zero. 

The previous evolution equations for parton densities with definite helicities are sufficient 
for the prediction of scaling violations in leptoproduction on a longitudinal polarized target. 
Additional information is needed for a transversely polarized target. 
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More on unpolarized deep inelastic scatterings 


18.1 Target mass corrections 


Target mass corrections have been introduced by Nachtmann [229], and later on in [168]. If 
one considers the NS part of the moments defined in Eq. (16.16), one can show [168] that 
they can be written as: 


92 _S (MY! (n+ j)! Mp? 
ee esL) je Dieter aede QM 


Inverting this expression, one can express the structure function in terms of the Nachtmann 
variable [229]: 


2x 
c= (18.2) 


1+,/1+4x?Mx, / Q? 


In the region x — 1, higher twist contributions can also be important and can cancel the 


target mass corrections [230], it is instructive to do an expansion in x. Keeping the leading 
term, one obtains (see e.g. [46)]: 


24452 
FP pal P= FIG. Q5 + TH 
1 NS 2 
x le f 3 Ir Q^) xo Fo £ Q ) APIS. o») 
M 


where the quality of the expansion can be controlled by the size of the next term. This 
contribution can be compared with the higher-twist contribution in Eq. (18.6). 


18.2 End points behaviour and the BFKL pomeron 
18.2.1 The limit x > 1 


The NLO perturbative expression of the non-singlet structure function indicates that for 
x — I, it behaves as [231]: 


FNS PS a = x ona — lle) i (18.4) 
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showing that perturbation theory fails. This result can be generalized to all orders by formally 
replacing œs (Q?) by æs[(1 — x)Q?] [241]. One can also interpret this feature because, in 
this limit, we are in the bound state regime where the reaction of the type: 


yrtNoN (18.5) 


dominates. In this limit, one may also expect that non-perturbative higher twist contributions 
behave as [230]: 


2 Pi 
FHT (x, Q?)~ — 


: P(x, Q^), (18.6) 


1—x 


where pr is the transverse momentum of partons in the nucleon. 


18.2.2 The limit x — 0 for the non-singlet case 


This limit has been studied extensively in hadron physics for the non-singlet scattering 
process.! It corresponds to the kinematic region where Q? is fixed and the hadronic energy 
v going to infinity. This is the so-called Regge limit, where the cross-section of the photon 
scattering off the proton is proportional to the structure function: 


Ana 
Q? 


and where the non-singlet amplitude can be expressed as: 


a(y*(Q*)p(s)) = Fx,Q»: s-Qx, (18.7) 


T"5(y > oo) x f(Q^ys "9 , (18.8) 


due to exhange of Regge trajectories, either the p trajectory or the one degenerate to it. œ (0) 
is the universal intercept of the p trajectory, which has an experimental value of about 0.5. 
Therefore, one can show that the structure function behaves as: 


FNS (x, QP) sa (18.9) 


18.2.3 The limit x — 0 for the singlet case and the BFKL pomeron 


The singlet case is more subtle due to the coupled evolution equations from the presence 
of the gluon density. At present, there is no consensus on the behaviour of the structure 
functions at Q? ~ few GeV?. There are three proposals: 


* Soft pomeron 
In this case, the structure functions are expected to behave as a constant in the x = 0 limit. This 
behaviour was first considered in [230] and completed later on. However, it has been known for a 
long time that a soft pomeron for off-shell processes leads to inconsistencies [243]. 

* Hard pomeron 
The previous remark then leads some people to postulate the hard pomeron exchange, where: 


PO) xe, FUCO XC E, (18.10) 


! For a recent review, see e.g. [242]. 
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x = 0.025 


13 18 


Fig. 18.1. Comparison of the measured and BFKL predictions of F, for small x = 4 x 107^ and large 
Q?. For a running value of a,, the HERA data are in disagreement with the BFKL result (F, should 
decrease with Q?). 


It has been proved that: 
(18.11) 


and are Q? independent. 
* BFKL pomeron 
The usual procedure used now is to assume a given behaviour at fixed Q2 and then evolve the 
behaviour using the RGE for an arbitrary Q?. Using a different approach, BFKL [244] found a 
different behaviour: 
4C, In2 


MOT ea HE E (18.12) 


which is not compatible with the RGE where the exponent is constant. A comparison of this 
prediction with data for a given small x value is given in Fig. 18.1. 

A number of speculations have been suggested in order to explain this difference (two different 
regimes in x ? a, function of a soft scale of the order of A? but not of Q? ?...). 


18.3 Experimental tests and new developments 


* [n the previous section, we have discussed in detail the scaling violation to the Bjorken sum rule 
as an illustration of the OPE approach and of the Altarelli-Parisi evolution equation. We have also 
concentrated the discussions on the photon scattering off a proton. A test of this prediction is given 
in Fig. 18.2. 

We also give the new compiled data from PDG [16] in Figs. 18.3 and 18.4. 

* [n [245], a model which interpolates the soft and hard pomeron parametrization and which can be 
used at low Q? has been proposed. It has been assumed that the soft pomeron contribution is given 
by an ordinary pomeron which is constant when x — 0, while one has to find a parametrization 
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0 0.2 0.4 0.6 0.8 


Fig. 18.2. Comparison of the measured and QCD predictions for F, where the NS and S components 
(dashed) are explicitly shown. The full curve is the sum of the two. Data points are SLAC data [246]. 


Q*z90 GeV 


10 


Fig. 18.3. The proton structure function F; from ep scattering versus x at two values of Q?, exhibiting 
scaling at the pivot point x ~ 0.14. 


where the cross-section does not blow up when Q? — 0. This can be achieved by replacing the 
coupling by: 
27 


2 RA 
a (Q) > & = ge MDA’ (18.13) 
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Fig. 18.4. The proton structure function F, from ep scattering versus Q? at different values of x. A 


constant c(x) = 0.3(i, — 0.4) has been added to F, where i, is the number of the x bin ranging from 
i, = l(x = 0.85) to i, = 28(x = 0.000063). 


and the soft pomeron term by: 


Q? 
C—C—— —, (18.14) 
Q? +M 2 
where M is a typical hadronic scale of the order of M,. In this way, the structure function takes the 
form: 


Q? 
Qua 


2ANS ANS 


Fy = (É) Baz 1999 4 c + Bys 0-12 gA 5° (18.15) 
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2.5x10? 10? 2.5x10? 10? 


Fig. 18.5. Comparison of the measured and QCD model predictions for F, at low x and small Q?. 


with: 
d,(1-4- Ag) 2 12- Ào , d™S(1 — 195) =1- 10, (18.16) 


and: 


d(n) = yn/(—261) . (18.17) 


The different fits give a good description of the HERA data at low x and small Q?, as shown in 
Fig. 18.5. 
The results of the fit give: 


102047, ANS = 0.522. (18.18) 


which are larger than a hard pomeron fit A = 0.32 — 0.38 but are in the range given by a soft 
pomeron fit A = 0.44 + 0.04 . 

* Wealso know that deep inelastic scatterings and some other related sum rules have been traditionally 
used for extracting the QCD coupling o, (Q?) and the scale A due to their sensitivity to leading 
order to these quantities. The determinations of a, from different methods will be discussed in 
Section 18.4, Chapter 25 and Part VI. Various more involved systematic tests of scaling violations 
and modern analysis can, for example, be found in different textbooks [42-46], reviews [47—52] 
and also the proceedings of the QCD series of the Montpellier-Conference. 


18.4 Neutrino scattering sum rules 


For (anti)-neutrino off-proton scattering, we have the following sum rules: 


* The Adler sum rule 


1 
i a (pap - F,”) =2, (18.19) 


x 


valid for all Q?, and which has no corrections because it is related to an equal-time commutator 
[247]. 
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Proton (H1) (b) Nucleon (BCDMS) 
O Q*=1500 GeV? . € Q°=40-180 GeV? 
€ 0O'-so0 GeV" 
B 012000 GeV? 


Fig. 18.6. x F measured from electroweak scattering of (a) electrons on protons and (b) muons on 
carbon versus x and for different Q?. 
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Fig. 18.7. x F measured from v — Fe scattering versus Q? and for different x. 


18 More on unpolarized deep inelastic scatterings 187 


* The Gross-Llewellyn Smith sum rule 
It reads [248]: 


1 
d ; 
h ae FP (x, Q’) + F” (x, Q°)] = 3 {1 — as(Q°) — 3.58 a? (0°) — 19.0 a3 (0°)}, (18.20) 
0 X 
where higher order corrections have been evaluated by [249] and are shown in Fig. 18.6. 
Data [16] from v- Fe scattering is shown in Fig. 18.7. 


18.5 Summary of v, measurements from DIS 


The different analysis from DIS lead to the values of a, given in Table 25.3 and Fig. 25.13 
from [139]. The most recent and precise result comes from the analysis of F> by [250] using 
data on protons from SLAC, BCDMS, E665 and HERA. It leads to: 


o (Mzo) = 0.1166 + 0.0009 (stat) + 0.0020 (syst) , (18.21) 


where the systematic error has been multiplied by a factor 2 as a guess of the j,- dependence 
and effects of power corrections not fully analysed in [250]. It reaches the accuracy of the 
determination from, for example, the inclusive r-decay data. However, the DIS data have 
shown large fluctuations in recent years, and then are less satisfactory than those from e* e^ 
and t-decay data. The previous value à, (Mzo) = 0.113 + 0.005 from BCDMS, SLAC data 
[251] and soon confirmed by the CCFR result from Fz 3, become 0.119 + 0.002 (stat) + 
0.003 (th) after a new energy calibration. Recent result on F?y photon structure function is 
also available from LEP leading to: 


o (Mzo) = 0.1198 + 0.0028 (exp) 13-0038 (th) . (18.22) 


These different DIS results are compared with other determinations given in Table 25.3 
and Figs. 25.13 and 25.15. The overall agreement shows a great achievement of the pQCD 
calculations. 
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Polarized deep-inelastic processes and the proton 
‘spin’ crisis 


We extend the previous unpolarized deep-inelastic scattering analysis to the case of polar- 
ized processes in the aim to study the 'spin' content of the proton and, later on (see next 
chapter), of the photon from y-y scattering.! Interest on such processes has been stimu- 
lated by the EMC collaboration [253] finding that the first moment of the polarized proton 
structure function g? is unexpectedly suppressed compared with the naive quark model 
prediction (OZI [254] violation), which has provoked an extensive discussion (see e.g. 
[255—261 ]) of the parton model interpretation of QCD in deep inelastic scattering processes 
involving the U(1) axial anomaly [262-264]. We shall be concerned here with the parity- 
violating part of the hadronic tensor defined in Eq. (15.36) where the structure function is 
defined as: 


81 Ws. (19.1) 


v 
= -77 
M? 


Data [16] are shown in Fig. 19.1. 


19.1 The case of massless quarks 


We shall discuss here the approach based on a composite operator and proper vertex. This 
discussion can be consulted in the reprinted paper [260] given in Section 19.4 at the end of 
this chapter. 


19.2 Extension of the method to massive quarks 


We extend the previous approach to the case of massive quarks [261]. In this paper, a detailed 
estimate of the slope of the topological susceptibility using the approach of QCD spectral 
sum rules in the case of massive quarks is given.? The result [261]: 


V x Olm, zo = (33.5 + 3.9) MeV , (19.2) 


! It is a pleasure to thank Graham Shore for discussions related to this chapter. 
? A previous estimate of the slope of the topological charge using QSSR in pure Yang-Mills theory has been done 
in [265] and confirmed later on by lattice calculations [266]. 
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Fig. 19.1. The spin-dependent structure function xg1 of proton, deuteron and neutron in DIS of 
polarized electron/positron versus x and for different Q? ranging from 0.01 to 100 GeV? (SMC) for 
proton and deuteron, and from 1 to 17 GeV? (E154) for neutron. 


compared to the massless quark values of (26.4 + 4.1) MeV [260] is smaller than the OZI 
expectation of (43.8 + 5.0) MeV. As a result, the singlet polarized structure function: 


a9 =a’ (3) VX (lo: , (19.3) 


tn 
where: 


GO = gi GO Sa. (19.4) 


has the value [261]: 


a*(Qg? = 10 GeV?) = 0.31 + 0.02 
1) (Q* = 10 GeV’) = 0.141 + 0.005 , (19.5) 


which is about the same as the one obtained in the chiral limit, and confirms the expectation 
that the result is insensitve to the quark mass values. This result is in agreement with the data, 
which may also confirm the proposal that the proton spin suppression is a target-independent 
effect due to the screening of the topological charge of the QCD vacuum. 
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19.3 Further tests of the universal topological charge screening 


The previous proposal can be tested in different processes. This can be done either in 
semi-inclusive polarized ep scattering (for a review see e.g. [267]) or in the y y polarized 
process. 


19.3.1 Polarized Bjorken sum rule 


If the previous proposal requiring an identical suppression of the flavour singlet component 
for the proton and neutron is correct, one expects that the Bjorken sum rule: 


1 

êri =r -ris Jj dx[g? (x; Q5) — si; Q^] 

ap — an 
Q? 

should hold. The 1/ Q? higher twist term can be neglected at higher Q?. Using the experi- 

mental value of g4, one may extract the value of a,. Instead, we use the previous sum rule 

and that of the nucleon [260]: 


I 2 3 
geal — as — 3.58345 — 2021547) + (19.6) 


8r?" (2 GeV”) ~ —(0.203 + 0.029), T?(Q° = 2 GeV”) ~ —(0.022 + 0.011) , 
(19.7) 
from which one can deduce the higher twist terms in units of GeV’: 


ap ^ —0.117 40.145 , an = —0.018 + 0.025 , (19.8) 


which, although consistent with zero are neverthless interesting. 


19.3.2 Semi-inclusive polarized ep scattering 


An alternative test of the previous proposal is to perform a DIS experiment on a target other 
than the nucleon. This can be done by studying a semi-inclusive process in which a single 
hadron carrying a large target energy fraction is detected in the target fragmentation region. 
This is shown in the Fig. 19.2. 

In terms of the fracture function [268] M, / P (x, z, t, Q?) which represents the joint prob- 
ability distribution for producing a parton i with momentum fraction x and a detected 
hadron h carrying an energy fraction z = p5: q/p»: q from a nucleon N (t is the invariant 
momentum transfer), the lowest order polarized cross-section reads [267]: 


BAG 2. Ama? y(2 — y) 
dxdQ?dzdt — Q^ 


AMT" (x, z, t, Q?) (19.9) 
where: 


2: 
AMT ERN St amp" ; (19.10) 


i 
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u 


N N 


Fig. 19.2. Semi-inclusive process. 


is equivalent to the inclusive structure function e , and where Qj is the charge of the quark 
i in units of e. For large z — 1, the fracture function can be modelled by, for example, a 
single region exchange and reads: 


AMI" = FOA — zy #2 Ogre (= 2 o?) , (19.11) 


where gr is the structure function of the exchanged region R with trajectory o (t). Inde- 
pendently on the detailed model of the fracture functions, one can predict the ratio of the 


moments: 
Mi(ep > en X) | 2s t2 | Milep > eD- X) 
M(en > em*X) 2s—1 X My(en > eD?X) ' 
K?X) 2s+1 
ANP TEA caque (19.12) 
M(en > eK*X) 2s-1 
where: 
1—z 
M = dx AMI . (x,z,t, Q^), (19.13) 
0 
and: 


S 
s(Q2) = (Ss) (: zi) ) Vx. (19.14) 


C fa 


C$ and C5 are ratio fo the singlet and non-singlet Wilson coefficients. In the OZI limit, 
s = 1, such that one expects a large deviation from the previous value of x'(0). In the small 
limit z — 0, the previous ratios reduce to the first moment ratio g/’/g’. In the whole range 
of z, one expects a deviation of about a factor 2.5 from the OZI prediction. 
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Y(q) Y Ca) 


Fig. 1. The two-current matrix element (N|J,(g)J,(—4)|N). 


19.4 Reprinted paper 
Target independence of the EMC—SMC effect 


S. Narison, G. M. Snore and G. Veneziano 


Reprinted from Nuclear Physics B, Volume B433, pp. 209—233, Copyright (1995) with permission from Elsevier 
Science. 


1. Introduction 


The discovery by the EMC Collaboration [1] (see also Ref. [2]) of an unexpected sup- 
pression of the first moment of the polarised proton structure function g? has provoked an 
extensive discussion of the parton model interpretation of QCD in deep inelastic scattering 
processes involving the axial U(1) anomaly. (For reviews, see Refs. [3,4].) While it has so 
far proved possible with careful redefinitions and interpretations [5] to preserve the essence 
of the parton model description, it is becoming clear that these processes involve subtle 
field theoretic properties of QCD which lead beyond both the original and QCD-improved 
parton approximation. In this paper, we develop an alternative approach to deep inelas- 
tic scattering emphasising field theoretic concepts such as the operator product expansion 
(OPE), composite operator Green functions and proper vertices. This clarifies some of the 
difficulties encountered in the parton description and gives a new insight into the underlying 
reason for the EMC result. In particular, our analysis strongly suggests that the observed 
suppression of the first moment of gl is a generic QCD effect related to the anomaly and 
is actually independent of the target. Rather than revealing a special property of the proton 
structure, the EMC result reflects an anomalously small value of the first moment of the 
QCD topological susceptibility [6,7]. 

The essential features of this method are easily described for a general deep inelastic 
scattering process. The hadronic part of the scattering amplitude is given by the imaginary 
part of the two-current matrix element (N | J,(g)J,(—4q) | N) illustrated in Fig. 1, where 
J,, is the current coupling to the exchanged hard proton (or electroweak vector boson) and 
| N) denotes the target. The OPE is used to expand the large Q? limit of the product of 
currents as a sum of Wilson coefficients C;(Q7) times renormalised composite operators 
O; as follows (suppressing Lorentz indices): 


IDI) ~ X` CQO). (1.1) 


Qo i 


19 Polarized deep-inelastic processes 193 


Fig. 2. Decomposition of the matrix element into a composite operator propagator (denoted by the 
double line) and a proper vertex (hatched). 


The dominant contributions to the amplitude arise from the operators O; of lowest twist. 
Within this set of lowest twist operators, those of spin n contribute to the nth moment of 
the structure functions, i.e. 


1 
Í dx x"! F(x, Q') = M C (9PYN | OPO) | N). (1.2) 


The Wilson coefficients are calculable in QCD perturbation theory, so the problem re- 
duces to evaluating the target matrix elements of the corresponding operators. We now 
introduce appropriately defined proper vertices J'y, which are chosen to be 1PI with 
respect to a physically motivated basis set Ó; of renormalised composite operators. The 
matrix elements are then decomposed into products of these vertices with zero-momentum 
composite operator propagators as follows: 


(N | O0) | N) = 37001 OOO | (0) To yy. (1.3) 
k 

This is illustrated in Fig. 2. In essence, what we have done is to split the whole amplitude 
into the product of a “hot” (high momentum) part described by QCD perturbation theory, 
a “cold” part described by a (non-perturbative) composite operator propagator and finally 
a target-dependent proper vertex. 

All the target dependence is contained in the vertex function l'oyy. However, these are 
not unique — they depend on the choice of the basis ©; of composite operators. This choice 
is made on physical grounds based on the relevant degrees of freedom, the aim being to 
parametrise the amplitude in terms of a minimal, but sufficient, set of vertex functions. A 
good choice can often lead to an almost direct correspondence between the proper vertices 
and physical couplings such as, e.g., the pion-nucleon coupling g;ww. In particular, it will 
be wise to use, whenever possible, RG-invariant proper vertices. 

Despite being non-perturbative, we can frequently evaluate the composite operator Green 
functions using a combination of exact Ward identities and dynamical approximations 
(see Sections 2 and 3). On the other hand, because of the target dependence, the proper 
vertices are not readily calculable from first principles in QCD, so we are in general left 
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Fig. 3. The original parton model representation of the scattering amplitude. 


with a parametrisation of the amplitude in terms of a (hopefully small) set of unknown 
vertices. These play the róle of the non-perturbative (i.e. primordial or not-yet-evolved) 
parton distributions in the usual treatment. Just as for parton distributions, many different 
QCD processes can be related through parametrisation with the same set of vertex functions. 

Now compare this approach with the parton model. In the original parton model, the 
amplitude is approximated by Fig. 3, describing the scattering of a large Q? photon with 
a parton in the target nucleon. This picture is already sufficient to reveal Bjorken scaling. 
It may be improved in the context of QCD by including gluonic corrections, exactly as in 
the OPE, as shown in Fig. 4. These give the logarithmic scaling violations characteristic of 
perturbative QCD. The total amplitude is therefore factorised into a perturbative scattering 
amplitude for the hard photon with a parton (quark or gluon) and a parton distribution 
function giving the probability of finding a particular parton with given fraction x of the 
target momentum. 

The question of whether the full QCD amplitude can be given a natural parton inter- 
pretation depends on the composite operators O; in the Wilson expansion. For example, 
if the lowest twist operator for a given process is multilinear in the elementary quark and 
gluon fields rather than simply quadratic then the diagram of Fig. 4 is not appropriate 
and the process can only be described in terms of multi-parton distributions [8]. A more 
subtle problem arises when the operators Ó; are non-trivially renormalised and mix with 
other composite operators under renormalisation. In this case, the parton interpretation is 


Fig. 4. The QCD-improved parton model representation. 
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preserved by defining parton distributions directly in terms of the operator matrix elements 
(see, e.g., Ref. [8]). This procedure becomes especially delicate [5] in the case of polarised 
deep inelastic scattering because of the special renormalisation properties of the relevant 
Wilson operator J SR due to the axial U(1) anomaly. 

In this paper, rather than attempt to interpret the amplitude for polarised deep inelastic 
scattering in terms of specially defined polarised quark and gluon distributions, we instead 
focus the analysis on the composite operator level. By splitting the matrix elements in the 
form of Eq. (1.3), we can exploit chiral Ward identities and the renormalisation group to 
separate out generic features of QCD manifested in the composite operator propagator from 
specific properties of the target. In the next section, we see how this clarifies the origin of 
the suppression of the first moment of g? observed in polarised up scattering. 


2. The first moment sum rule for g? 


Our starting point is the familiar Ellis-Jaffe [9] sum rule for the first moment of the 
polarised proton structure function g^. For Np = 3 and in the MS scheme [10], this reads! 


ro) = [s dx g; Q?) 


EE (3) 1 (8) As Als \2 As \3 
a G 0) + GR o) | - 2 — 3.583 (3) — 20.215 (=) | 


«$60 (0 o) [1-25 osse (2). Q.1) 


where the Go are form factors in the proton matrix elements of the axial current 

(P | Jésp(k) | P) = GO GO)y,ysu + GPK )kuüysu, (2.2) 
and a is an SU(3) flavour index. In our normalisations (see Ref. [7]) 

GY = l(Au — Ad), 

G® = ahs + Ad — 2As), (2.3) 


24/3 
GO = Au + Ad + As = AX. 


We ignore heavy quarks and, for simplicity, set the light quark masses to zero in the formulae 
below. 

The axial current occurs here since it is the lowest twist, lowest spin, odd-parity operator 
in the OPE of two electromagnetic currents, i.e. 


Lcd 2.» 6 C (Qs + (2.4) 
Qoo a=0,3,8 


'We use the NLO and NNLO coefficients given in Ref. [11]. However, due to our definition (2.5) of the 
renormalised composite operators, the radiative corrections of the singlet are different from the corresponding 
terms in Ref. [11], which uses a different renormalisation of the singlet operators. 
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The suffix R emphasises that the current is the renormalised composite operator. Under 
renormalisation, the gluon topological density Qr and the divergence of the flavour singlet 
axial current J SR mix as follows [12]: 


Jis z ZI ey, 
1 "m 
Qn — Qs — Np! — Z)0" J sa. (2.5) 


where Jo = M dy,ysq and Qg = (o,/8zt )r(G"" G yy) and we have quoted the formulae 
for Np flavours. The mixing is such that the combination occurring in the axial anomaly 
Ward identities, e.g. 


(0 | (3^ JO. — 2NFOR)Ox | 0) + (0 | 5sOx | 0) = 0, (2.6) 


is not renormalised. 

Since J, ae is renormalised, its matrix elements satisfy renormalisation group equations 
with an anomalous dimension y, so that in particular cQ (0; Q?) depends on the RG scale 
(which is set to Q? in Eq. (2.1). 

As we have emphasised elsewhere, Gu does not, as was initially supposed, measure the 
spin of the quark constituents of the proton. The RG non-invariance of J SR (a consequence 
of the anomaly) is itself sufficient to prevent this identification. The interest in the first 
EMC data [1,2] on polarised up scattering”, which allows the following result for cQ to 
be deduced: 


GÜ0; Q? = 11 GeV?) = AZ = 0.19 + 0.17, (2.7) 


is rather that this value for Go represents a substantial violation of the OZI rule [13,14], 
according to which we would expect 


GO (O)oz = 3F — D x 0.579 + 0.021. (2.8) 
Here, we have used [15,16] 
F+D~1.257+0.008, F/D ~ 0.575 + 0.016 (2.9) 


as fitted from hyperon and 6-decays. The assumption that the OZI rule is satisfied for co (0) 
is equivalent to the Ellis-Jaffe sum rule prediction for the first moment of P 

It follows immediately from Eq. (2.2) (assuming the absence of a massless pseudoscalar 
boson in the U(1) channel) that 


i 1 
Gi (0; Q?) üysu = zz UP | Sse | P), (2.10) 


?The combined SLAC/EMC data quoted in Ref. [1] gives 


TP(Q? = 11 GeV?) = 0.126 + 0.010 + 0.015. 


The result for cQ in Eq. (2.7) is extracted from the sum rule using the values for F and D given below and the 
running coupling from tau-decay data [30] (see the remarks after Eq. (3.32)). 
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where M is the proton mass. The anomalous chiral Ward identity then allows Go to be 
re-expressed as the forward matrix element of the renormalised gluon topological density 


Or, i.e. 
1 
GNO; Qüysu = zy NEU. | QRO) | P). (2.11) 


Notice that in terms of bare fields, Qg contains both gluon and quark bilinears. This, together 
with the explicit factor of a, in the definition of the topological density, is the source of the 
difficully in giving a natural and unambiguous parton interpretation [5,3,4]. 

At this point, we apply the method described in the introduction. We choose as the com- 
posite operator basis Ó, the set of renormalised flavour singlet pseudoscalar operators, viz. 
Qn and ®sp, where, up to a crucial normalisation factor discussed below, the corresponding 
bare operator is simply the singlet i Y^ gysq. We then define Il'[On, 5g; P, P] to be the 
generating functional of proper vertces which are | PI with respect to these composite fields 
only. (Here, P and P denote interpolating fields for the proton — they play a purely passive 
role in the construction.) I” is obtained from the QCD generating functional by a Legendre 
transform with respect to the sources for the composite operators Qr and sg only. We 
may then write (cf. Eq. (1.3)) 


(P | Qr(O) | P) = (0| On(0)On(O) | O) o, pp + (0| Qn(O)Osn(O) | 0) a... pp. 
(2.12) 


where the propagators are at zero momentum. 
The composite operator propagator in the first term in Eq. (2.12) is the zero-momentum 
limit of an important quantity in QCD known as the topological susceptibility x (k2), viz. 


x(k?) = f dx e**i(0 | T* Qn) On(0) | 0). (2.13) 


The second term is clearly independent of the normalisation of the renormalised quark 
bilinear operator 5g. We choose to normalise this operator in such a way that the in- 
verse two-point function 75, 9,,, which has to vanish at k? = 0, is equal to k?, the correct 
normalisation for a free, massless particle. With this normalisation, a straightforward but 
intricate argument [7] using chiral Ward identities (see Appendix A) shows that the prop- 
agator (0 | Qn sg | 0) at zero momentum is simply the square root of the first moment of 
the topological susceptibility x (k?). We therefore find 


(P | QR) | P) = x(O'o, pp t V X OW 059 pp- (2.14) 


The chiral Ward identities further show that for QCD with massless quarks, x (0) actually 
vanishes. (This is in contrast to pure Yang-Mills theory, where x(0) is non-zero and is 
related to the 7/-mass in the large Nc resolution of the U(1) problem [17,18].) Only the 
second term in Eq. (2.14) remains. Remarkably, this means that the matrix element of the 
renormalised g/uon density Qg measures the coupling of the proton to the renormalised 
pseudoscalar quark operator sg. This happens because the composite operator propagator 
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matrix in the pseudoscalar (Qn, sr) sector is off-diagonal. We therefore arrive at our basic 
result [7], 


1 
GY (0; Q?)aysu = sap 2 Ne X Ora, p. (2.15) 


The renormalisation group properties of Eq. (2.15) are central to our argument. With the 
normalisation of 5g chosen above, it can be shown [7] that the proper vertex Tg. pp is RG 
invariant and so has no scale dependence. The scale dependence needed to match e is 
provided entirely by the topological susceptibility which, as shown in Appendix A, satisfies 
the RGE 


(us + Bla. to — 27) x (0) = 0. (2.16) 
ðu dds 

The challenge posed by the EMC data is to understand the origin of the OZI violation in 
G®. The OZI approximation applied to the RHS of Eq. (2.15) would require? (neglecting 
flavour SU(3) breaking) Tg, pp ^: V2 g,, xxi ysu while VX) ~ (1/V6) fr- 

Our proposal is that we should expect the source of the OZI violation to lie in RG 
non-invariant terms, i.e. in x'(0). The reasoning is straightforward. In the absence of the 
U(1) anomaly, the OZI rule would be an exact property of QCD. So the OZI violation is 
a consequence of the anomaly. But it is the existence of the anomaly that is responsible 
for the non-conservation and hence non-trivial renormalisation of the axial current J bee 
We therefore expect to find OZI violations in quantities sensitive to the anomaly, which we 
identify through their RG dependence on the anomalous dimension y. This seems reasonable 
since, if the OZI rule were to be good for such quantities, it would mean approximating a 
RG non-invariant, scale-dependent quantity by a scale-independent one. If this proposal is 
correct, we expect 4/ x (0) to be significantly suppressed relative to its OZI approximation 
of (1/6) fr. The proper vertex To. pr WOuld behave exactly as expected according to the 
OZIrule. That is, the Ellis-Jaffe violating suppression of the first moment of g? observed by 
EMC would not be a property of the proton at all, but would simply be due to an anomalously 
small value of the first moment of the QCD topological susceptibility x'(0). 

In the next section, we attempt to verify this hypothesis by evaluating x'(0) using QCD 
spectral sum rules. 


3To understand this, we note from Ref. [7] that Eq. (2.15) is equivalently written as one form of the U(1) 
Goldbergen-Treiman relation, viz. 


0 
GQ? (0; Q?) = Frozi8nozNN; 


where Fozi and gj;57,NN are respectively the decay constant and nucleon coupling of a state | noz). | noz) is an 
unphysical state in QCD (i.e. not a mass eigenstate) which in the OZI or large Nc limit, in which the anomaly is 
absent, can be identified as the massless U(1) Goldstone boson. Simple quark counting rules then relate 2;57,NN 
to the ng—nucleon coupling g;,Nw. This identification is the origin of our choice of normalisation of sg. In the 
OZI limit, /'?;,NN becomes the Goldstone boson-nucleon coupling. 
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3. QCD spectral sum rule estimate of x'(0) 


We now present an estimate of x'(0) in QCD with massless quarks using the method of 
QCD spectral sum rules (QSSR) pioneered by Shifman, Vainshtein and Zakharov [19] and 
reviewed recently in Ref. [20]. 

The correlation function x(k?) is defined in Eq. (2.13) and its renormalisation group 
equation is given in Appendix A. Including the inhomogeneous contact term [21], we 
have 


jm + Ea -2y | xk) =- 26 kt (3.1) 
m Bats (2Np)? 
with the beta function 
d Os Os \2 
las) = nz as = Pi EE). (3.2) 


where, for QCD with Np flavours, £j = —4(11 — 3Np) and f; = —1(51 — 22 Np), and the 
anomalous dimension [12] 


y =u togz = -(2)". (3.3) 


The extra RG function B™ (so called because it appears in the longitudinal part of the Green 
function of two axial currents) is given by 


1 1 Os \2 29 as 
D Nf pg, ZN. 3.4 
Onn? 327? (F) ( a 4 x) eS 


The RGE is solved in the standard way, giving 


X(k?, or; m) = exp (-2 Í dr' yn) f (£^. a(t); we) 


—2 f dt" BP (as(t”)) exp ( | Z (3.5) 
0 0 


where a(t) is the running coupling. 
The perturbative expression for the two-point correlation function in the MS scheme is 
[22] 


s\? 2 -E : -k 29 
X (3e. — (=) k*log Ee ifilog —- 4 — |J 9... |. 
87m/ mz? u? x we 4 


(3.6) 


The non-perturbative contribution from the gluon condensates (coming from the next lowest 
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dimension operators in the OPE) is [23] 


on A, —k? 
k2 PX m RR iig] 
X (K np. TO ( + 51 ae i 


as 
) (sG?) — 272 (66%) 
The RGE has been used to check the consistency of the leading log approximation in 
contribution. 


(3.7) 
the perturbative expression and to fix the radiative correction in the gluon condensate 


and 


v9 d 1 
z [x)= x0) = I : 


For the QSSR analysis of x'(0), we use the subtracted dispersion relations 
1 
t t—k?—-ie 


—Im x(t) (3.8) 
T 
sli - xy - exo] S Sep O (3.9) 
= —im 5 $ 
m 4 x Prowse 4 
Then, taking the inverse Laplace transform [20] of both sides of the dispersion relations 
and using the fact that x (0) = 0 in massless QCD, we find* 
on 
—e '* —Im x(t) 
0 t T 
LL 
Os 2 5 
Sy t ^[l — exp(—fct)(1 + teT)] 
82x) mz? 
x [d3e95 (soap yas E lox log vA 
4r pi 
Os 1 Os 
4% (= 9.4% +  5r(gg?) (3.10) 
82 \ 20 T 
and 
; Sadis e C V M 
x0) — | -e"—Im x st fl — exp(-17)] 
o t 82) mx 
Qs Bo 2 
x | + (29 4Bive — 8— log(— logt A | 
An pi 
marfe (a,G?) + S 2g (3.11) 
— | —T(a, —T . : 
82 \ 27 2x E 
where @, is the running coupling expressed in terms of the QCD scale A from the two-loop 
relation: 
Q) 
x DL (1 SLL E ZU (3.12) 
m m a fi 
with 
ee : (3.13) 
m By log tA? ` 
^For the corresponding results in pure Yang-Mills theory, see Refs. [24,25]. 
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Fig. 5. (a) t-behaviour of 4/Xx'(0) for different values of the continuum threshold t.. 
(b) Behaviour of different t-minima versus te. 


In these expressions, we have cut off the t-integration at some scale t, and used the pertur- 
bation theory approximation to Im x(t) for t > te. 

In order to extract a value for x'(0) from these sum rules, we keep only the lowest 
resonance (the 7’) contribution to the spectral function, i.e. we assume 


1 
—Im x(t) = 2m}, f (t — M?) + “QCD continuum" 6(t — te), (3.14) 
m 

where ñ, is the mass of the y’ extrapolated for massless QCD, viz. 


m? c m? — &mg ~ (0.87 GeV)’. (3.15) 


To evaluate Eqs. (3.10) and (3.11), we use 


A ~ 350 + 100 MeV (3.16) 
for the QCD scale parameter [26], 
(a,G’) x 0.06 + 0.02 GeV* (3.17) 


from a global fit of the light mesons and charmonium data [20], and parametrise the triple 
gluon condensate as 


(g?G?) ~ 1.5 £0.5 GeV? (a,G’) (3.18) 


using the dilute gas instanton model [19]. We show the result in Fig. 5a for x'(0) plotted 
versus T for different values of t,. In Fig. 5b we show the behaviour of the t-minima for 
different t.. Our optimal result corresponds to the range of values of t, corresponding to the 
first appearance of the t-minimum until the beginning of the f; stability region. The value 
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of t at which the stability occurs is around 0.4 to 0.6 GeV~’, which is quite small compared 
with the light meson systems and is consistent with qualitative expectations [23] of a scale 
hierarchy in the QSSR analysis of gluonium systems. This small value of t also ensures 
that higher dimension operators such as those arising from instanton-like effects will not 
contribute in the OPE. We deduce 


y X (0) > 22.3 + 3.2 + 2.8 + 1.3 MeV, (3.19) 


where the first error comes from (o,G?), the second one from A and the third from the 
range of f,-values from 4.5 to 7.5 GeV?. The effects of the triple gluon condensate and the 
radiative corrections are relatively unimportant, contributing about (3-10)96 to x'(0). We 
add a guessed error of 596 each from the unknown non-perturbative and radiative correction 
terms. Finally, adding all these errors quadratically, we find the following Laplace sum rule 
estimate of the first moment of the topological susceptibility evaluated at t ~ 0.5 GeV~?: 


V/x'(0) > 22.3 + 4.8 MeV. (3.20) 


As acheck on the validity of this result, we now repeat the analysis using the finite energy 
sum rule (FESR) local duality version of the spectral sum rules discussed in Ref. [25]. The 
advantage of the FESR method is that it projects out the effects of the operators of a given 
dimension [27] (in this case, dimension 4) in such a way that, at the order to which we are 
working, the FESR analogues of the sum rules (3.10) and (3.11) are not affected by higher 
dimension operators such as those induced by instanton-like effects. 

The FESR sum rules are 


* dt] 

] mao 

0 t m 

M En 14-95 (29 — 4%! — 8” eet log tA 
A80) m2 Ax NS vg b 


ise) 
+ =| — (0G?) (3.21) 


and 
, * dr 1 
x0) — | -—Imx() 
0 t^m 


— 2 T 
d) EE (» ^H n log(— log z4) |. (3.22) 


Analysing Eqs. (3.21) and (3.22), we realise that the solution increases monotonically with 
f. so that no firm prediction can be made, although the result gives a rough indication of 
consistency with the previous Laplace sum rule. To overcome this problem, we repeat the 
analysis using only the FESR (3.22) and using as an extra input the value of the parameter 
fy extracted from the first Laplace sum rule (3.10). The value of f, is given in Appendix 
B. This weakens the t,-dependence of the result and f,-stability now appears as an inflection 
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Fig. 6. (a) As Fig. 5a for the parameter f, (b) FESR prediction of ./ x'(0) versus t, for different values 
of fy- 


point. We obtain the result shown in Fig. 6 for different values of fy and A, from which 
we deduce that with t, ~ 6.5-9.5 GeV?, 


V X (0) > 25.5 + 1.5 + 2.0 € 1.0 MeV, (3.23) 


where the errors come from fy, A and t, respectively. Adding the errors quadratically and 
including a further 596 error from the unknown higher order terms, we obtain at the scale 
t ~ 0.5 GeV? 


V/x'(0) > 26.5 + 3.1 MeV, (3.24) 


where we have run the result from t, = 8 GeV? to the scale t = 0.5 GeV? using the RGE 
solution expressed in terms of A, viz. 


X (0; u) = &'(0) exp ( (3.25) 


8 
Pi nm) 
where x '(0) is RG invariant. (Notice that the inhomogeneous term proportional to B does 
not contribute to the first moment at k? = 0.) We see that the FESR result is consistent with 
the Laplace one. 
Taking the average of the Laplace and FESR results, we obtain our final estimate of the 
first moment of the topological susceptibility at the scale t = 0.5 GeV: 


y X'(0) > 25.3 + 2.6 MeV. (3.26) 
This result should be compared with that obtained [24,25] in pure Nc — 3 Yang-Mills 
theory using a similar QSSR approach: 


V/-X'Q) lym 2: 7 £3 MeV. (3.27) 


It is important to notice that this pure Yang-Mills result has been confirmed by lattice 
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calculations [28,29], which is a strong indication of the validity of the methods used in 
deriving both (3.27) and (3.26). The introduction of massless quarks has changed the sign 
of x'(0) and increased its absolute value by a factor of around 12. From the QSSR analysis, 
this effect is due mainly to the low value of the 7’-mass of 0.87 GeV (massless QCD) which 
enters into the spectral function, compared with the pseudoscalar gluonium mass of about 
1.36-1.66 GeV [24,20] in pure Yang-Mills theory. 

To compare with the experimental result on the polarised proton structure function, we 
use the RGE to run the result for x'(0) to the EMC scale of 10 GeV?. We find 


y X'(0) [emc & 23.2 + 2.4 MeV. (3.28) 
This is smaller by a factor of 1.64 + 0.17 than the OZI value of (1/4/6) fr. We therefore 


do indeed find a significant suppression of x'(0) relative to its OZI value. 

To convert this result into a prediction for the singlet form factor, we take our fundamental 
expression (2.15) for co and equate the proper vertex I’, gn PP with its OZI expression given 
by the Goldstone boson-nucleon coupling. In this way, we obtain 


GOO) = a9 oz, 2 (3.29) 


(1/6) fr 
Using the value of cQ (0)oz; in Eq. (2.8) and including an additional error of approximately 
1096 for the use of the OZI approximation for the proper vertex, we arrive at our final 
prediction: 


GOO; Q? = 10 GeV?) 0.353 + 0.052. (3.30) 


Substituting this result? together with 


G® = l or — D), 
24/3 


(3.31) 
G? = l(ur-D) 


into the first moment sum rule (2.1), using the values of F and D from Eq. (2.9), and 
neglecting the higher twist terms (which are certainly negligible at Q? — 10 GeV?), we 
deduce 


TT 00 GeV?) ~ 0.143 + 0.005. (3.32) 


Here, we have used the coupling a,(m,) = 0.347 + 0.030 extracted from tau-decay data 
[30]. One should notice that the radiative corrections decrease the leading order result by 
about 12%. 

Our result, Eqs. (3.30) and (3.32), certainly goes in the right direction, i.e. that of reduc- 
ing the prediction from the OZI (Ellis—Jaffe) value. At the time we obtained it, however, 


5In terms of the quantities Au, Ad and As defined in Eq. (2.3), we have at Q? = 10 GeV? Au = 0.84 + 
0.01, Ad 0.41 + 0.01, As 0.08 + 0.02. 
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Eq. (3.30) still appeared too high compared to the experimental result (2.7), which would 
have implied further OZI violations in the proper vertex. Amusingly enough, while this 
paper was being completed we learned of the new results from the SMC Collaboration 
which, combined with the earlier proton data, gives the new world average [31]: 


IF (10 GeV?) = 0.145 + 0.008 + 0.011 (3.33) 
from which we deduce 


GO (0; Q? = 10 GeV?) = AX = 0.37 £0.07 0.10. (3.34) 


These results are now in excellent agreement with our predictions. 


4. Tests of the Bjorken sum rule and estimate of higher twist effects 


Recently, the SMC Collaboration at CERN [31,32] and the E142 Collaboration at SLAC 
[33] have produced data on the polarised neutron structure function g}. Since our proposal 
requires that the flavour singlet suppression is identical for the proton and neutron, we see 
no reason why the Bjorken sum rule [34], 


rP = rP- ro 


1 
Í dx[g?(x; Q?) — gi(x; Q?)] 


i Qs Os i Os 3 dp — an 
lg |l 3583( 9 ] -20215( 3) |. 50. (4.1) 
c T T Q 


should not hold, at least up to flavour SU(2) breaking. Provided the measurements are at 
sufficiently high Q?, the higher twist corrections related to the coefficients dy — an can be 
neglected. Analysis of the combined proton and deuteron data as performed in Ref. [35] 
gives at Q? = 5 GeV? [31] 


8I?" ~ 0.203 + 0.029, (4.2) 


to be compared with the QCD prediction, with a, (5 GeV?) = 0.32 + 0.02, of 


dp — n 


p—h Ay ze 
SFP" = 0.176 0.003 + >, 


(4.3) 


From this, one can deduce the difference of the higher twist coefficients (in units of GeV’)°, 


ap — dy = 0.135 + 0.145. (4.4) 


Keeping the order o, term and using the estimate of the higher twist terms from QCD spectral sum rules, the 
authors of Ref. [36] found I, nee ~ 0.180 + 0.006, in agreement with the data in Eq. (4.2). Our attitude here is 
different, as we will extract the size of the higher twist terms from the data in order to test the reliability of the 
previous theoretical estimate of those terms. 
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We can pursue an analogous analysis for the first moment of the neutron structure function, 
which satisfies the sum rule (cf. Eq. (2.1)) 


DOS) 
1 
=f dx gx; Q?) 


= ( GO) + 5,010) poss sse (t) 20.215(%) 
E GM M ELLE C MEL 
2 
2600031 15 as an 
+3G, 0; Q | pm osse(&:) i + Oo" (4.5) 


where we have included the higher twist contribution. Evaluating this quantity at Q? = 
2 GeV?, where the SLAC data are available, we find 


an 


T?(2 GeV?) ~ —(0.031 + 0.006) + 73 (4.6) 
Comparing this with the SLAC data [33], 
I? Q GeV?) ~ —(0.022 + 0.011), (4.7) 


and using Eq. (4.4), we can extract the coefficients of the higher twist terms. In units of 
GeV?, we find 


ap ^ —0.117 + 0.145, 


(4.8) 
a, œ 0.018 + 0.025. 


These values of the higher twist terms are consistent with the previous determinations 
[37,38] from QCD spectral sum rules. However, these sum rules would be affected by a 
more general choice of the nucleon interpolating field [20] (the one used in Refs. [37,38] 
is not the optimal one) and by the well-known [20] large violation by a factor 2-3 of the 
vacuum saturation of the four-quark condensate, which is assumed in Refs. [37,38] to be 
satisfied to within (10—20)%. In addition, radiative corrections, which are known to be large 
in the baryon sum rules [20], can also be important here. More accurate data on the Bjorken 
and neutron sum rules, and/or a measurement of the proton sum rule at lower Q?, are 
needed to improve the results in Eq. (4.8), which are necessary to test the validity of the 
QCD spectral sum rule predictions in Ref. [38]. 


5. Further discussion 


In this paper, we have presented evidence that the experimentally observed suppression 
of the first moment of the polarised proton structure function g? (the so-called EMC “proton 
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spin" crisis) is a target-independent effect reflecting a suppression of the first moment of 
the QCD topological susceptibility x'(0) relative to the OZI expectation. Not only does 
Go (0) not measure the quark spin, its suppression is not even a property of the proton 
structure. 

It would be interesting to test this hypothesis directly by polarised deep inelastic scattering 
experiments on other targets not simply related to the proton by flavour symmetry. We have 
already studied the case of a photon target and have presented elsewhere [39] a new sum rule 
for the first moment of the polarised photon structure function g7 measurable in polarised 
ete” colliders. However, this turns out to be a special case because the electromagnetic 
U(1) anomaly contributes at leading order and so the g7 sum rule does not display the 
suppression mechanism described here. Another possibility is to consider semi-inclusive 
processes in which a particular hadron with a fraction z of the incoming momentum is 
observed in the target fragmentation region. It was recently suggested [40] that such cross 
sections should be described in terms of new, non-perturbative hybrid functions M(z, x, Q), 
called "fracture functions". To the extent that an OPE can be used, it would be possible 
to represent M in terms of the forward matrix element of a composite operator between a 
suitable proton-plus-hadron state. In this case, one would again factorise M into a composite 
propagator of the usual type and a proper vertex involving four external hadron legs. If the 
suppression of the polarised structure function indeed originates from the propagator, as we 
suggest, such a suppression should also be found at the level of the (less inclusive) fracture 
functions. 

So far, we have only considered the first moment of g. Of course, we would like to 
extend our approach to higher moments and discuss the full x-dependence of the structure 
function. This would require knowledge of the renormalisation properties and composite 
operator Green functions of the higher spin axial currents and gluon densities [41], together 
with the associated proper vertices. 

Another possible line of development would be to try to develop techniques to estimate 
the proper vertices themselves, rather than just the composite operator Green functions. To 
the extent that the quenched approximation may be trusted for the proper vertices, lattice 
calculations could already be suitable for the task, and QCD spectral sum rule techniques 
could be used in conjunction to check the validity of that approximation. We recall that, 
in contrast, the use of the quenched approximation directly for the matrix elements of 
the operator Q can be shown to be completely unreliable since these are affected by low- 
lying poles that should disappear after dynamical quark loops are added. This is another 
example of how the apparent complication introduced by our splitting of matrix elements 
into propagators and proper vertices can ultimately pay off. 

Finally, it would be interesting to attempt to apply this analysis of deep inelastic scattering 
using proper vertices to other QCD processes normally described in the language of the 
parton model rather than in terms of the OPE. Semi-inclusive deep inelastic scattering is 
one such example, but many other interesting possibilities can be considered, especially in 
the context of hadron-hadron collisions. 
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Appendix A 
Chiral Ward identities and the renormalisation group 


The anomalous chiral Ward identities for Green functions of the pseudoscalar operators 
Qn and @sp are (for zero quark masses) 


ik, (0 | Jos(/)QnC-I) | 0) — 2Ne(0 | On(k)Or(—k) | 0) = 0, (A.1) 
iky(O | Joss (k)sa(—k) | 0) — 2Ne(0 | On) s (—K) | 0) 
+ (0 | óssg(—K) | 0) = 0. (A.2) 


So, at zero momentum, assuming there is no physical massless U(1) boson, 


(0 | On(0)On(0) | 0) = 0, (A.3) 


showing that the topological susceptibility x (0) vanishes for massless QCD, and 
1 
(0 | Qr(0)Psr(O) | 0) = ——2(Pp), (A.4) 
2NF 


where (dg) is the VEV of the scalar partner of sg and is non-vanishing because of the 
quark condensate. 

The field ®sp is normalised such that the two-point proper vertex lopos = K?. This 
means that Ig... is (minus) a component of the inverse propagator matrix in the pseu- 
doscalar sector, i.e. 


Toros = (0| QRQn | 0)((0 | OnPsr | 0)? — (0| Qn Qn | 0)(0 | Gsp Ps | O)) 


(A.5) 
Expanding to lowest order in k? gives 
l'osos, = X 0)(0 | Ox(O)PsR(0) | 0) 7I? + ORS), (A.6) 
where we have written (0 | On (k) Qg(—K) | 0) = x'(0)&? + O(k^). We therefore deduce 
(0| Qn(O)Psx0) | 0) = Vx'O), (A.7) 


as quoted in Eq. (2.15). 

The renormalisation group equation for the topological susceptibility follows from the 
definition of the renormalised composite operators, Eq. (2.4), and the chiral Ward identities. 
The Ward identity for the two-current Green function is 


ik” (0 | Jose (K) Joss —5) | 0) — 2NF(O | On (Jis X) | 0) = 0. (A.8) 
Combining Eqs. (A.1), (A.8) and (2.4), we find straightforwardly 
(0| Or(k)Or(—k) | 0) = Z (0| Op(k)Op(—k) | 0) +... (A.9) 


The dots denote the extra divergences associated with contact terms in the two-point Green 
functions of composite operators. Taking these into account (see Refs. [21,7] for full details) 
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we find the full RGE for x (K2), 


1 
CNP? 


0 ð 
u— + B(ots)or,s— — 2y | x(k?) = 28 (as)k*, (A.10) 
ðu dds 

where 8? is a new RG function. The inhomogeneous term does not contribute at zero 


momentum, however, and the required RGE (2.13) for x'(0) follows immediately. 


Appendix B 


Decay constants and the n 


We can estimate the parameter fy appearing in the spectral expansion using the first 
Laplace QSSR, Eq. (3.10). fy is defined by 


(0 | PST) = iky fw, (B.1) 


and is RG non-invariant. On shell (see Ref. [7], Appendix D), the scale dependence is due 
entirely to the anomalous dimension y of the axial current so, using Eq. (3.3) and expressing 
the result in terms of the QCD scale A, we may write 


A 4 
fy) = fy exp (aa) ; (B.2) 
: 1" NBẸ log(u/A) 

where Ô y is RG invariant. From the QSSR (3.10), we find the t-stability starts at t; ~ 
6.5 GeV’, while the 1,-stability is reached for f, larger than 9.5 GeV?. In this region, 
the radiative corrections are about 10% of the lowest order term, while the (g?G?) one 
contributes about 10%. Under such conditions, our optimal result at t ~ 0.6 GeV? is (see 
Fig. 6a) 


fy = 24.1 x: 0.6 + 3.4 + 0.3 MeV, (B.3) 


where the first error comes from (o,G?), the second from A and the third from the 
range of f,-values between 6.5 and 9.5 GeV?. Adding a 5% error from the unknown 
QCD terms, adding the different errors quadratically and running to the EMC scale, we 
obtain 


Sy lemc zx 23.6 + 3.5 MeV. (B.4) 


This value is strongly suppressed relative to the OZI prediction of 4/6 f, for the n’-decay 
constant. 

However, as has been shown in Refs. [42,7], this f, is not the n’-decay constant measured 
in, e.g., the decay n’ — y y. In fact, the analogues of the current algebra formulae 


1 
fa 8ngg = xm (B.5) 
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and 


fn £xNN = MN8A (B.6) 


in the flavour singlet sector are [42,7] 


l 4 5 4 
Fgyyy + Ne! My SGyy(O) = Um (B.7) 
and 
l 12,2 © 
FgyNN + NaS my gGNN(0) = 2mnG (0). (B.8) 
Here, F is the RG-invariant decay constant defined by 
2(pr) . pu 
FLU ( il dx i(0 | T* 45 C580) | o) (B.9) 
y 


where $9. —iXdysq and (9) = X (qq). The extra terms gay, and gany appearing in Eqs. 
(B.7), (B.8) (which are properly defined as proper vertices [42,7]) may be thought of as the 
couplings of the gluonic component of the 7’. They arise because the n’ is not a Goldstone 
boson in the U(1) channel and so the naive current algebra extensions of Eqs. (B.5), (B.6) 
are not valid. At first sight, therefore, Eqs. (B.7) and (B.8) are not predictive since gg), and 
gann are unknown. However, if we follow our proposal that OZI violations are associated 
with RG-non-invariant quantities we can make predictions. 

Taking Eq. (B.7) first, we have shown [42] that gg, is RG invariant. Since in the OZI limit 
this term is absent, we therefore expect gg), to be small, and so to a good approximation 
we predict 


4 
Fgyy, = nom (B.10) 


Since F is RG invariant, we expect it to be well approximated by its OZI value 4/6 fy. 
Experimentally (see Ref. [43]), the relation (B.10) is very well satisfied. 

In Eq. (B.8), on the other hand, ggnn is not RG invariant so we do not expect this term 
to be small. In fact, this equation is just a rewriting of the U(1) GT formula quoted in the 
text, for which our proposal is successful. 

An important test of our picture of the pattern of OZI breaking is therefore to evaluate 
the RG-invariant decay constant F from first principles and check that it is close to the OZI 
prediction of /2Nz fx. Again, we can use QCD spectral sum rules. 

We require the zero-momentum limit ®5(0) of the two-point correlation function 


DR) = [ axe**ito el coetu 10 (B.11) 


for QCD with 3 flavours and massless quarks. However, as there is a smooth behaviour of 
the two-point correlator when the common light quark mass mg goes to zero, we shall work 
(for convenience) with the RG-invariant correlation function 


Vs (k^) = 4m es(K^), (B.12) 
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Fig. B.1. As Fig. 5a for the parameter f. 


where mg is the average of the renormalised u and d quark masses. Now, in perturbation 
theory, the difference between this flavour singlet correlation function and the corresponding 
non-singlet one appears only at O(o2) from the double-triangle anomaly-type diagrams. 
Similarly for the non-perturbative condensate terms, the difference is only of O(o2) arising 
from the equivalent diagrams. Instanton-like effects appear as higher dimension operators. 
So, at the order we are working, we can simply use the expression for the isotriplet (pion) 
correlation function in QCD discussed in the literature [20]. 
The first Laplace sum rule to two loops reads [20] 


te 1 
Í dt e^ —Imu5(t) 
0 TX 


= E T — exp(—fT)(1 + teTt)] 
2 fiu 2f. . Pa Vi Bo 
3L zr [bem D (x ne) +2 2 eL] 
+ (42 (0G?) + S85? pa, (Tu) t) | (B.13) 


where L = — log x A? and [20] 


po (uu)? ~ (3.8 + 2.0) x 1074 GeV$, 
m(t) = (my + mat) > (—4 log | P (12.1 + 1.0) MeV. (B.14) 


As before, we parametrise the spectral function keeping only the lowest (n’) resonance, 
ie. 


1 
— Im¥s(t) = 25i, f75(t — m?) + “QCD continuum" 6(¢ — te), (B.15) 
IT 
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Fig. B.2. As Fig. 5a for Vs(0). 


where the unknown parameter f, which is defined by 
2mg(0 | Pe | m) = V2 fM, (B.16) 


can be estimated from the sum rule (B.13). We study the t-and t;-behaviours of f in Fig. B.1. 
The r-stability starts for te — 4 GeV?, while stability in t, appears above t; ~ 7 GeV?, a 
range which is equal to the one for the correlation function for Q(x). The value for the t- 
stability of about 0.9 GeV ^? is typical of light quark correlation functions. At the minimum, 
we obtain 


f = V Ng(5.55 = 0.08 + 0.65 + 0.35 + 0.06 + 0.03) MeV, (B.17) 


where the errors come respectively from te, A, m, (o, G?) and pa, (uu). Adding these errors 
quadratically, we deduce 


f = V Ne(5.55 £0.75) MeV. (B.18) 


With this value for f, we are now able to estimate V5(0) itself using a second Laplace 
sum rule [44,25]: 


ed 1 3N) 
W5(0) ~ f en —ImYW(t) — Amor — exp(—t,T)] 
0 t T 2x 


2 Ju 2f, ` Vi Bo 
SL [bem 5 (z ng) +22 e|] 


+ (37 (0G?) + $967 po (mu) t) ) (B.19) 
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where 7, y» are the coefficients in the anomalous dimension for the light quark mass. For 
three flavours, y, = 2 and 5» = uH. The sum rule analysis of this quantity shows a strong 
t--dependence and the r-stability only appears at unrealistic values of t, larger than 8 GeV?. 
In order to circumvent this difficulty, we work with a combination of the sum rules (B.13) 
and (B.19) which has been used successfully in the past for measuring the deviation from 
pion and kaon PCAC to a good accuracy [44]. The combined sum rule reads 


t dt 1 
Vs(0) ~ f —e "(1- tt)—Im Y(t) — seme (te exp(—t.)] 
0 t JT 2x 


2 |n 2f Ê 1 Bo 
Zr [bem = (5 nF) Iez |} 


+1 (2 (0G?) + Heros). (B.20) 


This sum rule is studied in Fig. B.2. The position of the stability is almost insensitive to the 
value of t, due to some cancellations amongst the perturbative terms. However, this feature 
also implies that the stability is obtained at values of t larger than in the previous cases, 
making the result sensitive to the errors on the four-quark condensates, which affects the 
accuracy of the result. We deduce 


W5(0) ~ Np(3.70 + 0.90 + 0.30 + 0.70 + 2.00) x 1079 GeV", (B.21) 


where the errors are due to f, A, (xG?) and pa,(uu)*. Adding these errors quadratically, 
we obtain 


V/V5(0) ~ y Ng(1.92 + 0.53) x 10? GeV?. (B.22) 


Using this value in Eq. (B.9) (with m,,), after multiplying the numerator and denominator 
by the overall 27g factor and using Dashen’s formula for mg (gr), we finally find 


F c (1.55 0.43) /2N fr, (B.23) 


to be compared with the OZI prediction of V2NĘ f; . 

This result is again in broad agreement with our expectations, although of course the 
errors are much too large to draw a definitive conclusion. Nevertheless, this confirmation 
can be taken as providing extra support for the reliability of the estimate in the text for x (0). 
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Drell-Yan process 


It corresponds to the sub-process, where the quark and anti-quark come from the two 
scattering hadrons, and annihilate into vector bosons (photon, W+, Z?) with large invariant 
mass and then produce a lepton pair. A classical example is the annihilation into photon 
and with the production of e*e7: 


dq ete, (20.1) 


shown in Fig. 20.1. Drell- Yan process offers the possibility to test perturbative QCD as the 
large scale is given by the invariant mass of the lepton pair (of the order of My z at CERN 
and Tevatron energies), while the parton densities enter quadratically in this process where 
the final state is totally inclusive. 


20.1 Kinematics 


The kinematics of the process is characterized by the parton distribution q% (x) for a quark 
of flavour f issued from the hadron h;. The total momentum squared of the subprocess is: 


Q? = (api xp, (20.2) 


and coincides with the invariant mass squared of the photon. The total energy squared of 
the hadron is: 


s=(pit py». (20.3) 


For large s, one usually neglects the hadron mass, such that one can approximately write: 


Q? ~ xxs . (20.4) 

Another useful variable is: 
XF ZX X, (20.5) 

and the rapidity y defined as: 
tanh y = T or y= TIR (20.6) 
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Fig. 20.1. Drell- Yan process. 


Alternatively, in the hadron-hadron centre of mass where the photon momentum is: 


q =(E3q\,91); (20.7) 
one has: 
1 E+ 
xr= 2/5, y- gl aly (20.8) 
=q 


20.2 Parton model 
20.2.1 Cross-section 


In order to evaluate the production cross-section, one calculates the reduced cross-section 

corresponding to the subprocess in Eq. (20.1), and write the total cross-section as a convo- 

lution. Neglecting quark and electron masses, the point-like cross-section reads, to lowest 

order: 

Azo? Q5. 
3N.Q? ` 


where Q ; is the quark charge in units of e. The full lowest order differential cross-section 


áio(d +q > e+e) = (20.9) 


reads: 


doi, _ Ana? 2 f dxi i dx» irys ss -h h 
zx: é (1 1 2 1 2 i 
dQ? 3N.Q2 2 Q, ecu tar (2) la; Cg Fa) + Fp G4; (x2)] 


(20.10) 


where: 
res ad z= —. (20.11) 
X1X2 
t quantifies the fraction of energy squared that goes into the lepton pair. If t is small, then, 
one of the x; is small and then favours the sea quark contribution. If the x; is maximal i.e. 
around 1/3 ~ 1/4, then the valence contribution will dominate. The Drell-Yan processes 
are important as they can provide a non-trivial test of the validity of the parton approach 


and of its extension in QCD through the factorization theorem. One expects that the parton 
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densities measured in lepto-production for a given hadron target should be relevant to make 
predictions on the Drell-Yan and some other DIS processes. 


20.2.2 Approximate rules 


There are typical rules for Drell- Yan processes. 


Intensity rules 


From the above-mentioned properties, one expects that, for large x;, the cross-section involv- 
ing two valence quarks for producing the e* e^ pair, is much larger than the one involving 
one valence and one sea quarks. For an isoscalar target one, e.g., expects: 
c(x* N(I =0)) 1 
>=, 
o(x NTI =0)) 4 


(20.12) 


Scaling 
In the region where the naive parton model is valid, one expects that the dimensioneless 
quantities: 
4 do do o! do 
dQ* ' dQ?dxp ' dQ?dy ' 


should scale as functions of the scaling variables t, x and y independently of Q?. 


Q Q^ (20.13) 


Angular distribution of leptons 


For large Q?, where the longitudinal structure function (Wz) is much smaller than the 
transverse (W7) one, the lepton pair angular distribution originated from an off-shell photon 
is predominantly of the form: 


do 


——— —— ^ WQ’, cy 20). 20.14 
dOicos8 r(Q^, t)(1 + cos“ 6) ( ) 


Atomic number 


The cross-section being proportional to the number of quarks or antiquarks in the target 
nucleus, each contribution adding up incoherently, one expects a linear dependence with 
the atomic number A in the Drell-Yan region. 


20.3 Higher order corrections to the cross-section 
The different processes relevant to the NLO corrections are: 
q+q>y 
qtày' ts 
g - q(orq) > y" t q(orq), (20.15) 


where y* produces the lepton pairs e* e^. They are shown in Fig. 20.2. 
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Fig. 20.2. NLO corrections to the Drell-Yan process. 


Technically, the evaluation of higher order corrections is not easy because of the interplay 
between the IR and mass singularities. The NLO corrections have been obtained in [270], 
and the NNLO corrections in [271]. The interactions with the spectator quarks induce a 
1/ Q? power corrections analogue of the higher twist term in DIS. The expression of the 
cross-section including the NLO corrections reads: 


dolo Az a? 2 l dx; fl dx As 
aieo [ S [paco ome] 


x [a] G0 7? (a2) + a! ada’? 02] . 


+ ($)ea - 2ec[a? en + 47 60] Gs. 99 + e >| , (20.16) 
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where: 


T _ Cr 3 "ER >, In(1 — z) (: maa 
4G = AEN z+ 2( u ae ad DE (1—2)|. 


2: 
$,(z) = G +a- z}]ln(1 — z) + : 5z+ 1 : (20.17) 


In the case of pp collisions, the valence quarks and antiquarks contribution dominates in 
the Drell-Yan region. In the case of pp collisions, the anti-quark comes from the sea such 
that the contribution of the anti-quark and of the gluon are comparable. 


20.4 The K factor 


Noting that the correction term proportional to (1 — z) comes from vertex corrections and 
from a radiation of zero momentum gluons, which cancels the IR singularity in the vertex, 
one can separate this term from the others and rewrite: 


Os Os 
8A = 2) + (=) WO = Krendl = 2) + (=) bee 0.18) 
IT TX 
where ©,(Z)reg is the regular part of ®,(z) and: 
Cr Ax? As 
| eS 1 *) 20.19 
ax =1t 3 ( ue ) (= (20.19) 


One can notice that the radiative corrections in the regular part of the cross-section are 
small. The most important correction comes from the zx? part of Kyertex, where it has been 
noticed [272] that part of this large correction can be resummed and exponentiates: 


2 
s C 
Keep (2) > K(Q» = exp | ca.) , (20.20) 
2 Nm 2 
while the remaining correction: 
C d $ 
1+ (+7 ie (20.21) 
2 3 Um 


is comfortably small. However, one should be aware of the fact that the resummation 
procedure is not unique. Different phenomenology of the Drell-Yan processes have been 
performed at Tevatron, which can be consulted from different contributions at various 
conferences, like the QCD-Montpellier series. 
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One 'prompt photon' inclusive production 


We shall be concerned with the process: 
hj tho; ycX. (21.1) 
This process is very similar to the one hadron inclusive process: 
ete > H+X (21.2) 


with the hadron H replaced by a photon, which we shall study in the next part of this book. 
As it has been studied in hadronic collisions rather than in e*e~ [273], further difficulties 
and complications arise in practice. However, in contrast to quarks, the photon does not 
hadronize and their energies and directions can be measured with better accuracy than 
hadron jets. To leading order, the production cross-section is O(aa;) which is relatively 
smaller than the hadron cross-section O(o2), while backgrounds due to photons initiated 
from z? and n productions, are experimentally difficult to separate. In terms of the photon 
transverse momentum pr and rapidity variable, the cross-section can be written in the form 
[273]: 


do B dat n erst 
dprdy dprdn dprdn’ 


(21.3) 


where one distinguishes between the ‘direct’ and ‘bremsstrahlung’ photon productions, 
which are known to NLO. Assuming factorization, they read: 


d dir P 
rer 2 f esr (xı, wF? ! (x2, (t pu 


i, j=q,8 


dóij ov) dir 
Kij 
E s" ay Fu Uode 2) 
do Prem ^ os (v) 
ae: p» Í dx da F) a. WEN, WS Dine up(* i 


q.8 
d as(V) 
1J brem 
T K; ps : 21.4 
x (£ SKIP O, p wn) Q14) 


221 


222 IV Deep inelastic scatterings at hadron colliders 


F" are parton densities in the initial hadrons, which depend on the factorization scale u; 
Dy, is the parton to photon fragmentation function which depends on the fragmentation 
scale us, while v is the renormalization scale. G are the point-like cross-section, while 
the K factors are higher-order QCD corrections evaluated in [274]. In principle the differ- 
ential cross-section is function of the three arbitrary variables (u, jz y, v), and the optimal 
physical results should present stabilities or extrema against their variations, which is not 
often reached. In practice, the choice uf = v or uf = v = pw is chosen, which minimizes 
the arbitrariness in the analysis. Using the NLO QCD predictions, the UA6 collaboration 
determined a, from a measurement of the cross-section difference in the pr range from 
about 4 to 8 GeV [275]: 


o(pp > yX)—o(pp > YX), (21.5) 


which is free from the poorly known sea quarks and gluons distributions, with the results: 


a,(24.3 GeV) = 0.135 + 0.006 (exp) 9.055 (th) . (21.6) 


Part V 


Hard processes in ete™ collisions 


Introduction 


In this part, we study different hard and jet processes in e* e^. These concern: 


one hadron inclusive production. 

yy scatterings and the ‘spin’ of the photon. 
QCD jets. 

heavy quarkonia inclusive decays. 

ete” — hadrons total cross-section. 

Z — hadrons inclusive decay 

T — v,+ hadrons semi-inclusive decays. 


These processes are used as classical tests of perturbative QCD, where values of the running 


QCD coupling have been extracted. A pedagogical introduction to the physics of e*e^ can 
be found in, for example, the book of [276]. More modern QCD phenomenology in e*e^ 
can be found in different reviews and in the proceedings of the QCD-Montpellier series of 
conferences and many others. 


224 


22 


One hadron inclusive production 


22.1 Process and fragmentation functions 
We shall be concerned here with the one hadron production inclusive process: 
ete > y*(s) > H4+X, (22.1) 
which is the twin in the timelike region of the leptoproduction discussed previously on the 
target H: 
y*(-s)+ H> X. (22.2) 


In the centre of mass of y*: 


q — (Vs, 0), (22.3) 


the kinematics of the process can be described by the momentum p of the hadron H and 
the fraction of beam energy z4/5/2, where 0 < z < 1: 


p = Gs/2, p). (22.4) 


By formal analogy with leptoproduction, one can introduce the structure functions 
F I2 Q?), such that the angular differential cross-section reads: 


do 3 E z E 
NE GENE T hF Z sin? OF 5(z, | 22.5 
åzacosð > a z| spe SIN OE DGS) 3 Ce») 


where in the naive parton with spin 1/2 quarks: 


Az a? 
g O a 
3s 


Alternatively, one can introduce the transverse and longitudinal structure functions: 


Fr, Q’) = 2F \(z, Q?) 


(22.6) 


Fi (z, Q’) = 2F i(z, O°) + zF, Q^), (22.7) 
with which one can express the differential cross-section: 
do .w_| =z Iz 
— = 6°72) Fr@s)+ 5 Fi, 8)| , (22.8) 
dz 2 
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Fig. 22.1. Transverse Fr = Fy and longitudinal F= F, fragmentation functions versus x at / Q = 
91 GeV. F4 is a parity-violating contribution coming from the interference between the vector and 
axial-vector contributions. 


where in the naive parton with spin 1/2 quarks: 


Fı(z,s)=0 
Frl 5) 2 39 OF [Dh CO + Di2] - (22.9) 


Dy, is the fragmentation or decay function, which is the number of density of H in the jet 
of parton p. 
The data of these functions compiled by [16] are given in Fig. 22.1. 


22.2 Inclusive density, correlations and hadron multiplicity 


As in all inclusive processes, one can define the inclusive total cross-section: 


Crt = oH, (22.10) 
H 
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as the sum of all exclusive channels production of H particles. The one particle inclusive 
cross-section density is: 

1 p°do 
Otot d3p 
for a particle of momentum p. Similarly for two particles 1 and 2, the inclusive density is 
defined as: 


P(p) = ; (22.11) 


0,0 
pi Pado 
, = — 22.12 
P(P1, p2) Fa pide ( ) 
and one can define their correlations: 
C(p1, p2) = P(P1, P2) — P(P1)e(P2) - (22.13) 
The average hadron mutiplicity for one inclusive particle are defined as: 
dp 
(ng) = f — 00»). (22.14) 
P 
and for two particles: 
d pid’ p 
(nım) = / UP E? o(pi, pa) (22.15) 
P\P2 
In the same way, one can also define the third isospin components for the hadron H: 
1 doy 
== pI —— . 22.16 
=D / py (22.16) 


22.3 Parton model and QCD description 


To the leading order approximation, one has for each parton p: 


1 
y Í dzlf Di, G) = IP 
H 


1 
M f de Dis @)=1, (22.17) 
H 0 


where the first equation reflects the non-singlet charge conservation sum rule, while the 
second is the momentum conservation in the jet of parton p. The parton model description 
of a one hadron inclusive production is shown in Fig. 22.2, where the photon produces a 
hard parton p with four momentum k and with an energy fraction y of the beam energy: 


k = (y 5/2, k) , (22.18) 


such that, independently of other partons, the produced parton fragments into hadrons. One 
expects that no hard interactions can take place between produced partons because their 
separation in rapidity is too wide at higher energies. In the limit of massless partons and 


+ 
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q 


Fig. 22.2. e*e^ — y* — H+ all in the parton model. 


negligible intrinsic transverse momentum of the fragments, one has the relation between 
the hadron and parent parton: 


p=(z/y)k. (22.19) 


The cross-section for producing a hadron H with fraction z of the beam energy is obtained 
as a convolution of the cross-section for producing a parton with energy fraction y times 
the density of a hadrons H in the parton p with the fraction z/y of the proton momentum: 


zFa zs) = E [ 2 don "0. s)DË (2/y) . (22.20) 
where: 
Fi CFT 25s): (22.21) 
In the case of the naive parton model, the cross-section reads: 
gY^! 233 Qià(1- 2). (22.22) 


One can easily see that the inclusive quark production cross-section to order o; is: 


* Cr a 1 x2 + x2 Cr a 14+ x2 
y*>4q jz x) dx; d d = (=) di... 
GUT S (s Í N E T 


1 


Qs 
-5 (=) ne ee (22.23) 


where the log-divergence of the integral at x; = 1 has been re-interpreted as a factor t = 


(1/2) In( Q? /v?). 


In the same way, the cross-section production of a gluon is: 
2 D amy 2 
Cr /Qs XG + ( XG Xq) 


ill Ls (C Js sa IEEE E ee 


EN Cr as 1+ (1 = Xg) _ Os 
ELE (=) 5 t+ = 2Cr (S) Pu Gr. (22.24) 
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where the factor 2 indicates that the gluons can be emitted either by quark or by antiquarks. 
Therefore, one can deduce: 


= 1 1 dy Os I. 
Fiad= sie | 5 [e + (2) (Puo) + fo) | 


; lz 
x [DK EN) + DEGI] (2) (neo) 5720) puar) | 


(22.25) 


where the sum over flavours is understood. As in the case of electroproduction for the struc- 
ture functions, the fragmentation functions obey similar Altarelli—Parisi evolution equations. 
To order o;;, it reads: 


à Os 
SDa t) = (=) [Pia e Da + Pea e De] 


= Dy, t= (=) LT 20, + Dj) + Pee ® D]. (22.26) 


where the only difference with electroproduction is the transposition Pj, <> P,,. In terms 
of the singlet and non-singlet fragmentation functions: 
Dys = Da, — Da, 


Ds = 3 (D, + Dy). (22.27) 
the evolution equations read: 


ə ds 
a Ds. n = (=) [P4, ® Ds + 2n Peg Q Dg] 


0 Os 
= Dele.) = (=) [Pag 8 Ds + Pee De) (22.28) 


Factorization of the perturbative (hard gluon radiation) and non-perturbative (hadroniza- 
tion) regime at a scale u ¢ in the time-like region has been proved by many authors (see, 
however, the notion of fracture functions introduced in [268]). In this case, the inclusive 
cross-section of the process can be expressed as: 


do ete > H+X) = "d c (y, 2 i) DF 2 22.29 
2: (06 et y=) ME i(y, ua We) DE (z/y, we), | Q229) 


where C; are Wilson coefficients calculable perturbatively and correspond to the cross- 
section for the creation of a hard parton i and a momentum fraction y of the beam energy; 
Dj is the fragmentation function (density of a hadron H in a parton with fraction z/y of 
the parton momentum). The coefficient functions vanish to lowest order for gluons and are 
known to higher orders. However, the previous factorization assumption may not work, and 
it can be more appropriate to introduce the notion of fracture functions. The phenomenology 
of fragmentation functions has been discussed in the literature using different Monte-Carlo 
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Fig. 22.3. Charged-particle and flavour-dependent e+e~ fragmentation functions versus x at /Q = 
91 GeV. The data are shown for the inclusive, light (u, d, s), c and b quarks, and the gluon. The 
distributions were scaled by c(flavour)= 10", where n ranges from n = 0 (gluon) and n = 4 (all 
flavours). 
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Fig. 22.4. All charged-particle e+ e~ fragmentation functions (a) for different c.m. energies ./s, versus 
x and (b) for different x versus ./s. The data are shown for the inclusive, light (u, d, s), c and b quarks, 
and the gluon. For plotting (a), the distributions were scaled by c(./s) = 10’, where i ranges from 
i = 0 (s = 12 GeV) toi = 12 (Vs = 189 GeV). 
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simulation programs (see e.g. [277 ]). Detailed analyses of the charged hadron fragmentation 
functions have been performed by different LEP groups using data samples at PETRA, PEP 
and LEP energies from c.m. energy in the range from 14 to 92 GeV. We show the data in 
Figs. 22.3 and 22.4. 

These analyses have been used for extracting œ, and some QCD power-like corrections. 
Combined ALEPH [278] and DELPHI [279] results give: 


o, (Mz») = 0.125*0006 (exp) + 0.009 (theo) , (22.30) 


where the theoretical uncertainties are mainly due to the scale variations. 
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yy collisions in e* 


€ process are known to be an important source of hadrons as the 
cross-section e* e^ — e*e~-+ hadrons increases logarithmically with the energy while the 
annihilation process et 
from two on-shell photons emitted at small angles using the so-called equivalent photon 


approximation [280]. 


€ — hadrons decreases like 1/s. The dominant contribution comes 


23.1 OPE and moment sum rules 
The subprocess: 
y +y — hadrons , (23.1) 


depicted in Fig. 23.1, where one photon is far off-shell (large Q?) and the other almost on 
shell (small k*), can be considered as a deep-inelastic scattering on a photon target with the 
kinematic variables: 


vapq, D=k-q, Q2-q, x= Q2, y= Qu, (23.2) 
and the DIS limit: 
Q, v, ð>, -kK/Q wl; (23.3) 


One can also express these variables in terms of the energy E; and scattering angle 0; of 
the hard scattered electron, the energy E of the incident electron, the scattered angle 62 of 
the target electron and the invariant hadronic mass W. In this way, one has: 


6 
Q? =4EE' sin? = 20 -R EE, (23.4) 
and: 
E' si 2 6, /2 2 
pee eae y Q (23.5) 


= E- E, cos?(01/2) ' QW 


The formalism is very similar to the case of ep scattering discussed previously where the 
gluon is now replaced by a photon. The derivation of the moment sum rules is based on the 
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Fig. 23.1. e*e^ — e*e -F hadrons process. 


OPE of the T-product of two electromagnetic currents (—q? — oo): 


iJ Lah C74) ~ > 200) i-us ro 
n=2,even 
x Ic cte q" (8q? — q"q”) 
4 05^ (HQ U 2g tg? = gh ay eat epa 
Ro » O3ii. nO 2 y — (gq nn qiga. (23.6) 
n=1,odd 
where Qu „u, and OF „u, ate set of even and odd parity, twist-2 operators (including 


photons) ee in Eqs. (15. 60), (16.3) and (16.4). The sum h runs over non-singlet, sin- 
glet, gluon and photon operators. Introducing this expression into the four-point function 
Ja J, A, Ap, one obtains: 


(01077 |, Ax (OA S C-K)]0) 


Ha sn 


E ZO Di kg (Gg Bom — kiku 8mp — koku uix + Ku, ku 83) 
(n > 2, even), 


and 


(007^ A,(k)A,(—k)|0) = us "(5k - ky lexouu ok (n > 2, odd) (23.7) 


3, p n 


Therefore, the moments of the photon structure functions read: 


1 
Mp = f dy EY, QUE) e y O (OO EN, 
0 h 
1 
MYP = Í dy y" EI Cy, Q?, k?) = Ss CEt OO Ne) ; 
h 


1 
MPs f dy y"! gr y. Q^. k aes OF") , (23.8) 


+ 
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where Cz = C; — C; and C; are Wilson coefficients and Ó are reduced operators or form 
factors. 


23.2 Unpolarized photon structure functions 


One can introduce the ‘electron’ structure function F5 similarly to the case of the proton 
structure function in ep scattering given in Eq. (15.50) (the other structure functions FT 
and F7 are defined in a similar way). In terms of which, the unpolarized cross-section reads 


[267]: 
2 2 2 
o= f E dQ J? E TES )s Q al (23.9) 
s Jo 2xs 2xs 


The *electron' structure function can be related to the conventional photon structure 
function FY using the Altarelli-Parisi evolution equation [281]: 


2: 
ro = cf t E [2 Biy 5. (3 ) Fo. QE), (23.10) 


where i = 2, L and: 


1 2: 
P,—-0-0-2»,. (23.11) 
z 


is the splitting function. Using the previous evolution equation into the expression of the 
cross-section, one can derive the x-moments of the cross-section: 


1 do a? 1 1 
| de Oe = Qu f 2" Py) 5 YTE O, Q). 23.12) 


For n = 1,3,..., the z integral is finite, to which corresponds the moment sum rules of 
the structure functions: 


1 
M? 2 Í y FY (y, Q?, k?) Z > CN OVO mas : (23.13) 
0 h 


One can notice that for n = 0 (total cross-section), the z integration is logarithmically 
divergent. More explicitly, one can express the cross-section as: 


26 26 
dog oe) ong te (23.14) 
where the photon flux factor is: 
P(E) == f BS » dE we 2 tn E oy Em uas 
= co e RÍ n n P 
2x 0 : Ve 0 k? T Enin Me 


after taking the cuts: 


=k? = E?02 -K =m, E, X Emin, Zmin = Emin/E. (23.16) 


max 2 max ° min m, = 
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Assuming that the photon structure function is crudely approximately constant, and using 
the differential cross-section: 


2 2 
PW Fey cix aut (1 t+! ) L FY (y, Q?) (23.17) 
dQ?dy Q* oD ke ae SET 
where t = Q?/ys, one can deduce for Q?/xs < 1: 
, 4 E . Eam. JE? y 
aL. n= - In = In- RIT (23.18) 


where further cuts Dmax = 5/2 and Ďmin have been taken for v = k - q. One recovers the 
result of [280] obtained using the equivalent photon approximation. 

The parton model contribution to F7 comes from the box diagram and dominates over 
the vector meson contribution. For large Q?, the parton model expression reads: 


F! (x, Q°) = (x. » oi) 8o? x P, y (x)In Q? (23.19) 


where P, y (x) is the splitting function encountered previously in the case of ep scattering but 
the gluon is now replaced by a photon. Witten [282] pointed out that QCD corrections affect 
the parton model expression in Eq. (23.19), and his result has been extended to next order 
in [283]. The moments of the photon structure functions can be expressed in a similar way 
as in the case of gluons, where there is a mixing between the quark and photon operators. 
It reads [282]: 


RR 2 Ds Q? 1 
f ^ F, (x, Q) ~a an ln ~z + õn Inn; + bn +O ng » (23.20) 


Az 


where the VDM contributions are included in the 1/ In Q? term. an, d, and b, have been 
calculated in perturbation theory by the previous authors: a,, depends on the one-loop anoma- 
lous dimension and one-loop £-function; a, depends in addition on the two-loop 6 func- 
tion. In addition to the previous dependences, b, depends also on the two-loop anomalous 
dimensions and one-loop contribution to the Wilson coefficients, and is renormalization- 
scheme dependent. Extensive phenomenology of this process exists in the literature (see for 
example [49]). 


23.3 Polarized process: the ‘spin’ of the photon 
23.3.1 Moments and cross-section 


We will be interested here in the polarized y y process, in which one can test the idea of 
the universality of the topological charge screening discussed in the previous chapter. An 
approach similar to the case of the unpolarized y y process gives the results in terms of the 
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gı Structure function as defined in Eq. (19.1): 


dk? d 
site, P= 7 [4 =f 2 TEA P. ()at (QE), — Q32D 
T Jo y 


where: 
APye = 2 25 (23.22) 


is the splitting function. The ratio of the polarized over the unpolarized cross-section is: 


A 1 An 2 i d i i i 
o = a Orrin In Qi. [ pi In max au (n :3 ; (23.23) 


oO 2a, sS 
min 


where one can approximately take a, ~ d,. The moment is given in Eq. (23.8). The Wilson 
Hd have a3 x 3 anomalous dimension matrix y/^ 
y: ” reflecting the mixing of the photon and singlet hadron operators. It explicitly reads: 


in the hadron sector and another 


M”(Q?, k>) = C?" (1, as(Q?))T exp — [ dt' y!” a(t’ OP" (, slu), æ) 


+ [etna sicot exp- i dt' y?" (o, (t^)) + CY "d.a@| 
x OF" (Kk, ou), æ) . (23.24) 


To leading order, one obtains: 
2 
M”(Q?,k) = zs In E: n > 3 odd. (23.25) 
T 


Forn = 1, there is no operator R, ;, such that the lowest twist 2 operator is the axial current 
Js. To, leading order, one can write 


MY?(Q?, k?) = V 2Tr (Q7A)OF (^, as, a) 
az 


+n;'Tr Qe |- | dt' y (e, (t))Ó02" (K^, asu), v) . (23.26) 
0 


23.3.2 The gj sum rule and the axial anomaly 


The AVV vertex and chiral Ward identities 


Let us define the vertices: 


Pap (Ds ki, Kk) (Ol Jos(p)J,0)J59(6)10) : Jgs = VyuysÀ v, 
T$ (p. ki, Ko) (0| J2(p)J,01)J506)]0). : P5 — ivysA* y , 
Dorp (ps ki, k= (O O(p) Jn (kiJp(k2)10) © Q = (0,/81) Tr G,,G"" , (2327) 
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where A^ are SU (3) matrices. The conservation of the electromagnetic currents implies: 

REO LP; kı, k2) = 0 = kT Up. ki, k2). (23.28) 
The vertices obey the anomalous chiral Ward identities. 


E — 2mI$, + —. la ps d —0 (a7 0) 


2 


ip"T?,, — 2mI9,, — 2n fT gi, + eer toni kf 0, (23.29) 


4x? 
where: la = TrQ?A^ is related to the quark charge Q in units of e. Then, for n 4:253, 


lo = 2/3, l = 1/6, and lg = 1/(6/3). The AVV vertex function has the general Lorentz 
decomposition: 


—i(0|J75Cp)Ji()J5(K2)/0) = Af epapakt + AS€papaks 
T AS eurak k kop RE Af eu pap Kt ks kia 
+ Ade, jap kt kip + Adeupapk A ky, , (23.30) 


where A*(p?, kK, k2) are invariants. In the case of the n = 1 sum rule with p = 0, kı = 
—k» = k, one can deduce away from the chiral limit m2 Æ 0: 


Of | (k?) = 4ra (A1 — AS) (0, k’, k’). (23.31) 
Rewriting: 
(A1 — A2) (0, k’, P= uf a; TQ AD) Falk, 1) , (23.32) 


one obtains for n ; = 3: 
1 
MPQ, k*) = | dy gi (y, Q, k?) 


Gee -Z IF) + Fa(k2) + 8Fo(k?, Q”), (23.33) 


where the singlet form factor Fy has a non-trivial Q? dependence due the anomalous 
dimension y. 


Non-singlet form factors 


Using the conservation of the electromagnetic current on the AVV (amputated) vertex in 
Eq. (23.28), one can derive: 


1 
AG = ASk3 — ASS (ki + kz — p’). (23.34) 


Assuming a smooth behaviour of the form factors in the limit p — Oandk; — —kz — +k, 
one obtains: 


A‘ (O, k?, I?) = K*(A$ — AZ) (0, k?, X?) OR?) , (23.35) 
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by assuming in addition that there is no 1/ X? pole in the form factors A; (i = 3, 5) (and 
i = 4, 6 if one assumes that a similar result holds for A5). Defining the form factor F4: 


mS, = FaCrpap kkh , (23.36) 
and considering the previous Ward identities, one obtains: 


[4 


a a 2 ,2 2 
(A1 — AS)(0, I^, ^) = — FO) + il ; (23.37) 
Identifying with the result in Eq. (23.32), one obtains: 
Falk?) 
F,(k*) =1— 23.38 
(k^) EO ( ) 


Expressing the PVV vertex in terms of the pion field and coupling to y y, one obtains the 
leading-order relation: 


1 
Falk?) = — faguyy0): fa =92.4MeV, (23.39) 
Sra 
which gives: 
a yey (k2 
r = 1 — Sere (23.40) 
8rayy (0) 


Using an OPE of the PVV vertex for large k?, one obtains: 


ke a a 
(al Ji (kK) Jp(—k)|0) ~ 2€span 15 Cs (Kral J5” (0)10) . (23.41) 
Therefore, one can deduce: 
16r? f2 
F(k?) =1-— ai Pis 23.42 
(2) A Cu (23.42) 


Combining this result with the one in Eq. (23.40), one can deduce that the form factor 
interpolates smoothly from 0 to 1 when k? varies from zero to infinity. We can parametrize 
this behaviour as: 


—k?2 
F,(k?) = ———.. , 23.43 
(k^) -E MP ( ) 
where: 
16x? 
M2 ~ (=) f2 20.67 GeV? , (23.44) 


is a characteristic hadronic mass scale indicative of the non-perturbative realization of the 
AVV vertex in the spontaneously broken chiral symmetry phase of QCD. It can be related to 
the quark vacuum condensate in the QCD spectral function analysis of the vertex function. 
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Singlet form factors 


The situation is much more involved here due to the presence of the U (1) anomaly [255,256]. 
Defining the form factor as: 


1 
Voip = py Pa k j (23.45) 


and using the fact that A? — A9 = O(K?), one can write: 


Fotk?, u? 
FG = 1 - 2 (23.46) 
Fo(0) 
One can introduce the OZI Nambu-Goldstone boson no associated with the singlet pseu- 
doscalar field p? defined in Eq. (23.27) and its decay constant fp, with n? = 2(o)-! ni oe. 
The latter being related to the first moment of the topological susceptibility: 


fa, = 2n py/x'(0) , (23.47) 
with: 
xp’) =i f dx e'* (OJT Q(x) Q (00) . (23.48) 
An approach similar to the case of the non-singlet current gives: 
FG, p2) 21— Enr Ed (23.49) 
8noyy (0) 


However, the situation is more complicated as 7 is not a physical state, while g,,,+,+ 
and g5,,, are not RG invariants. Therefore, we approximate the no by the 7’ and replace 
the difference of the couplings by their OZI limit g,/,*,« — g,' which is RG invariant. We 
also replace the anomaly coefficient using the relation: 


2a 
fy&yyy = 2Nex— (23.50) 
where: 
i —1/2 
fn = MES é^^orreteyetioyo (23.51) 
n 


The form factor reads [281]: 


it fmC, u’) 
fw 


x (rew- f ar yn) : SERPEN (23.52) 
0 (—k?) 


Fo(k?, u’) 


8x? 
i Nun, fw fn, O: u’) 
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The associated scale for interpolating the singlet form factor from 0 to 1 is: 


2 8€ 2 
Mo © Nn; P k ) . (23.53) 


The explanation of the proton spin proposed in the previous section requires a small value 
of fy, (0, Q? = 11 GeV?) compared to its OZI value of 4/6 fr. 


Implications for the moment sum rules 


Introducing the previous behaviour of the form factors, one can deduce from Eq. (23.33): 


1 
T dy g, Q, k =0)=0, (23.54) 
0 


and for M? « =k? «Q9 


2 
o In: 9 ’) : (23.55) 


1 
[04 
| ogo Q?, K) Ne "IU c+ 
0 T fy 


with: 


2 
1 
c= (x 2) Í y» 0$, (23.56) 
ING f 


where the deviation from the naive leading-order value comes from the effect of the U(1) 
anomaly. Related phenomenology of the U(1) anomaly but on the n(n) — yy decays is 
reviewed in [284]. 


24 
QCD jets 


24.1 Introduction 


We shall focus our discussions for jet productions in et e^. More complete discussions can, 
for example, be found in [52] and the different contributions of the LEP groups at the QCD- 
Montpellier conference series. The aim is to study final states which do not depend on the 
identification of particular hadronic channels. High-energy e* e^ experiments offer a such 
opportunuity, although many aspects of the analysis can be extended to other processes. We 
shall consider the parton process: 


ete y" naga (24.1) 
if one assumes that quarks are produced as free particles. In that case, one obtains, the 
angular distribution: 


do zo? s 
Jesi em (1 + cos0), (24.2) 


which after integration gives the parton model total-cross section: 
4ra? Q; 


3s 


c = (24.3) 


24.2 IR divergences: Bloch-Nordsieck and KLN theorems 


However, the process in Eq. (24.1) does not exist in practice as the production of quarks is 
always accompained by the emission of gluons. Formally, this feature is signalled by the 
appearance of the IR divergences when one evaluates the QCD radiative corrections given 
by diagrams in Fig. 24.1. 

The IR divergence from the vertex correction is cancelled by the one from soft gluon 
radiation, which renders the total cross-section finite: 


3C 5 
oD = 5 | E (3| (24.4) 
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Vy py 


et 


et q 


Ql 


(b) 


— y* — qq. (a) vertex corrections. (b) gluon radiation. 


Fig. 24.1. o; corrections to e™e 


which is the well-known inclusive cross-section. Therefore, only the sum of the cross- 
sections: 


ete > y* > Gq+4qgt::: (24.5) 
is expected to be finite, and this is the quantity that one measures. This cancellation of IR 
divergence is a general property already encountered in QED for soft and collinear pho- 
tons and is known as the Bloch—Nordsieck theorem [285]. It states that soft divergence is 
absent for a totally inclusive cross-section. However, new features appear in QCD at higher 
orders due to the self-gluon interactions, or if one works in a covariant gauge, due to the 
emission of soft ghosts and the appearance of ghost loops. The theorem has been general- 
ized to QCD by the Kinoshita—Lee—Nauenberg (KLN) theorem [286]. The KLN theorem 
states that in a theory with massless fields, transition rates are free of IR soft and collinear 
(mass singularities) divergences if the summation over the initial and final degenerate states 
(a massless quark accompanied by an arbitrary number of gluons cannot be distinguished 
from a single quark) are carried out. That is, for a single-quark state of mass m, we should 
add all final states that in the limit m — 0 have the same mass, including massless glu- 
ons and quarks. In order to quantify this feature, one can mimic the IR problem in QED, 
where, under certain conditions, the processes: e* e^ — Gq and ete” — @Gqg,...are in- 
distinguishable. This is realized if the gluon energy ko is below a certain detection threshold 
or if the angle formed by its three-momentum k with the quark momenta p; is smaller than 
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Fig. 24.2. Two ‘fat’ jets with possible extra soft partons (inside the sphere). 


the detector resolution [287]: 


ko, Pio € €d/s 
L(k, pi), /(p. P2) < ô , (24.6) 
where e and ó which characterizes the detection efficiency are defined in Fig. 24.2. 
The previous conditions can be generalized for more produced numbers of quarks and 
gluons. If one considers the massless quark propagator in Fig. 24.2: 
EE Es k 
i+ S 2pk 


(24.7) 


which indicates that for soft partons ko, pio — 0 or for collinear momenta py || k, the 
denominator vanishes (collinear mass singularities). The conditions in Eq. (24.6) guarantee 
that this does not happen because: 


1 
peek = 359» ; (24.8) 


which after integration over final particle momenta, corresponds for the cross-section, to 
the singularity: 
(D ~a lnelnô. (24.9) 


Osing 


This result informs us that at higher energies this contribution becomes more and more 
negligible as œ, is smaller, such that the parton model description of the cross-section will 
be much better and the events are more jet-like. However, the complete analysis is more 
complicated because we see jets of hadrons (hadronization) not quark jets. This leads to 
the introduction of fragmentation functions discussed previously. 
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Fig. 24.3. Two-jet events seen in e* e^ at PETRA (1979). 


24.3 Two-jet events 


It is instructive to compare Fig. 24.2 with the two jet events seen inside the detector 
(Fig. 24.3). 

Using the Sterman-Weinberg parametrization, one can explicitly show the different con- 
tributions from Fig. (24.2), where each individual contributions are IR divergent, which 
we regulate by attributing a mass A to the gluons. The contribution of the diagrams in 
Fig. (24.1b) for the production of a real gluon can be divided into three parts: 


* A contribution of a gq jet plus a jet due to a hard gluon inside the cone with an energy greater than 
e/s from Fig. (24.2b), which is: 


* ô 17 2 
o (hard)? — s C, (=) E (55) G -- 4In2€) - 2In? 2e + > — T 4- Oe, J S 


(24.10) 


* A contribution due to two jets from qq and the one due to a soft gluon inside the cone with an 
energy smaller than e/s, which is: 


2 


o(soft) — oC, (=) E In? (=) = = + Oc, »| (24.11) 
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* A contribution from the interference of the lowest order diagram with the vertex and self-energy 
corrections, which is: 


s: S s 7 2 
o(interf) = o L + Cr (=) |-aw (£) +31n (£) wu + A + Ofe, J . 


(24.12) 


The sum of the different contributions, where all but a fraction of the total energy is 
emitted inside these cones, are IR finite (cancellation of soft and collinear singularities) and 
reads: 


2 
dug | — Cr (=) [6 xag c Le Jl . (2413) 
T 2 3 


Therefore, the fraction of events which have all but a fraction e of their energy in some 
pairs of cones with half-angle 6 is: 


Os 


; o 7 gm? 
RQjet) = 75 =! c (=) (Scd ae) ro = z + -zy + Ole, s) , (24.14) 


where o is the inclusive total cross-section to order œs. This expression is valid if e and 
6 are not too small such that perturbation theory is valid [288]. Alternatively, one can take 
another parametrization (e.g. cylindrical jet picture). Noting that the previous inclusive total 
cross-section in Eq. (24.4) includes the two- and three-jet events, the two-jet events can be 
obtained as: 


o (2jet) = o? — o(2jet) . (24.15) 
where o ( 2jet) does not contain two-jet events. The cross-section for the process: 
ete” — y* > Gqg (24.16) 
can be obtained from Fig. (24.2). Defining: 
s— (pi pi-kY and x; =2poi/Vs, (24.17) 


one obtains: 


P Cd 2x2 
2 - (3) TIU (24.18) 


oOdxidx 2 Nx/ (010—x)(1—x)' 


with: 
Xi x21, 0<x <l. (24.19) 


Using the geometry of the gqg produced state given in Fig. 24.4, this process will not 
be considered as a two-jet event if the angle 0 between the quark momenta is smaller than 
7 — no, Where no is the resolution of the detector. Therefore, the not two-jet (three-jet) 


+ 
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Py 


Fig. 24.4. Configuration of ggg produced state. 


cross-section will be: 


f sup ao 
c(Zjet = / f dada Tay l (24.20) 


where sup corresponds to the domain: 


ara T cos ns (24.21) 


In the limit no = 0, which corresponds to a much better experimental precision, one 
obtains: 


C A 4 4 7 
c( jet) = o O x (=) L * 31n 2 4 : + z| : (24.22) 
0 0 


from which one can deduce the observed two-jet total cross-section: 


Cr (Os 4 4 m 
o(2jet) — oO J 1 - (3) hi 3 + |b, (429 
2 Nx "o nó 3 


which depends on the resolution no. This result differs from that of Sterman-Weinberg, 
which shows the dependence of the cross-section on the parametrization of the two-jet 
event. 


24.4 Three-jet events 


Experimentally, three-jet events have been observed in e*e^ experiments. We show these 
events in Fig. 24.5. 

Itis interpreted in QCD as coming from quark-anti-quark plus a gluon emitted from one 
of the quark. 
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Fig. 24.5. Three-jet events seen at LEP. 


The three-jet cross-section has been already evaluated in Eq. (24.20). For studying these 
events, it is convenient to introduce the kinematic variables: 


xi 22pog/4 5, — x?—2po/As, — x3 = 2ko//s 22—xi— x4. (24.24) 


24.4.1 Thrust as a jet observable 


Different observables have been proposed in the literature for a qualitative description of 
final state topology. They are, for example, useful to define the axis or the plane of the 
event and therefore longitudinal and transverse momentum distributions. These variables 
should be linear in energy and/or momentum in order to meet the necessary condition of 
cancellation of IR divergence. Thrust and spherocity are two alternative IR safe quantities 
for a parametrization over the continuous range from the topology of a sphere to that of an 
ideal collinear two-jet event. Spherocity is defined as [290]: 


(5 min (itp ’ 


+ 
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where pi, is the transverse momentum with respect to the minimum direction (spherocity 
axis). It has the extremal values: 


0<S5<1 iplo sphere (24.26) 
0: line 
The thrust variable is defined as [289]: 
NV 
T = 2max = IP (24.27) 
NA 


where the sum runs over all particles in a hemisphere; pij are the components of particle 
momenta along the jet axis contained in the hemisphere. The plane of the hemisphere is 
chosen to be perpendicular to the jet axis. The latter is found by requiring T to be maximal. 
This can be obtained by choosing an arbitrary jet axis characterized by the polar angles 
(0, $), and evaluates 7 (0, $) as a function of these angles. In terms of partonic variables: 


T = max íxi, x2, x3} , (24.28) 
and, in general, it has the boundaries: 
1/2<T<1. (24.29) 


Integrating the cross-section in Eq. (24.18) at fixed T', one finds the differential cross- 
section: 


do Cra 4 DTE 
EET EU -E T l T? —8T +4 
( ) TT c + (=) 6 Ot B +3(3 8T +4) |, 


(24.30) 
The average value is [291]: 
Cr (Gs 3 1 ! dT, fT 1 
jq ) In3 qc 
( ag A l g” ig i (2) 
ds 
~ 1.05 (=) (24.31) 
T 
Another alternative definition of thrust, mostly used at LEP, is: 
max ipi: n 
pu ipn (24.32) 


po Ipil ' 
where p is the momenta of particles produced, while n is a unit vector. The thrust axis ny 
is the direction at which the maximum is attained. 


24.4.2 Other event-shape variables 


Below we shall list some other event-shape parameters useful in the jet analysis. They are 
IR safe quantities, i.e. free from IR divergences, which are insensitive to the emission of 
soft or collinear partons at the logarithmic level. 
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* Heavy (resp. light) jet mass A plane through the origin and orthogonal to the thrust axis nr 
divides the event into two hemispheres H, and H3, from which one obtains the corresponding 
normalized hemisphere invariant masses: 


2 
1 
M;i = - s | —]1,2, 24.33 
: (xo) i (24.33) 


where s = Ej, is the square of the total visible energy of the events. The heavier (resp. lighter) of 
the two hemispheres is called heavy (resp. light) jet mass M, (resp. M). 
* The jet broadening corresponding to the definition in Eq. (24.32), is defined as: 


B; = (Zr x mri) y (ix) (24.34) 
ieHy i 


The total jet broadening is defined as: 


Br = Bp + B. (24.35) 


The wide jet broadening is defined as: 

Bw = max(B,, B2). (24.36) 
* The C parameter is defined as: 
C = 3(41À5 + A323 + A324) , (24.37) 


where A; is the eigenvalue of the quantity: 


(Y: (ret) / Yw (24.38) 


i 


24.4.3 Event-shape distributions 


One can generally study any particle distributions in terms of the shape parameters: 


DIIP 
m=} POREN pes pre) . (24.39) 


k,k' 


where s is the square of the e*e^ c.m. energy and P; is the Legendre polynomials of the 
angle $;, between two final momenta; p(k) is the final momenta of the particle k. In the 
massless limit, the energy-momentum conservation requires: 


Ho=1 and H =0, (24.40) 
while collinear jets give: 


Hı=1 (leven) 
=0 (lodd). (24.41) 


te` collisions 
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In general: 
0 x Hi < Ho. (24.42) 


For a continuous distribution of momenta, H; corresponds to the multiple momenta: 


^ = TENE AIR. (24.43) 
where: 
Ap = fom Y"(Q)dQ.. (24.44) 
Q is the solid angle and: 
p(Q) ~ Pp! , (24.45) 


Js 


24.4.4 Energy-energy correlation 


If w is an angle between 0 and x, the energy-energy correlation is defined as [293]: 


1 dX 2 N 
= XO EE. (24.46) 


(0) i 
a dcoso — NsAo sino i pairs in Aw 


where A labels the events. In each event, E4, and E4, are the energies of two particles 
separated by an angle œ + 3^0. For small resolution Ac, one can impose the conditions: 


oO 5^0 5 ban xoc sae 

5(@ — 045) Aw = ó(cos w — cos Ogp) ^o Sin w . (24.47) 
In terms of the partonic variables, one has: 

COS bab = Ge — ux — xE) tame cza,b 


E,Ep = nas (24.48) 


where a, b, c vary from 1 to 3 and x3 = 2 — x; — x2, Substituting into the jet cross-section 
in Eq. (24.18), one can deduce: 


l 4 2 + x5 
wOdeosw. ^ (2) f x fen tte ES TREND ) xaxpô (cos o — COS 055) . 


a<b 


(24.49) 


After integration, one obtains: 


1 dX Sua (3 — 2z) 


= 2(3 — 6z + 2z”)In(1 — 3z(2 — 3z)], (24.50 
o O dcosw 8 sao zc 27) In¢ z+ z( z)] ( ) 
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where: 
z —(1—c0oso)/2. (24.51) 


The next order correction to this expression has been evaluated in [294]. 


24.4.5 Jade and Durham algorithms 


* Jade algorithm Another popular jet definition is the so-called Jade algorithm [295]. For the three 
jet, one uses the invariant mass cut y: 


sj = (Pi + pj) > Yous — (5j212,3), (24.52) 


where s is the squared of the sum of the measured energies of all particles of an event. In this 
original Jade algorithm, one can define: 


Sij = 2E; E;(1 — cos 6j;) , (24.53) 
or the jet rates: 
Yeut = Sij /S , (24.54) 


where E; and E; are the energies of the particles and 6;; is the angle between them. 


Durham algorithm In its variant (Durham and Cambridge algorithms [296]), one defines instead: 
5; —2min(E?, E})(1—cos6;;) or Yeut si/s. (24.55) 


These two definitions are the most used at LEP due to their less sensitivity to hadronization and 
mass effects. 


Jet resolution parameter y, They are defined as the particular values of yout at which events switch 
from n — 1 to n-jet configuration. 


The QCD expression of the fraction of the three-jet cross-section is of the form: 


oQj Cremas» y 
R= a5 E (z £30 - 29m [7 


iced hel ed = (24.56) 
L—6y-- i | —— } - — . 
Qu Tg RRN TE 


where: 


zd 
Liz(z) = — f Lae (24.57) 
0 ]—x 


is the dilogarithm function with the properties given in Appendix F. The limit y — O reflects 
the IR singularities. The fraction of the two-jet event is: 


Rm pm (24.58) 


This result can be generalized for n-jet configuration provided that the constraint s;; > ys 
is satisfied for all i, j = 1,...,n.Inthiscase, the pair i, j of particles or cluster of particles 
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satisfying the previous cut condition is replaced or recombined into a single jet or a cluster 
k with four-momentum p, = p; + pj. This procedure is repeated until all pair y;; are larger 
than the jet resolution parameter cut y,,;, and the remaining clusters of particles are called 
jets. One has: 


ES n—2 j 
a (n) a 
R, =| Cj; ej = i 24.59 
(S ) 2. iQ) (S ) ( ) 
with: 


R, =1. (24.60) 


and à,(s) corresponds to the summation of the higher-order term o, (v2) Ink (s/ v2). For 
large y, the jet fractions R, with n > 3 are small, while for y — 0, the IR-divergence 
reappears making the QCD series unreliable. Other jet algorithms in order to improve the 
QCD predictions at low values of y have been proposed in the literature (see e.g. [297 ]). 


24.5 QCD tests from jet analysis 


* As we have mentioned previously, one observes jet of hadrons but not jets of quarks or/and gluons. 
Therefore, one has to take into account the hadronization which is quantified into the fragmentation 
functions. This effect is modelled through Monte-Carlo analysis and introduces theoretical uncer- 
tainties not under control. Jet analyses, like the deep inelastic processes discussed in the previous 
chapters, have been used to measure the value of the QCD coupling constant where complete results 
for different energies (91.2, 133, 161, 172, 183, 189 GeV) from LEP studies will be shown in the 
next chapter. At the Zo mass, the average results from LEP and SLC are [139]: 


0,(91.2 GeV) = 0.121 + 0.001 (exp) + 0.006 (th) . (24.61) 
Recent ALEPH result from four-jets [298] at NLO (order o2) leads to: 
a;(91.2 GeV) = 0.1170 + 0.0001 (stat) + 0.0013 (syst) , (24.62) 


where the analysis of the error needs to be reconsidered to being convincing. 

* Three-jet events are also used to test the gluon spin, where for a spin zero gluon, the term x? + x2 
of the cross-section in Eq. (24.18) should be replaced by x2/4. The measured distributions agree 
well with a spin-1 gluon and excludes the spin-0 one. 

* One can also notice that the jet event-shape variables are functions of the colour group factors: 


Tr=1/2,  Cr=(N?-1)/2N), Ce Ne (24.63) 


which originate from the SU(N). algebra given in Appendix B at the different vertices. Combined 
fit of these quantities favour the SU(3) group for QCD (see different contributions at the QCD- 
Montpellier conference). In Fig. 24.6, one compares the scaling violation rates in the hadron spectra 
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Fig. 24.6. Scaling violation rates in inclusive hadron distributions from 
quarks and gluon jets. 


from gluon and quark jets as a function of the hardness scale x which caracterizes a given jet [299]. 
At large xg ~ 1, one expects that the log-derivatives between the quark and gluon jet is close 
to C4/Cr, which is 9/4 for a SU(3). QCD group. As shown in the figure, experimentally, one 
obtains: 


C 
= = 2.23 £0.09 ta E 0.06.4 . (24.64) 


F 

In the same way, one expects that hadron multiplicity increases with the hardness of the jets 
proportional to the multiplicity of secondary gluons and sea quarks. This is shown in Fig. 24.7. The 
ratio of the slopes in the gluons and quarks jets are proportional to C4/C,, which is again verified 
experimentally: 


C 
ze = 2.246 Æ 0.06244, E 0.08,,, E 0.095, . (24.65) 
F 


24.6 Jets from heavy quarkonia decays 


Quarkonia decays can also produce gluon jets: 


] > 3g 
— 2gy 
07* — 2g 


> gy (24.66) 


+ 
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Fig. 24.7. Charged hadron multiplicity in gluons and quark jets. 


via OZI violating processes. To leading order, the differential decay rate for 177 — 3g, 
can be written as: 


1 ds, 1 1- x 2 * 
ro dx dx = m2 —9 ( ) + Gi e xj) i,j =1,2,3, (24.67) 
3g 


where x; = 2k? / My, ki is the gluon momenta and My is the vector meson mass. p? is the 
lowest order decay rate: 


16003 |55, (0)? 


ro = 
38 81 Mi 


, (24.68) 


where |?$;(0)| is the wave function at the origin. In terms of the thrust variable, one has 
[291]: 


(5T? — 12T + 8)In 


| d — 3 [ae 21 T5 
p 


r® dT ~ m? — 9 | TR- TP 


_ BE 2 
IGT —2)—7) | (24.69) 


POT 
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and the average: 


3 3 4r? : 
(T)sg = ao AG feme; = 5 + +20 f dx 


: s | = 0.889. (24.70) 


2+x 


24.7 Jets from ep, pp and pp collisions 


QCD jets may also be produced in ep or hadronic reactions and from heavy quarkonia 
decays. In ep scattering, and to leading order in o;, two identified jets in addition to the 
beam jet from the remnants of the incoming proton, arise from photon gluon fusion and 
from QCD Compton processes. This process has been also used for determining the QCD 
coupling a,, where the theoretical uncertainties come from the scale variations and structure 
functions, while the systematic ones come from the uses of jet algorithms and hadronization 
models. The result from HERA is [300] 


o (Mzo) = 0.118 + 0.002 (stat) + 0.008 (syst) + 0.007 (th) . (24.71) 


Jets from hadronic collisions followed the previous strategies used in e* e^. However, 
one has to separate (jet finders) the jets from the proton remnants from the ones from 
reconstructed jets, which is different from the case of e*e^ where all particles are assigned 
to be jets. At present, one follows the jet definitions used in [301], where jets are defined 
by concentrations of transverse energy Er = |E sin 0| in cones of radius: 


R-—wX(An-F(GOy, (24.72) 


where 7 = — Intan(@/2) is the pseusdorapidity, $ is the azimuthal and 0 the polar angles 
of a particle in the calorimeter of the detector, measured with respect of the point of beam 
crossing. Jets study have been used by the CDF collaboration for determining œs, as a 
function of Er and for a radius R = 0.7, with the result [302]: 


as(Mzo) = 0.1178 + 0.0001 (stat) *0.095 (syst) +9007 (th) + 0.006 (pdf), (24.73) 


where the theoretical error is due to the scale dependence. 

Analogously, heavy quark production has been also studied at Tevatron hadron colliders, 
where there is a good agreement with QCD predictions for the top production, while the total 
rate and Er distribution of b quarks produced by CDF exceeds the QCD predictions up to 
the largest values of Er by a factor of 3—4. According to [303], this rare discrepancy between 
the data and QCD predictions can be attributed to the inconsistency of the input B meson 
fragmentation functions used in previous analysis (mismatch between the perturbative and 
non-perturbative contributions). This result can be tested in some other processes. 


25 


Total inclusive hadron productions 


25.1 Heavy quarkonia OZI-violating decays 


In the previous chapter, we have studied the QCD jets from the OZI-violating decays of 
quarkonia, which occurs through the diagrams in Fig. 25.1. 

OZIor Zweig rule [9,254] states that the decays of an heavy resonance involving discon- 
nected diagrams such as in the previous figure are suppressed. In QCD, the rate behaves as 
a? for a spin one and to order o? for a spin zero resonance. In the case of the bb states: 


Y — hadrons ~ Mya?(My) 
np — hadrons ~ M,,02(M,,) . (25.1) 


Hb ^s 


The rule works better for heavier and heavier resonances, which can be understood from 
a 1/N, argument [304]. Phenomenologically, a decay of a OQ resonance into a QQ pair 
should involve a pair of open Q states Qq and d Q. As the open Q states are too heavy, there 
is not enough phase space for the ØQ resonance to decay into them. An explanation of the 
smallness of this width was one of the successes of QCD [305]. In QCD, the evaluation of 
the width consists of replacing the sum over hadron states by the gluons. Let's consider the 
17 9 $4) quarkonia states described by the hadronic current: 


Jp) = Oy" Q. (25.2) 
To lowest order of QCD, one has: 
17 — hadrons ~ 1^ — 3g. (25.3) 


In this way, the onium decay is very similar to the one of positronium up to an overall 
colour factor: 
64Gr? — Do KAO 


r(V — hadrons) ~ 9 V M2 
V 


o; (MP). (25.4) 


where |*W,(0)|? is the square of the onium wave function at the origin, and is proportional 
to the matrix element: 


(VIQy" QJO) , (25.5) 
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Fig. 25.1. Hadronic decays of an heavy quarkonium. 


while: 
1 

Cy = —— 9 dł, = 5/18 25.6 
v= qeu; adie = 5/ (25.6) 

is the colour factor. The wave function can be also related to the V — e*e^ width as: 

167 Qa? 
IQ sete L PHO. (25.7) 
My 


where Qg is the heavy quark charge in units of e. Therefore, one obtains the branching 

ratio: 

R.- I(V — hadrons) _ 10x? — 9) a3 (M?) 
= T(V > ete) 8L Qpa? 


(25.8) 


Including the next-to-leading order (NLO) corrections, one obtains in the MS scheme: 


NVA = T(V > ee ug L 4 4C (=) in [306] 


T(V — hadrons) = T(V — hadrons), o L — (3.8 4: 0.5) (=)] in [307], (25.9) 
and therefore (for n ¢ = 4): 


| 106? — 9) o; (Mi) 
| 8m Qa 


Ry 


L (9.1 + 0.5) (=>) ; (25.10) 
T 

which is a huge coefficient correction, and requires an evaluation of the non-trivial next-to- 

next-leading order (NNLO) contribution. The situation is much better for the ratio [308]: 


_ T(V > ý + hadrons) _ 3605 a 
" T(V > hadrons) 5 a (Mi 


jli +e2= 0.6) (=) / Q541) 


ae 
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where a large cancellation occurs because the leading-order amplitudes for V — 3g and 
V — ggy are of the same nature. The decays of a pseudoscalar 07(! Sọ) state in the 
MS scheme and, at the subtraction point v = Mp, are [309]: 


_ 487 4211 2 =) as 
rE yy) = az O) | (s =} cr(=) 


T(P — hadrons) 2 a? (Mz) Os 8 
Rp= = i 1 17.13 — = 25.12 
r=- iey 905 wd | (5) m PR 


and also have huge o; corrections. In the BLM scheme [173], where the vacuum polarization 
corrections are absorbed into the definition of the QCD coupling (see previous chapter on 
the renormalizations), one can decrease the strength of the coefficient: 


RBLM ~ .2 oM) 
à 904, o 


but the scale at which the coupling is evaluated becomes too low M* ~ 0.26M p. Another 
unclear situation is the possible effect of the analytical continuation from Euclidean (QCD 
result) to the time-like (the process) regions (see e.g. [310] for related discussions). These 
processes have been used to estimate the value of a, from J/ V and Y decays [311], after 
the inclusions of relativistic and finite mass corrections, and an estimate of higher-order 
corrections. The analysis gives: 


L + 2.46 (=) ar (25.13) 


e, (Mz») = 0.113*0007 | (25.14) 


which is comparable with other results, although most probably, the error has been under- 
estimated. The result needs to be confirmed by the inclusion of the NNLO terms. 


25.2 Alternative extractions of a, from heavy quarkonia 


Alternative to these non-relativistic approaches, are the QCD spectral sum rule (QSSR) 
analysis which will be discussed in the following chapters. They have also been used to 
extract the QCD coupling o; from the leptonic widths [312,155] after the resummation of 
Coulombic corrections. However, the result should be affected by the value of the quark 
mass and of the non-perturbative terms which are strongly correlated in the sum rule analysis 
[3.148,149,313]. The result quoted in [139] is: 


as(Mzo) = 0.118 + 0.006 . (25.15) 


Using also QSSR, a, has been extracted from the meson mass-splitting to order a, [313], 
with the NLO result: 


2 
M?,, 


2 
M2, 


c 1-- os (o) AP (exact) = 0.01475 055] + O(o2) , (25.16) 
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where o ^! ~ 1.3 GeV is the sum rule scale. Using the experimental value Mi, ~ 3526.1 


GeV, one can deduce: 


æs(1.3 GeV) = 0.64703 — o, (Mz») = 0.127 + 0.009 , (25.17) 


in fair agreement with the different predictions given in the next section, although not 
included in the ‘world summary table’ (Table VI.1). For a comparison, one can also use 
non-perturbative lattice calculations of the Y mass splittings. The resulting value of o, (M zo) 
ranges from 0.105 + 0.004 (quenched approximation [314]) to 0.1174 + 0.0024 [315] and 
0.1118 + 0.0017 [316] for two dynamic quarks, indicating that systematic errors are not 
under good control. A more conservative lattice result has been adopted to be: 


o, (Mzo) = 0.115 + 0.006 , (25.18) 


as quoted in the *world summary table' (Table VI.1), given in Part VI [139]. 


25.3 e+e — hadrons total cross-section 


The inclusive e*e^ — hadrons production is the simplest though fundamental deep inelastic 
process. The data until LEP energies are shown in Figs. 25.2 and 25.3. 

In the one photon approximation (below the Z° mass), the hadronic production occurs 
through the process shown in Fig. 25.4, in which the gq pairs interact through QCD forces, 
and then exchange and emit gluons in different ways. 

However, we do not yet have a good understanding on the way quarks and gluons 
hadronize. At short distance x ~ 1/4/ft, one can use perturbative QCD for predicting the 
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Fig. 25.2. e*e^ — hadrons data at lower energies. 
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Fig. 25.3. e* e^ — hadrons data at LEP energies. 


Hadrons 


Fig. 25.4. e* e^ — hadrons inclusive process. 


total inclusive productions: 
c(e*e- — hadrons) = o(ete” > Gq+4qg+4qgegt+:::), (25.19) 


as the details of the final hadronization is irrelevant for the inclusive sum, because the 
probability to hadronize is one owing to the confinement assumption. Technically, one can 
consider the two-point function of the electromagnetic hadronic current: 


O(g’) = if tem (0/TJ^(x)J"(0)0) = —(g""g? — q"q')TIas(q2), (25.20) 
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where: 
2 l1. 1 
JX) = 3 4G)yíu(Qx) = 34C0YudQ) = 33 00yusQ0) ees (25.21) 


is the electromagnetic current associated to the quarks u, d, s.... Thanks to its analytic- 
ity property, IT. (q?) obeys the well-known Küllen-Lehmann dispersion relation (Hilbert 
representation): 


" 2 dt 1 
Tem(q7) = ge Ime s (25.22) 
1 t—-qt*—ie m 
where -- - represents subtraction terms, which are, in general, polynomial in q?; tz is the 
hadronic threshold. Its imaginary (absorptive) part is related to the total cross-section: 


co(e*e^ — hadrons) = 


2 1 

a 5 2 

a € = Mel ). (25.23) 
q 


where: 


1 
~30(q)q° —ImTTem(q*) = 3 0145,10) (0147 em Qx 39 (q — pr). (25.24) 
r 


Normalized to the e*e^ — u*u” total cross-section: 


Ana? 


2 , 


25.25 
3q ( ) 


olete > u*u)2— 


it reads: 


c(e*e- — hadrons) . 
Ra = = 12z ImMem(t + ie). (25.26) 
o(ete- > pty) 


It is also convenient, in the perturbative calculation, to relate this quantity to the Adler 
D-function [317] defined as: 


d 
D(Q’) = -2° Gop Mem") (25.27) 
In this way, one obtains: 
E 1 tie dQ? T 
R(t) — DES L. P9 ), (25.28) 


where it is necessary to transform the result into the physical region by taking into account 
the effects due to the analytic continuation of the terms of the type: 


In"(—q?/v?) > (In(—q?/v?) + ix)" . (25.29) 


Away from thresholds, one can neglect quark mass corrections, and obtain the perturbative 
series in o, in the MS scheme. To order aj, one has: 


ny 2 
Ree- =3 (Y 2 [1 + Foas(t) + Fa; (0) + Fa; (0)] + Fa; (0) (x o) . (25.30) 
1 i 


+ 


262 V Hard processes in e* e~ collisions 


where: 


F;—1 in [318,319] 

F; = 1.9857 — 0.11537 , in [317,320] 

F4 = —6.6368 — 1.20017 ¢ — 0.00517. in [321] 

F; = —1.2395 in [321] , (25.31) 


where, for, for example, five flavours: 
11 
Rae- = ES [1 + a,(t) + 1.411a?(r) — 12.802? (t) + O(aj)] . (25.32) 


The perturbative uncertainties are of the order a? and includes ambiguities related to the 
choice of renormalization scale and scheme, which leads to slightly different predictions 
for the truncated series. Because of the above functional forms of Re+e-, relative errors in 
R.+,-- lead to an absolute error in a, of the same size: 


A Rete- 


^ Aas, 25.33 
Re 5 ror 


such that precise measurement of Re+e- still leads to large errors in o;. Re-analysis of 
PETRA and TRISTAN data in the c.m. energy range from 20 to 65 GeV, gives at NNLO 
[322]: 


«(42.4 GeV) = 0.175 + 0.028 =  a,(Mz,) —0.126 40.022. (25.34) 


25.4 Z — hadrons 


On top of the Z°, LEP experiments have produced a large statistical data sample that allow 
a precise measurement of a,. The hadronic Z° width can be parametrized in a similar 
way: 


T(Z° — hadrons) E mî, 
Rz = —23R"|1 F,a'(M — , (25. 
PTUINZSG muy T FO Pea MO M2 eon) 


n>1 


where: 


(v? +a) 
(ve az) 
contains the underlying Z — » ^; Gig; decay amplitude, v, is the weak coupling of fermion 
to Zo; dew is the weak correction. The QCD correction coefficients F, are slightly different 


from F, due to the presence of both vector and axial-vector coupling. Combined LEP results 
lead to [68]: 


RY = (1 + bew) (25.36) 


Rz = 20.768 + 0.024 , (25.37) 
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which gives: 


o, (Mzo) = 0.124 + 0.004 (exp) + 0.002 (Mu, M) +8903 (QCD), — (25.38) 


where the second errors are from those from M; and from My ranging from 100 to 1000 
GeV. The last errors come from the scheme and scale dependences at NNLO. 


25.5 Inclusive semi-hadronic t decays 


The QCD evaluation of the inclusive semi-hadronic process: 
T — Y, + hadrons (25.39) 


is diagramatically similar to the e* e^ — hadrons process. One puts all possible gluon and 
dq corrections to the QCD diagram in Fig. 25.5 and computes the sum of all partonic 
subprocesses. As in e*e' , one considers the two-point correlator: 


n^ (q2) =i Jj d*xe'^* (Q/T Jl (x) Jz" (0)|0) 
— —(g"g? — qa" q) + g^ "nt (q?) , (25.40) 
associated with the charged current: 


Jr = uy" (1 — ysY(d cos ðc + s sin 6c) , (25.41) 


Hadrons 


Fig. 25.5. t — v, + hadrons inclusive process. 
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Fig. 25.6. Sum of the vector and axial-vector spectral functions from tau-decay. 


where u, d and s are quark fields and 0c is the Cabibbo angle. In terms of which, one can 
express the inclusive semi-hadronic branching ratio: 


_ P(t — v + hadrons) 


R,= 
T(t > veve) 
M2 2 
td 2 
— 12x a ( B iz) (( T ij Im I1? + Im nyt. (25.42) 
0 T T T 
where [16]: 


M, = (1777.001039) MeV . (25.43) 
We have seen, in Part I of this book, that, in the naive parton model, one expects: 
R-N,. (25.44) 


We show in Fig. 25.6 the V + A spectral function measured by ALEPH. 

In Fig. 14.5, we show its isovector component and a comparison with the ete~ data, and 
in Fig. 25.7, we show the difference between the vector and axial-vector spectral function. 

The experimental data either from the c-lifetime: 


r- Y re 
[277 


R= i (25.45) 


T 
DT. 
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or/and from the r-leptonic branching ratios: 


pe oL Be Bu 


= 25.4 
: B, (25.46) 


have the present average [323]: 


R, = 3.649 + 0.014 . (25.47) 


This experimental value is indeed a good evidence for the existence of colour but it is 
20% higher than the quark-parton model estimate, such that one (a priori) can expect that 
QCD perturbative and/or non-perturbative corrections can resolve this discrepancy. From 
the expression of the width, it is clear that R, in Eq. (25.45) cannot be calculated directly 
from QCD for s < A?. However, exploiting the analyticity of the correlators MY) and the 
Cauchy theorem, one can express R, as a contour integral in the complex s-plane running 
counter-clockwise around the circle of radius |s| = M? shown in Fig. 25.8: 


. ds s x^ 2s a) (0) 
R, = ix - M2 (1 ES iz) it + a) Ies) + IH . (25.48) 


T 


One should notice the existence of the double zero at s = M2, which suppresses the un- 
certainties near the time-like axis. As |s| = M2 > A?, one can use the standard operator 
product expansion (OPE) à la SVZ [1] (as will be discussed in the following chapters) for 
the estimate of the correlators. In this way, one can express the QCD expression of the decay 
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Fig. 25.8. Integration contour in the complex s-plane used to get Eq. (25.48). 


width as [324] (hereafter referred to as BNP [325]): 


Ry = 3(|Vual? + Vas) Sew{1 + dew +8° + dye}, (25.49) 
where: 
|Vua| = 0.9753 + 0.0006, and |V„s| = 0.221 + 0.003 , (25.50) 
are the CKM mixing angles, while the Cabibbo angle is defined as: 
sin? 0c = ar f (25.51) 
Vaal” + |Vusl 


Sew = 1.0194 and ógy = 0.0010 are LO and NLO electroweak corrections [326,327]. 
Based on the SVZ-Operator Product Expansion [1],! these non-perturbative corrections 
have been estimated to be small by BNP [325]: 


ônp c —(0.7 + 0.4)96 (25.52) 
A direct measurement of these effects from t decay gives [33,328]: 
Sup = 2 (cos? 6,547 + sin? 6,5.)  —(0.5 + 0.7% , (25.53) 
D>4 


and from the most recent analysis from et e~ data [329] (reprinted article):? 


8NP ~ —(2.8 + 0.6107 , (25.54) 


1 Here and in the rest of this section, we anticipate the discussions of the SVZ expansion and of the QCD condensates in Part VII, 
which the reader may consult for understanding the origin of the non-perturbative corrections. 

2 This result has been obtained by combining the fitted value of non-perturbative corrections in the vector channel with the 
theoretical estimate which relates the vector and axial-vector terms. 
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confirm the previous estimate of BNP. The smallness of these non-perturbative effects 
are related to the fact that within the SVZ expansion the numerical leading contribution 
behaves as (A/M,)°, while the radiative corrections are relatively large at the t mass. 
These properties indeed show that t decay is a good laboratory ( or a lucky process as 
stated by Gabriele Veneziano) for extracting o,. The perturbative QCD correction 6 gives 
the dominant contribution, and can then be used to determine a, at the t-mass scale. 
It reads: 


DE 2. (Kn + 8n) az , 


n=1 


19 
= dr + (x M j^) a2 


19 265 — 24x? 


19 
K K 2 ka 4 25. 
«( IET, 2Bi z4 + 288 pi) a + Olat), (25.55) 
where, here: 
a;(M;) 
a, = (25.56) 
T 


K, are the coefficients appearing in the D-function given in Eq. (25.31), which, for n = 3 
flavours read: 


Ki2F,-21, Ky =F = 1.63982,  K42F,—6371001, (25.57) 


while g, are induced by the contour integral and depend on K,,<, and on Bm<n. For n = 3 
flavours, one has: 


g2 = 3.5626, g3 = 19.9949 , (25.58) 
and 
SON p = a, + 5.2023a? + 26.366a? + O(a’) , (25.59) 
while a bold-guess of 
K4 7 K3(K3/K») © 25, (25.60) 


confirmed by the estimate [178] (K4 ~ 27.5) based on PMS [176] and ECH [177] renor- 
malization invariant schemes, from the large 6 limit of QCD [330,331,154] (K4 ~ 24.8) 
and from an experimental measurement [332] (K4 ~ 29 + 5) gives [323]: 


gs ^ 78, (25.61) 


which indicates that g, are larger than the corresponding K, coefficients, and implies a 
sizeable renormalization scale dependence [333,334]. As observed in [333], these large 
corrections come from the running along the circle s = M2 expli) (0 < $ < 27), which 


ae 
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leads to the imaginary logarithm log(—5/ M2) = i($ — n), which are large in some parts 
of the integration range, and leads to the small convergence radius a, < 0.11. Using this 
remark, [333,335] deduce that the series is more convergent if one expands it in terms of 
the contour coupling AU: 


Aus f cha ie ela tee "(s) (25.62) 
ar) = —— a (s), ; 
2iz |s|=M2 M M2 M$ M8 * 
such that: 
80 = X` K,A™(a,), (25.63) 
n>1 


where the QCD series is more convergent and the renormalization scale dependence is very 
small [336]. The error in the truncation of the perturbative series can be estimated from the 
last known term of the series [337]. In this way, one can deduce the conservative estimate 
[323,338]: 


emme ~ (25 + 50)a* (25.64) 


where the factor 2 has been included in the estimate of the error. In this way, the estimate 
of the error is about the effect of K4 AO), which appears to be conservative enough, and 
is, therefore, realistic. This result agrees with the one (though slightly larger) from the 
renormalons effect within an optimized PMS renormalization scheme, which has been 
estimated to be [339] (see also [340]): 


a" ~ 0.01, (25.65) 


for a typical value of a;(M,) = 0.33. It also agrees with the fit from the e+e~ data of the 
1/ M2 contribution [329,341]: 


8/M. ~ 0.01 , (25.66) 


confirmed later on from other channels [161] (hereafter referred to as CNZ). The existence 
of the small D = 2 dimension term beyond the usual OPE expansion may be justified from 
the short distance linear term of the QCD potential and from monopole studies [162] as 
we shall see in the following chapters. The fit from ete~ data does not allow the existence 
of an eventual huge contribution from the quark constituent mass advocated sometimes in 
the literature, due to the small value of the contribution obtained from the fit as well as 
to the opposite sign compared with the expected contribution from the known coefficient 
of the quark mass. Indeed, the result of the fit would correspond to a tachyonic mass naturally 
interpreted as the one of tachyonic gluon by [161]. These results indicate that those obtained 
from a naive resummation of the QCD series [331,154], [342—344] may be an overestimate 
of the true error. 


25 Total inclusive hadron productions 269 


Table 25.1. Values of a; from R;. 


Pert. Theory ALEPH OPAL 
FOPT 0.322 + 0.005 (exp) + 0.019 (th) 0.324 + 0.006 (exp) + 0.013 (th) 
CIPT 0.345 + 0.007 (exp) + 0.017 (th) 0.348 + 0.010 (exp) + 0.019 (th) 
RCFT 2 0.306 + 0.005 (exp) + 0.011 (th) 


Estimates of some other sources of the errors can be found in [338]. For a typical value 
of R- = 3.56 + 0.03, these errors have been classified as follows for a,;(Mz): 


0.0003 electroweak 
0.0010 M, > Mz 
0.0005 RS-dependence 
0.0009  ,-dependence 
0.0005 quark masses 
0.0009 SVZ condensates 
0.0014 truncation of the PT series at a 
or UV renormalon and 1/ M2. (25.67) 


Adding them in quadrature, the total theoretical error is expected to be: 
Aas(Mz) = 0.0023 , (25.68) 


which is reflected in Table 25.1 above. The most extensive determinations of a, from 
t-decays are based on recent sutudies from LEP, making use of the large amount of 
statistical data available at LEP-1. Measurements of the vector and axial-vector differ- 
ential hadronic mass distributions of t-decays have been performed by the ALEPH and 
OPAL collaborations [33,328], which allow a simultaneous measurement of a, and the 
non-perturbative corrections, where, as mentioned earlier, these latter are found to be small. 
At NNLO corrections, the resulting values of a, from recent measurements [33] are given 
in Table 25.1, corresponding to the different structure of the perturbative series: 


* FOPT: naive perturbative expansion in terms of a,(M,) given in BNP. 

* CIPT: contour-improved perturbation theory where 5 is expressed as a contour integral in the 
complex-s plane. 

* RCPT: renormalon chain-improved perturbation theory, where the leading terms of the 6-functions 
are resummed by insertion of renormalon chains (gluon lines with fermion loop insertions) as will 
be seen in the next section. 


The resulting mean value from the two experiments and from the different structure of 
perturbative series is: 


o, (M) = 0.323 + 0.005 (exp) + 0.030 (th) , (25.69) 


270 V Hard processes in e*e- collisions 


at M, = (1777.00*039) MeV, which shows that FOPT gives the mean theoretical values. 
Runned to Mz», and taking account of the different threshold effects, this value gives: 


o. (Mzo) = 0.1181 + 0.0007 (exp) + 0.0030 (th) , (25.70) 


which is in excellent agreement with the direct measurement at the Z peak and with a 
similar error bar. This agreement of the two determinations of a; in two extreme regime 
from M, to Mz» provides a beautiful test of the QCD prediction of the running coupling 
behaving as 1/log, which is a very significant experimental verification of asymptotic 
freedom. 


25.5.1 Running of a; below the t-mass 


The analysis of the running of œ, from the inclusive distribution of t-decays [345] and from 
e*e- — hadrons data [346,329] has been extended to a lower mass below M,, where one 
does not find any deviation from the one expected from QCD. We show in Fig. 25.9 the 
comparison of the theoretical prediction (FOPT) and ALEPH measurements of R+ y..4 for 
different values of the t-mass. 

In Fig. 25.10, one shows the running of o,(so) below 3 GeV? using FOPT. The other 
structures of PT series (CIPT and RCPT) show the same behaviour [33]. 


n 4.2 |: | T | T | T T | T | ] 
> F Data (exp. err.) ALE PH | 
a Li oaa ; pere 7 -Theory (theo: err.) peer. ; EES SS ; mS H 


sy (GeV?) 


Fig. 25.9. R; v+a as a function of the t mass so. The theoretical predictions is from FOPT. 
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Table 25.2. Values of a; from different 
observables in t-decays. 


Observables a, (M?) 

R, v = 1.78 + 0.03 0.35 + 0.05 
R, a = 1.67 x 0.03 0.34 + 0.05 
Reexct = 3.58 x 0.05 0.34 + 0.04 


0.6 TT 
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Fig. 25.10. Running of œ, from the theoretical predictions of R; y., 4 from FOPT to four-loop RGE 
evolution for two and three flavours. The shaded band is the data. 


25.6 Some other t-like processes 
25.6.1 as from other t widths 


One can also extend the previous analysis in order to extract the value of a, from the 
vector, axial-vector and from the sum of the exclusive modes by applying a SU (2) isospin 
rotation [347]. This analysis has been done in [338] using the compilation of data in [346]. 
The analysis and predictions are summarized in Table 25.2 from [338] where one should 
remark that the errors in each separate channel are larger than in the total inclusive mode, 
which comes from the fact that the non-perturbative contributions have larger errors in 
each separate vector and axial-vector channel than in the sum. Indeed, from [338], one can 
deduce the sum of the non-perturbative terms in each channel at the t mass: 


ôK p > (2.41.3107, — 8$, œ —(44 E 2.0107 , (25.71) 


The larger error from the exclusive modes is mainly due to the data. These different 
determinations are consistent with each others. In Fig. 25.11, we show the behaviour of 
the vector and axial-vector components of r decays versus an hypothetical heavy lepton of 


mass 4/so. 


272 V Hard processes in e*e- collisions 


oS 2.4 [oem [Hemp [MIE veces y TQ SS ug 
ono omen ALEPH- 
we 22 LAN o Z2 Theory (heo. er). 


ah s a saa aa a baa aa La aaa Ea aaa Fara ra aa ra Lara a Lara 


0.75 1 125 1.5 175 2 225 25 2.75 3 


sy (GeV^) 


Fig. 25.11. Behaviour of R, y;4 versus the t mass so. The theoretical prediction is from FOPT. 


One can again notice that the pQCD prediction is in very good agreement with the data 
for a value of sọ above 1 GeV?, confirming that the determination of a; from t decays is 
robust. 


25.6.2 o, from e*e- — I = 1 hadrons data 


We have discussed that the vector component of the t decay can provide an estimate of a, 
although the accuracy is less than in the case of the total inclusive mode. Equivalently, one 
can use the e*e^ data into the vector spectral function using an isospin rotation [347] in 
order to estimate a,. In this way, the decay width reads [346]: 


R v= d C S W I i d 1— 2 j 1 iid SA (25 2) 
py = S + Oegte-—. I=1 - 7 
i 27 a2 E 0 M2 M2 2 P 


This quantity has been used for studying the mass dependence of the prediction on o;. 
Therefore, it can provide an independent test on the reliability of the result from t decays 
and a test of the isospin symmetry. The value of o, obtained in this way [346,338,329], 
at the observed value of the t mass, is given in Table 25.2. From this analysis we con- 
clude that the ete” data give a value of a, compatible with the one from t decay 
data. We show in Fig. 25.12, the behaviour of R,,; versus the value of the t mass using 
FOPT. 
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Fig. 25.12. R, y versus the hypothetical t mass M using e* e^ data. The shaded region is the theoretical 
predictions corresponding to the choice of parameters discussed in the text. 


There is a good agreement between the data and the theory above 1.2 GeV. The shaded area 
between the two dashed curves corresponds to the theoretical predictions for o, (M. 2) = 0.33. 
The bigger allowed region at low value of M is due to the uncertainty in the leading non- 
perturbative contribution taken to be: 


D-6 E ey 
pM) = (2.44 1.3)10-? x (FE) > (25.73) 


as given in Eq. 25.71. The departure of the theoretical prediction from the data points below 
1.2 GeV signals the important role of higher dimension non-perturbative contributions 
which we shall discuss in the part of this book dedicated to QCD spectral sum rules. Here, 
a reasonable fit represented by the continuous line corresponds to the choice: 


o,(M2) 20.33, 87-°(M?7)~2.4x« 10, 87=8(M?2) ~ —9.5x 107. (25.74) 


However, though the D = 8 condensate contribution is tiny at the t mass, its effect at 
1.2 GeV is 1.25 larger than the one of D = 6, which changes completely the shape of the 
QCD prediction and can raise some doubt on the validity of the OPE at this scale. 


25.6.3 Strange quark mass from t-like processes 


t-like processes have also been used for extracting the strange quark running mass defined 
in the previous chapter. These processes are: 
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* The Cabibbo suppressed transition AS — 1 measured in [33,328] and exploited in [348]: 
T — v, + AS = 1 hadrons (25.75) 
* The J = 0e*e- — hadrons process: 
ete — I = 0 hadrons (25.76) 


using the t-like decay process [354] (see also [355]): 


Ape Os f m TE fe (25.77) 
Py a s —— — | — Gete- 1=0- : 
0 axo? "EV P S M2 M2 M2 T 1-0 


involving the J = 0 total cross-section or/and of its different combinations. 


We shall discuss in details these processes in the chapter on quark masses. 


Part VI 


Summary of QCD tests and a, measurements 


VI.1 The different observables 


We have discussed in the previous two parts of this book, deep inelastic scatterings in hadron 
colliders and different hard processes in e* e^ annihilations. These hard processes have been 
used for testing the underlying ideas of perturbative QCD at short distances. Among others, 
one has studied and measured: 


* Scaling violations in different parton model sum rules. 
* Structure functions. 

* Spin content of the proton. 

* Fragmentation functions. 

* Spin of the photon. 

* One hadron inclusive production. 

* Jets. 

* Total inclusive e*e^ cross-sections. 

* Hadronic t and Z° decays. 


In all these hard processes, most of the perturbative QCD predictions based on the SU (3). 
colour group and on asymptotic freedom properties have been confirmed by the data. 


VI.2 Different tests of QCD 


The main outcomes of these analysis in the previous parts of the book are given in the 
following sections. 


VI.2.1 Deep inelastic scatterings 


* A measurement of the scaling violations to parton model predictions in deep inelastic processes 
using different moments of the structure functions as predicted by QCD. In the unpolarized case, 
one has used these processes to extract the value of the QCD running coupling. In the polarized case, 
one has been able to emphasize the important universal róle of the QCD anomaly for explaining the 
relative suppression of the first moment of the structure function compared to the OZI prediction 
(so-called proton spin) and a proposal for testing its effect from the measurement of the photon spin 
in y-y scattering processes, and of some semi-inclusive processes. 


276 


VI Summary of QCD tests and o, measurements 277 


An extension of the test of the validity of perturbation theory in the low-x region leading to a 
modification of the Altarelli—Parisi evolution equations. 


VI.2.2 QCD jets 


A confirmation of the vector nature of the gluon rather than its scalar nature from the measurement 
of the moment distributions in three-jet events. 

A measurement of the ratio of the colour group factor C4/ Cyr from the scaling violation rates in 
inclusive hadron distributions and charged hadron multiplicites from gluon and quark jets, which 
leads to 

c = 2.24+0.11, (VI.1) 


F 


in agreement with the QCD expectation: 


Cs = 9/4 = 2.25. (VI.2) 
Cr 
This fact confirms the SU (3). colour group structure of QCD for describing the strong inter- 
actions, and the appearance of the different vertices involving gluon interactions. It also rules out 
some other group candidates (Abelian, semi-simple Lie group... ). 
An extraction of the QCD running coupling o;. 


+ 


Inclusive e* e^, Z — hadrons and v — v, hadrons processes 


Most precise extractions of the QCD running coupling a, using the high statistics LEP measurements 
of the Z — hadrons and t — v,+ hadrons decays and the best QCD approximation available today 
(NNLO and resummation of the asymptotic terms of the QCD series). Unlike the previous deep 
inelastic and jet processes, one does not need to introduce structure and/or fragmentation functions 
which can limit the accuracy of the predictions. 


VI.3 Summary of the a, determinations 


In the massless quark limits which are a good approximation for the light quarks, QCD is a one- 
parameter theory gouverned by its running coupling a,(Q7) evaluated at a scale Q, such that all 
hard strong interaction processes, where one can apply perturbative QCD, should be described in 
terms of this single input parameters. 
A determination of the values of the running QCD coupling a, ( Q?) at different energies from various 
processes as summarized in the table and figures from [139]. In this comparison, the coupling should 
be defined in the same way everywhere. The M S scheme has been adopted as the most convenient 
renormalization scheme for defining this coupling. 

One can see that the running of the coupling shown in Fig. VI.1 from 1 to 100 GeV and at 
LEP2 energies in Fig. VI.2 satisfies the 1/ log behaviour predicted by QCD. The slope of the curve 
interpreted in terms of the first coefficient of the 6 function lead to an alternative measurement of 
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Fig. VI.1. Summary of the different o; determinations at different energies from [139]. 
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Fig. VI.2. æ, determinations from hadronic event shapes at LEP2 energies. 
the number of colours: 
N: = 3.03 10.12, (VL3) 


which is an internal consistency check of the results between data and QCD (N, = 3 in QCD!). 
* Evaluated at the common scale Q = M», the different experiments lead to consistent values of a, 
as shown in Fig. VI.3, with the average value from the six most significant NNLO determinations 
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Fig. VI.3. Summary of the different a, determinations at the common scale Mzo from [139]. 


(total error less or equal than 0.008) [139]:! 
o, (Mzo) = 0.1181 + 0.0027 . (VLA) 
As a result, the corresponding value of the QCD scale for five flavours is: 


= (210*31) MeV. (VL5) 


! The one coming from PDG 2000 [16] is slightly more precise than the average of different determinations from Table VI.1. This 
is mainly due to the inclusion of the result from [250], where the error of 0.001 has been taken literally. 
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Table VI.1. World summary of measurements of os (status of July 2002) from 
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[139]: DIS — deep inelastic scattering; GLS-SR — Gross-Llewellyn-Smith sum rule; 
Bj-SR = Bjorken sum rule; (N)NLO = (next-to-) next-to-leading order perturbation 


theory; LGT — lattice gauge theory; resum. — resummed NLO). Some entries are still 


preliminary. 
Q Aa,(Mz) 
Process [GeV] a,(Q) a;(M7z) exp. theor. Theory 
DIS [pol. stret. fctn.] 0.7-8 01204000- ON EOM. NTO 
DIS [Bj-SR] 1.58 0.375 * poet 0.121 * QQ03 - - | NNLO 
DIS [GLS-SR] 1.73 0.280 + $070 0.112 +002 tooo 0.000 NNLO 
t-decays 1.78 0.323 + 0.030 0.1181 + 0.0031 0.0007 0.0030 NNLO 
DIS [v; xFs] 2.8-11 0.1153 + 0.0073 0.0040 0.0061 NNLO 
DIS [e/u; F2] 1.9-15.2 0.1166 + 0.0022 0.0009 0.0020 NNLO 
DIS [e-p — jets] 6-100 0.183 0.01 0.002 0.011 NLO 
DIS & pp — jets 1-400 0.119+0.004 0.002 0.003 NLO 
QQ states 4.1 0.216+0.022 0.115+0.006 0.000 0.006 LGT 
Y decays 4.75 0.217+0.021 — 0.118 + 0.006 - - NNO 
ete [F]] 1.428 0.1198 * 00074 — 0,0008 *0004 NLO 
ete™ [Ona] 10.52 0.20 0.06 0.130 + 907 *09) 0.000 NNLO 
e*e- [jets & shapes] 14.0 0.170 * 0021 0.120 + 9010 0.002 1900  resum 
ete [jets & shapes] 22.0 OSLER 0.118 + 0:009 0.003 1900 resum 
ete [jets & shapes] 35.0 0.145 + 0:012 0.123 +9008 0.002 +0008 — resum 
ete [Ona] 424  0.144+0.029 0.126+0.022 0.022 0.002 NNLO 
e*e- [jets & shapes] 44.0 0.139 + 0:011 0.123 +9008 0.003 +0007 — resum 
ete~ [jets & shapes] 58.0 0.132+0.008 — 0.123 0.007 0.003 0.007 resum 
pp > bbX 20.0 0.145 + 0018 0.113 0.011 The oto NLO 
pP. pp > yX 24.3 0.135 + %012 0.110 + %008 0.004 +60 NLO 
o(pp — jets) 40-250 0.118+0.012 +56 to» NLO 
e*e- [F(Z? > had)] 912 0.12274 0:0048 0.1227+9:0038 — 0.0038. +990?  NNLO 
ete” scal. viol. 14-91.2 0.125 0.011 +9% 0.000 NLO 
e*e- four-jet rate 91.2  0.11702-0.0026 0.1170+ 0.0026 0.0001 0.0026 NLO 
ete~ [jets & shapes] 91.2 0.1212-0.006 — 0.121 40.006 0.001 0.006 resum 
ete” [jets & shapes] 133 0.1132- 0.008  0.120+0.007 — 0.003 0.006 resum 
e*e- [jets & shapes] 161 0.109 2-0.007 0.118+0.008 — 0.005 0.006 resum 
ete” [jets & shapes] — 172 0.104+ 0.007 0.114+0.008 0.005 0.006 resum 
e*e- [jets & shapes] 183 0.109 30.005 — 0.1212-0.006 0.002 0.005 resum 
e*e- [jets & shapes] 189 0.109 2-0.004 — 0.1212-0.005 0.001 0.005 resum 
ete” [jets & shapes] 195 0.109 3-0.005 0.122+0.006 0.001 0.006 resum 
e*e- [jets & shapes] 201 0.110+0.005 0.1242-0.006 0.002 0.006 resum 
e*e- [jets & shapes] 206 0.110+0.005 0.124+0.006 0.001 0.006 resum 
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* However, one should have in mind that the different values of a; for each process are not obtained 
within the same QCD approximations. In some processes, they are known very precisely to NNLO, 
while in some others they are poorly known to NLO. In addition, the theoretical uncertainties are 
also affected by the asymptotic behaviour of the perturbative series in powers of a,, and by small 
non-perturbative effects which should be present in different processes. We shall come back to this 
point in subsequent chapters. 


Part VII 


Power corrections in QCD 


26 


Introduction 


The problems of power corrections have been intensively discussed during the last few 
years [1,3,329—344,356—398].! By power corrections to the parton model, one means terms 


of the order of: 
(4) ^s ex (ox) (26.1) 
Q P OB ' 


where Q is a typical momentum much larger than the QCD scale A, and 6; = —1/2(11 — 
2n y /3) in our notation. A priori, this is problematic as these contributions are exponentially 
small in the inverse of the running coupling, and can be related to many orders of the 
perturbative expansion. In order to develop a phenomenology of these power corrections, 
one then assumes that they are numerically important and are responsible for the breaking of 
asymptotic freedom at intermediate energies. This fact has been firstly indicated in the QCD 
spectral sum rules phenomenology [1,2,3,356—365] and in the analysis of renormalons [329— 
380] and instantons [382-398]. However, as noticed in [162], the idea of power corrections 
are not quite new but can be traced back to an old paper [416]. It has been considered an 


et 


e pair at distance r placed into a centre of a conducting cage of size L. Assuming that 
L > r, the potential energy of the pair can be approximated by: 
2 


a ar 
Vese-(r) & Te + const T5 fo Lr, (26.2) 


where the second term can be viewed as a power correction to the Coulomb potential. In 
classical electrodynamics, this correction corresponds to the interaction of a dipole with its 
image, or can be also derived in terms of one-photon exchange. From this example, one 
can derive, by analogy, the heavy quark potential of QCD, which at short distances looks 
as [417]: 


C 32 
Voor > 0) > — + const A r^, (26.3) 
r 


where C is calculable in perturbative QCD as series in o/;, and where one should notice the 
absence of a linear term at short distance. For deriving this expression, one has replaced L by 
1/ ^, assuming that the gluon propagator is modified by IR effects at the scale 1/ A. The shift 


! Tt is a pleasure to thank Valya Zakharov for reading this Part. 
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of the atomic levels in the cage are sensitive to a local characteristic of the non-perturbative 
fields, which on dimensional grounds reads [416,162]: 


O|E|0 
GE), ~ OE (26.4) 


e 


where (0|E?|0) corresponds to the difference of the mean value of E? in one photon approx- 
imation evaluated without and with the cage, and which is UV finite. Translated in QCD, 
one can have the picture of the OQ bound states, in terms of the density of the colour field 
strengths, or more popularly known as gluon condensate (læs (G7..)?|0), first discussed in 
[418]: 


(01e (G^) |0) 


Considering now the QCD correlation function, which generically reads: 
My(—q*) =i Jj d*x e** (0[T JG) (Ja 0) 10) , (26.6) 


where Jg (x) is the hadronic current of quark and/or gluon fields, a use of the standard OPE 
leads to [1]: 


2 2 2 by 
IIg(—q ) lic IIg(—q )parton 1+ agos(—q y+ q^ Tee (26.7) 


for massless quarks, and, where ay and by are constants which depend on the hadron 
quantum numbers. One should notice the absence of the 1/ Q? power term in the standard 
OPE as we shall discuss in detail in the next chapter. We shall also see in the following 
chapters how the resummation of the QCD asymptotic series and its phenomenological 
picture can induce such a term. 


27 
The SVZ expansion 


27.1 The anatomy of the SVZ expansion 


For definiteness, let us illustrate our discussion from the generic two-point correlator: 


My(q*) =i J d*x e'^* (0(T Jy (x) (Ju (0)! |0) , (27.1) 


where Jg (x) is the hadronic current of quark and/or gluon fields. Here, the analysis is in 
principle much simpler than in the case of deep inelstic scatterings, because one has to 
sandwich the 7-product of currents between the vacuum rather than between two proton 
states. Following SVZ [1], the breaking of ordinary perturbation theory at low q? is due to 
the manifestation of non-perturbative terms appearing as power corrections in the operator 
product expansion (OPE) of the Green function à la Wilson [222]. In this way, one can 
write: 


Hamm E aaa Y Cm DAO, 072 


2. 2DJ2 
D-024,... U^ — 47) ^ toL p 


provided that m? — q? >> A?. For simplicity, m is the heaviest quark mass entering into the 
correlator; v is an arbitrary scale that separates the long- and short-distance dynamics; C 
are the Wilson coefficients calculable in perturbative QCD by means of Feynman diagrams 
techniques; (O) are the non-perturbative (non-calculable) condensates built from the 
quarks or/and gluon fields. Though, separately, C and (O) are (in principle) v-dependent, 
this v-dependence should (in principle) disappear in their product. 


* The case D = 0 corresponds to the naive perturbative contribution. 

* For D — 2 and owing to gauge invariance which forbids the formation of a condensate, one can 
only have the contributions from the light quark running mass squared. Moreover, one may (or 
may not) also expect that the summation of perturbation theory via UV renormalon technology 
(see next section) could also induce such a term, while the possibility from the freezing mecha- 
nism of the coupling constant is negligibly small as it is expected to be of the order of (o, /z:? 
[338]. 

* For D — 4, the condensates that can be formed are the quark and gluon ones: 


miyy), X (o,G), (27.3) 
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where the former can be fixed by pion PCAC (see Part I) in the standard Gell-Man-Oakes-Renner 
(GMOR) realization of chiral symmetry. 
* For D = 5, one can only have, in the massless quark limit, the mixed quark-gluon condensate: 


(Va, /2GH y) . (27.4) 
* For D = 6 one has, in the chiral limit, the triple gluon and the four-quark condensates: 


& fuc (G^G'G, — e,( Ti VT»), (27.5) 


where T; are generic notations for any Dirac and/or colour matrices. 

The validity of the SVZ expansion has been understood formally, using renormalon technology 
(see next sections) and the mixing of operators under renormalizations. The SVZ expansion has 
been also tested in the A$^ [367,368] and QCD-like models [369] (Schwinger two-dimensional 
gauge theories [370], the C P -! model [371], which both have instantons and 0-vacua; the Gross— 
Neveu model [372] with dynamical chiral symmetry breaking [373] and 2-d O(N) free non-linear 
o model [374,367], where both have the asymptotic freedom property of QCD). 

Its phenomenological confirmation can be viewed from the unexpected accurate extraction of a, 
from t decays and from independent measurements of the QCD condensates (see chapter on QCD 
condensates). 


27.2 SVZ expansion in the ^ model 


For a simple pedagogical introduction, let us illustrate the SVZ expansion for scalar field 
theory.! The bare Lagrangian of the theory reads: 


Ly = subs)" — 5m — 05. (276) 
where ¢ is the scalar field, m and A are its mass and coupling. B refers to bare quantity. 
It is known that for m? « 0, one has a spontaneous breaking mechanism where the field 
acquires a non-vanishing expectation value, which is non-analytical in the coupling, such 
that the model mimics non-perturbative effects. In order to further simplify our discussions, 
let us, however, work in the case m3 > 0, where no condensate breaks spontaneously the 
symmetry and let us ignore (for the moment) renormalization effects. We shall be concerned 
with the propagator: 


D(q)-i ji d^xe^* (0/TG(x)6(0)]0) , (27.7) 


which we shall evaluate in two different ways. In the first one, we evaluate it using the 
standard perturbative expansion in A (Fig. 27.1). 


! We shall ignore in this illustrative example the radiative corrections discussed in [367,368]. 
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Fig. 27.1. Lowest order perturbative contribution to the scalar correlator. 


Fig. 27.2. Lowest order scalar condensate contribution to the scalar correlator. 


Using, for instance, a Pauli—Villars regularization (the following conclusion is regular- 
ization invariant), one obtains for —q* >> m3 =m: 


payah E a uin (27.8) 
~ o ; T 
q gg ang BIS m 


where A is an arbitrary UV cut-off. 
In the second method, one evaluates the propagator using the SVZ expansion for —q? >> 
m°. Therefore, it reads: 


D(gq?) = Cil €4()?) +++ (27.9) 


By introducing the scale v, which separates the long- and short-wavelength fluctuations, 
one can extract C, from the perturbative graph for p > v (short fluctuations): 


i oe BN um. dee (27.10) 
me Oo t . 
l qq 322? 8 y? m2 


The Wilson coefficient Cy is associated to the ° ‘condensate’: 
(27.11) 


and comes from Fig. 27.2. 
The condensate (9?) corresponds to the evaluation of the tadpole-like graph for p < v 
(large fluctuations), from which, one obtains: 


1 2 2 y? 
v m^ log x) (27.12) 


^ 1672 


(9?) 
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These results show that in this simple example, the SVZ expansion recovers (to this ap- 
proximation) the usual calculation. However, the coincidence of the series is not trivial if 
one goes to higher order. This will be the subject of the next discussion in QCD. 


27.3 Renormalization group invariant (RGI) condensates 


Now, the next step is to see if the condensates can be well-defined in perturbation theory, 
namely if one can form quantities which are invariant under the RGE. This discussion has 
already been anticipated when we discussed the renormalization of composite operators, 
where it has been shown that, in general, these operators can mix under renormalizations 
[126-131]. 


27.3.1 Scale invariant D = 4 condensates 


* Generalities and definitions 
In the previous section, it was demonstrated that the condensates: 


1 - 
(61) = G(Blas)GG) + 5 ^ vu(os)m; (P jr) » (27.13) 
j 


are renormalization group invariant [126,128]. However, perturbative evaluations of the 
quark-mass corrections to the correlation functions give rise to IR logarithms of the form 
m*a” (v) log*(m/v) (k < n + D), where v is the MS renormalization scale [167,399]. The mass 
singularities arise from the region of small loop-momenta in the relevant Feynman diagrams, and 
therefore should be absorbed (like the IR renormalons) into the non-perturbative condensates (O(v)). 
The IR logarithms are nothing more than the perturbative contributions to the D — 4 vacuum 
condensates. 

However, one should notice that the calculation of the D — 2 quark-mass corrections does not 
produce any logarithms log'(m/v), which is a consequence of the absence of the D = 2 operators 
in QCD. 

In order to be explicit, let us consider the pseudoscalar two-point correlator defined in Eq. (8.29). 
At q = 0, one obtains from a perturbative calculation of the correlator [167]: 


WE (O)lpert = I i ) (m? Zi 2 27.14 
5 Open = zzz; + mj) (mi itm; j) , (27.14) 
with: 
m? 2 (ds m? 2 m? 
P cesses ( ) 5 — 5log — + 3log? Ži), (27.15) 
v2 3 ix v2 v2 


which improves the non-perturbative Ward identity in Eq. (2.17), and which indicates that, in order 
to absorb the mass singularities, one should add a perturbative piece to the quark condensate. In a 
similar way, the perturbative piece to the gluon condensate reads [325]: 

2 


— 1 sa, m? m; 
(GGO) = 55 (=) Ynio | — 8log 7 + 3log? a i (27.16) 
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The summation of the log-terms using the RGE becomes more convenient by working with the 
scale invariant non-normal ordered condensates [325]:? 


(a,GG) = (: + av) + ole) so, : GGW): y5 


SeN (1 pru ole?) Yimin) 


9 m 24 m 
1 4 a;(v) 
a (: Tac. o(a?) 250 l (27.17) 


and: 


ini jj) = m: Vy; : YQ) 
3 1 53 a;(v) 
mas 24 m 


* o(«2)) mj(vym;(v) , (27.18) 


where one can notice the inverse power of œ, in the expression for the quark condensate. The 
use of these scale-invariant condensates in the OPE implies that the coefficient functions obey an 
homogeneous RGE, which then facilitates the summation of the log(Q/v) terms in the analysis. 

Analogously to the invariant mass ñ; in Eq. (11.77), a spontaneous RGI mass fi; associated to 
the quark vacuum condensate can also be introduced by taking into account the fact that the product 
mi (wy) is RGI (at least to leading order in m;) [28,110,2]. Then, one obtains: 


Cip: )0) — — 03 C fia Q^ i + A (2 = z) a,(v) , 
1| 8 (2 3! Bs (2 2) B3 e 2) 2 
i dl A BINA B) BA Bs) | 
-1 
+ O(a}, ZJ ; (27.19) 


where the values of the B functions and mass anomalous dimensions can be found in Table 11.1. 
Values of the light quark condensates 
Assuming a GMOR realization of chiral symmetry as commonly accepted, the light quark conden- 


sate can be estimated, to leading order of the light quark mass, from the PCAC relation given in 
Eq. (2.22): 


(m, + ma) : Vu + Papa : ) = —2m? f? . (27.20) 
Anticipating the values of the running masses in the next chapter, one can deduce: 

1 i 

3 au + dd)(2 GeV) = —[(254 + 15) MeV] . (27.21) 


We shall also see, in the next chapter, that one has a large breaking from the SU (3); flavour 
symmetric value of the condensates as first noticed in [400] from the pseudoscalar sum rule, where 


N 


One should notice that the use of the Wick’s theorem in the evaluation of the Feynman diagrams generates automatically 
normal-ordered condensates which we shall denote as ( : O : ) 
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a recent update estimate [354,419—421] (see also [423]) leads to the ratio of the normal ordered 
condensates: 


(:85: )/( :au:)=0.66+0.10, (27.22) 


in agreement within the errors with different baryon sum rules results [426-430]. Combining 
Eq. (27.17) with this result, one can also deduce the ratio of the non-normal ordered condensates: 


(55 )/(üu ) 2 0.75 £0.12. (27.23) 


* Value of the gluon condensate 
The gluon condensate has been orginally estimated by SVZ from charmonium sum rules [1]. We 
shall see in the next chapter that a re-extraction of this quantity from the e*e^ — J = 1 hadrons 
data and from the heavy quarkonia mass-splittings, lead to [329,313] (Sections 51.3 and 52.10): 


(a,G?) = (7.1 + .9)107? GeV* , (27.24) 


as expected from various post-SVZ estimates [3,356—365], but about a factor of two higher than 
the original SVZ estimate. 


27.3.2 D — 5 mixed quark-gluon condensate 


The renormalization of the mixed quark-gluon condensate has been studied in [130], where 
it has been shown that the scale invariant, which one can form, is the combination: 


(Os) = aY"/ P (04+ x O1 + y Or) (27.25) 
where the dimension-five gauge invariant operators are: 


0, zin; ;v;), 


0;2--mj(G?)), 
O2 —m jV (D -- im jv; , 
» A 

os= effo uos.) (27.26) 
For SU (3)c: 

1944 72 1 (27.27) 

x=- =-— =—-_, . 

aS: Wu (6T T3 
which indicates that working with (O4), is only valid to leading order in the quark mass- 
expansion. 


The value of the mixed quark-gluon condensate has been estimated from baryon sum 
rules [424—430] to be about 0.8 GeV’, and alternatively from the heavy-light quark systems 
B and B* [401]. Further discussions will be given in the next chapter. The QSSR value of 
the mixed quark-gluon condensate is: 


E M : 
«(eyes = Me a" P yy), (27.28) 
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where: 


M? = (0.8 £0.01) GeV? . (27.29) 


For a conservative result, we shall adopt: 


Mẹ = (0.8 + 0.1) GeV? , (27.30) 


assuming a 10% uncertainty typical for the sum rule approach. 


27.3.3 D = 6 gluon condensates 


* Triple gluon condensate: 
It reads: 


(Oc) = 8° fabe (G'G G°) , (27.31) 


and does not mix under renormalization with the other D = 6 operators. Its renormalization 
improved expression is [130]: 


(Doy eae (O6) , (27.32) 
where for SU(N): 
1 
yg = z2 +7N). (27.33) 


A crude estimate of this condensate can be obtained using a dilute gas instanton approximation 
model (DIGA) (see next chapter). For an instanton size pe ^: 200 MeV, one obtains [382]? 


(Og) © (1.5 + 0.5) GeV?(a,G?) , (27.34) 


where we have assumed a 30% error. This estimate is in good agreement with the SU (2) lattice 
estimate [402]: 


(Og) ~ (1.2 GeV2)(a,G?) , (27.35) 


although one should be careful in using this result (in particular the sign) as the latter has been 
obtained in the Euclidean region. 
Gluon derivative condensate: 


g (DG DG) = g'(D,G*" D"G*,), (27.36) 


It reduces to the four-quark condensates: 


LAS 
“(> E ; (27.37) 


after the use of the equation of motion. 


w 


The effect of the anomalous dimension has not been included in the analysis but it is negligible. 
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27.3.4 D — 6 four-quark condensates 


On the contrary, the four-quark condensates mix with each other [130,131]. In the chiral 
limit and after the use of the equation of motion, one remains only with five operators: 


Or = (j* Tiys Toy) , (27.38) 


where the colour indices (o, 8) run from 1 to N. T; is any Dirac and colour indices. One 
can choose the basis: 


rs=1, y=» 


Vpeys TA Vays 
Pr —0,, = 5% wl - (27.39) 


In the large N-limit, where the vacuum saturation is expected, one has: 


[Tr T; Tr P; — TPP) (vy? . (27.40) 


s - 1 
T T = 
(IT Wil) = cs 
With the inclusion of the next 1/ N-correction, one has [130]: 


Os — (VY (1— gy)» Op — GV (735) >- 

Oy -( y? (-x). | O.— (VY (3). 

Or — (VY (-3x) > (27.41) 
indicating that in the large N-limit, only Os is relevant. However for finite N, the operators 
mix with each other and signal the fact that the vacuum saturation is inconsistent with the 


RGE, as one cannot form a RGI condensate. In the solely case of N — oo, the situation 
improves, as one can construct the RGI condensate: 


(O5) = a? (g Jr yr ro) , (27.42) 
where: 
143 
Y¥(N — œ) = ru ; (27.43) 


The size of the four-quark condensates has been estimated from the et e^ — hadrons 
data [403,404], [405—409] and from the t — hadrons decay width [328,33]. It has been 
noticed for the first time in [404] that the vacuum saturation assumption, used previously, 
underestimates the real value of the four-quark condensate by a factor: 


pX~2-3, (27.44) 


while in the ete~ analysis, there is a strong correlation between the four-quark and the 
(o G?) condensates, as they appear in opposite signs in the OPE. This result has been also 
found from baryon sum rules [424,426]. A recent analysis of the ete~ data gives [329] 
(reprinted paper): 


po QV)? = (5.8 + 0.9107* GeV , (27.45) 


a result confirmed by the ALEPH and OPAL measurement from t-decay data [328,33]. 
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27.3.5 Higher dimensions gluonic condensates 
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The dimension-eight gluonic condensates have been discussed in [410—412]. In general, 
one can form eight operators: 


= (Tr G° Tr G2), 
Pa = (Tr G,,G^" Tr GnG), 
03 = (Tr G,,G'? Tr G,,G"^) , 
O0, — (Tr G,,G'? Tr GEG"), 
Os = (Tr G,,G"? G4,G""), 
Os = (Tr G, GG” Grp) , 
0; = (Tr G, G” G, G^"), 
Os = (Tr G,,G^' G'"" G^") , 


(27.46) 


Using the symmetry properties of the colour indices and an explicit evaluation of the 


trace, one can show that one has only six independent operators and the relation for N — 3 


[411]: 


1 
Oss 207 = OO 


1 
Og + 206 = O3 + z0! ; (27.47) 
The use of the vacuum saturation in the large N-limit gives: 
illd 
0i- (G??] (1 $374 i) , 0;— (Gi (isti) , 
D(l,7 1 Pf Veg d.d 
O;—(GÜY (atiam) a= GUY tima) > 
05— (Gag (5— nma) > 06 GI ay (6 7 x) > 
O;-(G'Yi(i-ixE). O47 ui - x). (27.48) 


which indicates that only the first four operators are leading in 1/ N, and they do not satisfy 
the previous constraints. Moreover, the 1/N? corrections to these leading-term are also 
large for N = 3 in the case of O3 and O4, and put some doubts on the validity of the 
1/N-approximation. A modified factorization has been therefore proposed [411] based on 
the evaluation of the typical G* one-point function: 


(27.49) 
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within a heavy-quark mass expansion and on the approximate validity of the factorization 
of the four-quark operator. In this way, one obtains the constraints: 


(Gor 
01 = rk 
03=204, 
11 
rcc qnm 
6 INS ) 
05 = 0}, 
Og = 407 — Os, (27.50) 


which leave one operator unconstrained. 

Although theoretically interesting, these results are not very rewarding in practice. How- 
ever, phenomenological fits from the t decay [407,328,346] and e*e^ — hadrons data 
[329] (Section 52.10) indicate that the estimate based on the factorization assumption gives 
about a factor 5 underestimate of the real value of the dimension-eight operators. 


27.3.6 Relations among the different condensates 


The heavy quark expansion has been used to derive the relations among the different conden- 
sates by studying the OPE in the inverse of the quark mass of the corresponding one-point 
function. More rigorously, the following results apply in the condensates of a heavy quark 
Q, although it has been extended to the light quark one in the literature, in an attempt to 
derive the light quark constituent mass from an effective QCD action [413]. 

A study of the (OQ) one-point function as shown in the following figure: 


< QQ>= + + 


(27.51) 


gives: 


R 1 


Mo(QQ) = -777 8C’) 


1 g3(G?) 1 (DGDG) 
144072 M? 1207? M? 


. (27.52) 


where the first term has been obtained orginally by SVZ [1] and the higher dimensions 
corrections have been evaluated in [410,411]. 
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A similar relation has been also derived from the one-point function of the mixed quark- 
gluon condensate [410,411,414]: 


« QGQ>= + + 


(27.53) 


It reads: 


M (d0" 06; ee (=) (G?) (27.54) 

g gem c eng xac Cre d l 
where we have dropped the non-local perturbative term, which has no physical relevance, 
though its rôle is useful for absorbing the m^ log” (m /v) mass singularities (subtleties related 
to these terms have been discussed in detail in [411 |). 

The previous relations show that the quark and mixed quark-gluon condensates vanish in 
the world with an infinitely heavy quark mass. Due to the positivity of the G?-condensate, 
the previous relation also shows that the mixed quark-gluon condensate is positive, which 
is a less trivial result. Finally, a relation among the condensates has also been derived using 
a Cauchy-Scharwz-like inequality [415]: 


(gU Gy < 16z læs G’) ys Vysv)] , (27.55) 


which we should regard with a great caution as we can not control the error in deriving 
this formula. However, it indicates that the previous values of the condensates obtained 
from QSSR are self-consistent and disfavours the SVZ standard value of the gluon and 
four-quark condensates. 


27.3.7 Non-normal ordered condensates and cancellation of mass singularities 


We have discussed in previous sections the mixing among different condensates and the 
neccessity to form scale-invariant quantities which facilitates the log-resummation. This 
definition is also intimately connected with the absence of quark-mass singularities in the 
OPE. In order to show explicitly how these IR singularities are absorbed, it is informative 
to write the renormalized non-normal-ordered condensates in terms of the normal-ordered 
ones denoted by ( : © : ), where the latter appear naturally in the use of the Wick's theorem 
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for the calculation of the Feynman diagrams. To order œs, one has: 


: - Bu r3 m? 1 1 
(vyo =( py :)— 4m LE ] i (2, GG. 


4r 27r m 
(a, GG )(v) =( :a, GG: ) + O(a?) , 
= Àa z Xa m m? 
e(jo tany }or=e : wo > Gy : \+ 5, 98 x23 -œs GG: ), (27.56) 


where the non-local logarithms and additionnal terms are just those necessary to render 
the results of the OPE free from IR singularities. Careful handling of these quantities are 
required for correct treatments of the Green’s functions in which one or more internal 
fermion masses are much smaller than the QCD scale. We also expect that most of the 
perturbative results available in the literature (e.g. supersymmetric calculations or QCD 
high-energy processes, ...), which are strongly affected by the change of the light quark 
masses (or the IR scale of the theory), should be treated in an analogous way in order to 
absorb such divergences. 


28 


Technologies for evaluating the Wilson coefficients 


There are nice expositions of these methods in the literature [431—434,3,362,45,399]. We 
shall not try to replace these discussions, but for a pedagogical reason, we shall repeat within 
our proper style some of these results. Let us remind ourselves that the evaluation of the 
Green's function of some local colourless currents is reduced to its evaluation in external 
gluons or/and quark fields, assuming that the field is weak, namely its momentum is much 
smaller than the characteristic scale of the problem. In this way, the expansion in power 
series à la Wilson makes sense. 


28.1 Fock-Schwinger fixed-point technology 
28.1.1 Fock-Schwinger gauge 


Let us now come to the methods for evaluating the Wilson coefficients appearing in the 
SVZ-expansion. Among others, the Fock-Schwinger method is the most convenient one in 
practice [431]. It corresponds to the choice of the Fock-Schwinger gauge [435,319]: 


(x — xo) A (x) 20, (28.1) 


used often in QED. Al (x) is the four-potential and xo is an arbitrary choice of coordinate 
which plays the role of a gauge. As Eq. (28.1) breaks explicitly the translation invariance, 
its restoration (cancellation of the xo terms) for gauge-invariant quantities provides a double 
check of the validity of the calculation. Unfortunately, due to algebraic complications, most 
calculations have been done in the special choice xo = 0 of the gauge. 


28.1.2 Gluon fields and condensates 


Using the identity: 
f] A’ (x) 
A" (x) = 3, IA GOx,] LI T ee , (28.2) 
and from Eq. (28.1) at x9 = 0: 
A? A" (x) 
Pu pu 
Xp 3d x5, G^" + x, Cr (28.3) 
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one can deduce: 


A" (x) 
A" (x) + Xp x 


= pu 
=x, ,G". 
p 


(28.4) 


By substituting x = oz in the previous equation, it is easy to realize that this equation is 


a full derivative: 

d 

Ja CAEN , 
which gives after integration: 


1 
A" (x) =f do aG"(ax)Xxp , 
0 


(28.5) 


(28.6) 


which expresses the gauge field A7 (x) in terms of the gluon-strength tensor G5... One can 


use Eq. (28.6) by Taylor expanding G,,, around x^ = 0: 


oo 
1 
a =) Pyl... y Vn een a 
f= 2, nin +2) 2d s 9s, 9, GF lees 


By Taylor expanding A(x), the gauge condition x,, A” (x) = 0 becomes: 


1 
Xy EL + xy, 0), A" (x)(0) + z% Xn ðv dy», A" (xY(0) + -- | =0, 


for all x and leads to: 


x,A"(x)(0)=0, 
XpXv, Ov, A" (x)(0) 20 , 
Xy Xy, Xv, Oy, 0), A^ (x)(0) 20 . 


Therefore: 


Xy dy, G(0) mE Xy, [D,, $ G(0)] , 


Xy, Xy, Oy, dy, G(O) = xy, Xp, 0), [Dy,, G(0)] = Xy X [Dy,, [D,,; G(0)]], t 


and then the useful formula: 


> 1 


A" (x) = 2 mcm sssx D. [Ds [.--[Dy,» Crake ]]] $ 


x=0 
One can immediately form the gluon normal ordered condensate: 
bon 
Ayu(x)A, y) = 4” y Giu Gov ees 
1 à 
= p ms GY Gas 
4d(d — D Y^ [21081 Sivup] pt 


where d = 4 — € is the space-time dimension. 


(28.7) 


(28.8) 


(28.9) 


(28.10) 


(28.11) 


(28.12) 
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28.1.3 Light quark fields and condensates 


Analogous arguments can be used for the quark fields. One obtains the Taylor expansion: 
1 
vO=D —a a Dy Dy, +++ Dire 
1 E 
EP =x" ex^ VD D} ++ Di lo, (28.13) 
with: 


POA = 3, V . (28.14) 


From the previous expressions, one can also form the normal-ordered quark condensate: 


= 1 j = 
CH Wia) A) : ) = 77 Sap js T jm so) (ivy :) 
i 


i toin 
E nd @ + e vo) : Ve oU ; ) 


j 7. Àa 3. Àa 
ub au D» y Tur J| Q8.15) 


This expression tells us that one should be careful in evaluating the Wilson coefficients 
of high-dimension condensates as the propagation of the (yy) condensate induces extra- 
contributions due to the mixed and four-quark condensates. This effect has been one of the 
main source of errors in the existing QSSR literature. 


28.1.4 Mixed quark-gluon condensate 


By combining the Taylor expressions of the quark and gluon fields, one can form the 
normal-ordered mixed quark-gluon condensate: 


S 1 = 1 z 
(  Wi@)Ap(ZWjO): )— 54 DSVG,uy >) + 3*7 E DIGuV : ) 


zh m i j 
= 96 Ouo 5 (XpXp — XpXp)+ jm O up Xv 


ij 
3 2 
zs oA 5 Xa 
zi Ws V P y" mg )| (28.16) 
f 


This expression also indicates that the propagation of the mixed quark-gluon condensate 
induces a quartic condensate. Here, one should remark that the non-local condensates used 


T. Tk : 2 2 1 v 
x ( :WounG hw: )+ fi —3<H¥e + =2p¥n | + =X WOyup 
ij 
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in some literature can be identified with the LHS of Eqs. (28.15) and (28.16). In this 
framework, the Wilson coefficients of these non-local condensates differ from the standard 
SVZ expansion. 


28.1.5 Gluon propagator 


For a complete calculational purpose, one also likes to have the expression of the propaga- 
tors. We only quote their expressions in this gauge. The gluon propagator reads: 


D,y(q) = l d*xe** D, (x, 0) 


Suv 2 4i 2i p 
=P + 8a Cu ps 8 ID)Gw x 83,6 8u” Da ag q 


2 B 2 272 - 2 
+875 GD) DaGups Euv + 8784 D°Gyy — q DY Gw) 
2 1 2 ap 2 24 
+8 zes Gag G — 4(qa Gag) )+8 go eCo , (28.17) 


where: 


Gu = G% SGV Seer (y. (28.18) 


28.1.6 Quark propagator 
The quark propagator satisfies the Dirac equation: 
. 0 
( ay Y» T 8A" Gy, — m) S(x,y) = 89x — y), (28.19) 
H 


where: A" = (A,/2)A% and M is the quark mass. Under the condition that the position of 
the field is much smaller than the characteristic distance x — y, one can have the Taylor 
expansion: 


iS(x, y) = iSO(x, y)+ g f d^z iSO (x, z) iÁ(z) iSO, y) 


4g? i d^z' d'z iS9 (x, 2) iÂ) iSO, z) iÁ(z) iSO, y) 
Tee, (28.20) 


where S (x, y) is the free quark propagator, and A = A" y,,. This expression shows ex- 
plicitly how many times the quark from the point y scatters 0,1,.. . external fields before 
annihilating at x = 0. 

We shall consider the case of the heavy quark propagators in the next section due to the 
subtlety that the quark and gluon condensates are related to each other through Eq. (27.52). 
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Let us now consider the massless quark propagator in external fields. It reads in the 
X-space: 


be ye aft 
, y a (r2 4 r2 Qu Ynys 


1. yox Gon) — 2-02? — 6365, (0)G"" (0) 
aque i RR gg gaye nn em 


+ operators of higher dimensions , (28.21) 


where: 
A* a 2 1 vp 
r=x-y Guy = 87, Ow Go, = 6e G . (28.22) 


For two-point correlators without derivative currents, only the first two terms are operative 
in the evaluation of the gluon condensate effects, while the other terms contribute in the 
case of three-point functions or current with derivatives. The extension of this expression 
including higher-dimension gluon operators can be done. For completeness, this expression 
is: 


ipx 1 p“ 5 
su» | ax eP* S(x, 0) = ~ — —sGapy’y° 
P P 

2 1 2 pa B Ape P v pa p : v pa” B,,5 
+ 38 il? D Gopy — pD Gop P — p,D'D Gagy —Oip,D'D Gagy Y] 

2 - 2. D'D*G Bois D'D*G Bb; D'Y aG p 
+ 8 Ip tpy apY Uppy apY i (py ) P ap Y 

P 

v ar 1 v apf 

+2(pyD"Y’ p* Gay y? — 5DyD" pp Gay^y! | 

1 A Q v o v v 
iE L2 p" Ga GP py + p' PG GP + GPGag)y, 
— p! p" (Go4G?" — G?” Gug)y,] +++ (28.23) 


where here Gog = (4,/2)G,. The Wilson coefficient of the gluon condensate having di- 


mension D is proportional to p P*!. 


28.2 Application of the Fock-Schwinger technology to the light quarks 
pseudoscalar two-point correlator 


In order to illustrate the discussions in the previous sections and chapters, let us consider 
the two-point correlator: 


W5(q7) =i i, d*x e'^* (OJT Jp(x) (Jp(0))! |0) , (28.24) 
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where: 


Jp = (mi  mj)i ys) (28.25) 
is the light quark pseudoscalar current. The lowest order perturbative result for massive 
quarks and the two loop expression for massless quarks has been discussed for illustration 
in previous chapters. Here, we shall discuss explicitly the evaluation of the non-perturbative 
contributions. 


28.2.1 Quark condensate ( : yw: ) 


In order to compute the Wilson coefficient, one can start from the Wick's theorem and leave 
one pair of ( : Yy : ) without contraction. Therefore: 


VWs(q?) = (m, + maY (uou C-D I d*x e 
AAO e eed Oe PEO CO Ca T 


(28.26) 
Using the definition of the propagator: 
Vo QV Q) = ibug" Six — y) 
rr [ dp i ; 
= i8p6 i ony! pee, (28.27) 
with: 
1 

SF(p) = ——————, (28.28) 

HU p—mrg-ie 


one obtains: 
dtp : 
y 2 = aje ar. f —i(p—q)x 
sq) m may. J ds | oe 


xE Aai lOp : ) Drs S" Co)ysla + C : d(O)ged Xa; : Ys S" ()yslujl - 
(28.29) 


In terms of Feynman diagrams, Eq. (28.29) reads: 
q 
Ty M E A (28.30) 


where e e means that the two-quark fields condense at the same point, so that a Taylor 
expansion in x, of ( : V (x)v'(0) : ) makes sense. Using Eq. (28.15), wherein we shall limit 
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ourselves to the first two terms of the expansion, one obtains: 


3 
Ws(q^) = (mu + may 7, 
1 [i] 
x | Düu:) I ysS"(q)ys — qi |- go Tros e] | 
p=4 
x (u «—— J : (28.31) 


Using the property: 


a 
E PS S(p) = SCpyy,S(p). (28.32) 
P 


one can deduce the final result: 


(m, + ma)? [ms Mu 


Vs(q?)|j = 7 5 Jí :ūu: ) + (u— 4) . (28.33) 


The minus sign is due to the ys chirality flip which acts on the term 0/dp*. This implies 
that for the scalar current, one has to change this minus sign. 


28.2.2 Gluon condensate | : aG? : ) 


The evaluation of the effect of the gluon condensate can be done by using the previous 
expression of the quark propagators in external fields. Diagramatically, one has to compute 
(Fig. 28.2): 


P1 P3 
[n p» P1 Pe 
q q q 
-> >- + -—— >- + -> >- 
P2 
P41d P3 
P3 Py 


q 
(28.34) 
As usual, we apply Wick’s theorem where all quark fields should be contracted but not the 
gluon ones. The notation e e means again that the gluon fields are put at the same point, 


such that the previous Taylor expansion in Eq. (28.20) is valid. Using Feynman rules, one 
can deduce: 
2 - 2 P g 4 4 srpen : Af Af 5 
Ws(a^lo = 0n, + ma c-07- | d'y dc | ] [i= Gy T AODASQO 1) 
x [Tr[ys (pi + Dy? S(p3)y? S(p2)ys S(p lei at Pi Pay +i P= Pade 
+ TrlysS(pi)ysS(p2)y? S(ps)y^ Spi — q)e  Pitet rome sr 


 Tr[ysS(p)y"^ S(p2)ysS(pa3)y^ S(pi — q)]e 4 PTP TP], — (2835) 
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where we have omitted the flavour indices u, d as we shall work in the massless quark 
limit. Now, one takes advantage of Eq. (28.12), which is valid in the Schwinger gauge. 
Substituting it in Eq. (28.35), one gets: 


dtp 


2 vma 
(8 GE” Giv) [gvc 3o — 8vo83«] Qa 


1 
Vs(q?)|o =(m, + ma) (Oop 


0 0 
x |: —TrlysS(pi + gy" S(ps)y^ S(p)ysSCu)cp- pi pita 
Opiy Opox 


ð 
——TriysS(pi)v? S(p3)ysSCp3y^ S(pi — Direc , 
Opsy dpr 


(28.36) 


where we have used the fact that the two self-energy-like diagrams give the same contribu- 
tion. Using Eq. (28.32) and the properties of Dirac matrices and Feynman integrals given 
in Appendices D and F and in that of QSSR1, one can deduce: 


E (my + may 


> (o, GE” G^.) . (28.37) 


Vs(q?)lg = E 


28.2.3 Mixed quark-gluon condensate 


This contribution corresponds to the diagram: 


p p+k 
(28.38) 


As before, one again writes the Wick product where two quark fields should be contracted. 
The first diagram gives: 
f d*p d'k 
Y: (q2 d. m, +m [ese Oat | See eee 
sap, = a) y Qo Oxy 
x g( : i(x)oi AL UO) ge : )( mn (Y5)ij Qd 


x e Pet (Pt Dyl se (p)Sa(p+k) + (u — d). (28.39) 


We use now Eq. (28.16), the property in Eq. (28.32) and we do the Dirac algebra. 

The self-energy-like diagram can be obtained by considering the propagation of the 
(wv) condensate in a weak external field as given in Eq. (28.15). Using iteratively the 
property in Eq. (28.32) and doing as usual the Dirac algebra, one obtains the desired result. 
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The sum of the mixed quark-gluon condensate contributions is: 


2 (my + may " z 
Vs(q^)|u = — aq mec 4 m,(dGd)] , (28.40) 
with the shorthand notation: 
- - A? 
gv Gy) =e( po > Gwt : ; (28.41) 


The result for the scalar current can be deduced from Eq. (28.40) by changing the overall 
-(ma + m, factor with (mg — m,)?. 


28.2.4 Four-quark condensates 


Two classes of diagrams contribute to the four-quark condensates. 


* Class 1: is that where the gluon fields once contracted give a hard momentum gluon propagator: 


S O Q, 


The computation of these diagrams can be done using standard perturbation theory, namely by 
writing the Wick product, contracting the gluon fields and two pairs of quark fields and by taking 
the vacuum expectation values (v.e.v) of the four-quark operators. Then, one obtains: 


a a 2 
2) o Mu + may m MP ES A, 
Vs(q Nay = -agy 79 : ic" ys u— do" 5d: : (28.43) 
e Class 2 is that where the momentum of the gluon propagator is zero. This contribution is represented 
by the diagrams: 
(95 i (©) ' (b> 


(28.44) 


The first two diagrams are generated by the propagation of the ( : wy: ) condensate in a weak 
external field as given in Eq. (28.15). The third diagram is generated by the mixed quark-gluon 
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condensate as in Eq. (28.16). Evaluation of these diagrams leads to: 


(m, + may za; NEP m VAT 2 AM 
Ws(q^)|o = m (ty Su + dy" —d —w: \). (28.45 
sa, a ity" ut dy" 2 v a (28.45) 
If one uses the vacuum saturation and the $U(2), flavour symmetry of the quark condensates, the 
sum of the four-quark contributions reads: 


(m, + may 112 


Ws(q? lay = Og 2; 06 yy : y, (28.46) 


where p measures the deviation from the vacuum saturation estimate. 


28.2.5 Triple gluon condensate 


The contribution of the triple gluon condensate g( : fapc Giv G^ 5 5, | ) has been evaluated 
in [436,432] and comes from the diagrams: 


$ + (28.47) 


One can use here the quark propagator in the external field (Eq. (28.23)) and write the gluon 
fields in terms of the field strengths as in Eqs. (28.11) and (28.12) in order to form the triple 
condensate. The calculation can be done using standard perurbation theory. In the chiral limit 
(mj, ; = 0), the effect of the triple gluon condensate vanishes for any quark-bilinear currents. 


28.3 Fock-Schwinger technology for heavy quarks 
28.3.1 General procedure 


The technology differs slightly from the light quark one as we can no longer neglect the quark 
mass M which is the most important scale in the OPE. Moreover, due to the Wigner-Weyl 
realization of chiral symmetry for the heavy quark systems, the heavy quark condensate 
vanishes as 1/M and is correlated to the gluon condensate as in Eq. (27.52), which is the 
most important non-perturbative scale in the heavy quark sector. 

The Fock-Schwinger gauge [435,319] remains the most convenient working gauge and 
the momentum space is also the most convenient working space [431]. Let the generic 
heavy quark two-point correlator: 


Wr(q?) =i I d*x e'^* (0|T Jr (x) (Jr (0))! |0) , (28.48) 


where: 


Jr =i vj; (28.49) 
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andT is any Dirac matrices. The non-perturbative contributions to the correlator are typically 
of the form: 


d'k Tr(T..., R, d, m,...T...) 


? MP) = (eG. 
Pa, MU = 6:0) | oC 02 — MOT +g) MT 


(28.50) 


The trace can be done using some algebraic programs. It is convenient to express the 
result as inverse powers of k? — M? and (k + q)? — M?. After a Feynman parametrization, 
one encounters integrals of the form: 


x* (1 — x)? 
"Tegal = x) + MT 


1 
1° (q^, M) = f d (28.51) 
0 


By noting the symmetry x — (1 — x), one can re-expand the previous integral in x(1 — x) 
and deduce the recursive relation: 


TEE E 


eo} — Mere!) . (28.52) 


1 
a | 
This leads to the basic integral: 


J -f a 28.53 
"Jo [= xQ —24?/M?p ’ op 


which reads: 


2n - 31 | (v2 — 1" 1 2 (k-D! qam 
pa ees 9) (: EE iy ecu (* ) . (28.54) 
Vv 


(n — 1)! 2v2 v—1 = (2k — D! 2)? 
where: 
AM2A I? 
v= (1 — 5) : (28.55) 
q 


28.3.2 D — 4 gluon condensate of the electromagnetic correlator 


We use the Fock-Schwinger gauge in order to express the gluon fields in terms of the field 
strengths as in Eq. (28.12). The algorithm is very similar to the one used for the light quarks. 
The first two self-energy-like diagrams normalized to (o, G?) give [431]: 


1 1 4 2_ 4/2 2 —1 
Tm pe £3), @ - DG 3) v 


E : 28.56 
s 967: q! va v? v+ 1 ( ) 


The vertex-like diagram contributes as: 


1 1f 202+1 zae s yai 
Ci E Cala era | (28.57) 


EU q^ v? v3 v+1 
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where one can notice that each set of diagrams develops a non-transverse part: 


1 1-22 @? +1), v-l1 
ng’ TÈ, = 1 1 28.58 
19 w lox q* v? l * WES EE ( ) 


which vanishes in the sum. One can also express the sum of the transverse contribution in 
terms of the basic integral in Eq. (28.53): 


1 1 
C, = C + Ç? = Ar qi (-14+34, —244) , (28.59) 


which is a useful compact expression for further analysis. 


28.3.3 D — 6 condensates of the electromagnetic correlator 


The /ight four-quark condensates contribute through the diagram: 


(28.60) 


via the equation of motion of the gluon fields: 


: V, (28.61) 


v| 


2 
v g 7. 
gi! DG — didn 
u,d,s 


while the triple gluon condensate contributes via the diagrams in Eq. (28.3.3): 


In order to reach the desired result, it is useful to express the v.e.v: 
z r " " DS] a b GC ow 
DDG G 2G pas) CDG AA BG Eds ( © 8° anc Pn osi (28.63) 


In so doing, one uses the colour trace due to two and three à matrices, the previous 
gluon field equation of motion and the Bianchi identity. After a lengthy but straightforward 
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algebraic manipulation, one can express the result in terms of the two condensates: 


Caa(g? fa Go, Go,Go,). Calg Ju Ja). (28.64) 
where the Wilson coefficients are [1,433]: 
CE hg ee 
= Mag des 2m Be TOM | 
ee eta sae E et a LEE 
UU 36:$$$|45 A3 3M2)°' ? 9? 1s ^*"53"*5y2|* 


(28.65) 


28.3.4 Matching the heavy and light quark expansions 


It is instructive to compare the coefficient functions obtained directly from a light quark 
expansion and from the heavy quark one by taking the limit v — 1. In order to be explicit, 
let us consider the coefficient of the gluon condensate ( : œG? : ). In the light quark- 
expansion, one obtains [411]: 


Gt(m =0)=0, 


1 2 
(:a,G?:). (28.66) 


b = = GL — — 
CD) m gt 


If one takes naively the heavy quark result, one obtains from Eqs. (28.56) and (28.57): 
1 1 


Gg 1)2-2—- : %6: ), 
c > 1) ae 0, ) 
1 
G^ 1)=——( :a,G’: ), 28.67 
go> Deas E (28.67) 


which shows that the two limits do not coincide (!). This discrepancy can be restored by 
including the effect of the quark condensate which is known to be correlated to that of the 
gluon through Eq. (27.52). 

One obtains in the two cases [411]: 


Cy(v)= 30412 ge” Yyy: y, (28.68) 


where the two results coincide for v —> 1. Using the relation in Eq. (27.56), one can in- 
troduce the non-normal-ordered quark and gluon condensates, where an extra gluon con- 
densate term has been induced by the quark condensate. This term cancels the extra part in 
Cg > 1). 

This lesson just tells us that one cannot directly take the v = 1 limit of the heavy quark 
correlator in order to get the light-quark result without paying attention to the masked 


312 VII Power corrections in QCD 


contribution of the quark condensate, which induces a gluon condensate effect. Some other 
similar relations and properties hold for higher dimension condensates. 


28.3.5 Cancellation of mass singularities 


Let us now discuss another example related to the previous subtlety of the quark and gluon 
condensates. 

Let the example of the correlator of the vector current built from one light and one heavy 
quark fields: 


J^(x), = Wir" y; . (28.69) 


By keeping the quark mass terms and taking the limit —4? — oo after integration, one 
obtains for the transverse part [437]: 


gc pc cmd n (28.70) 
C 12x m; m) qt ° 
which exhibits a dangerous mass singularity. The normal ordered quark condensate contri- 
bution is: 
1 2 = 
Cy = 2 smh jV; o mjViVi t). (28.71) 
Expressing it in terms of the non-normal ordered quark condensate as defined Eq. (27.56) 
and adding it to the previous gluon condensate contribution, one obtains the IR stable result: 


ph eis (28.72) 
$E S 7 :05,G^ : ). . 
and: 
1 z - 
Cy = pee maya va 10), (28.73) 


However, the natural question to ask is the commutativity of the operation by taking the 
limit 7; ; = 0 before the loop integration. A positive answer to this question can only be 
provided if one treats the IR integral in dimensional regularization and if one removes the 
1/e-pole at the very end of the calculation. 

Indeed, in this calculation, one encounters integrals of the type: 


t=] doy (Pee) EI 
J Qry V? +ie (lo q4Y-ieJ ' 


—qN? T(a +b — n/2T (1/2 — aT (n/2 — b) 
( 4x ) TF (a) (b) (n — a — b) 


(28.74) 


where the IR singularity is transformed into 1/e-pole, which can be removed. In general, the 
extension of this method for the calculation of the Wilson coefficients of higher dimension 
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condensates can be easily done provided one takes care of the mixing of the operators under 
renormalizations as discussed earlier. 


28.4 The plane wave method 


This method exploits the fact that the Wilson's expansion is an operator identity, namely 
that one can single out a given operator by sandwiching it between appropriate states. Let 
us consider the two-point correlator associated with the quark current: 


Jo) ry, Q8.75) 
characterized by the Dirac matrix I, and which possesses the generic OPE (omitting Lorentz 
indices): 


- 1 
II(q?) > Cil + C, y + G,G? + Dg [646504 = zeo) . (28.76) 


The first unit term corresponds to the usual perturbative calculation, which one obtains by 
sandwiching the correlator between the vacua. The next term is obtained by sandwiching 
the correlator between one-quark states and corresponds to the quark-current scattering 
amplitude shown in Fig. 28.1. 

The Wilson coefficient Cg can be obtained by sandwiching the correlator between one- 
gluon states. Therefore, the problem reduces to the evaluation of the forward gluon scattering 
amplitude on a colour-singlet current. From Lorentz invariance, this amplitude can be 
decomposed as: 


T” (q, bei faxe” (k, w|T J" (x) CRO) |k, v) 
= F" C(q, k) + F!” D(q, k) , (28.77) 
where: 
FP" = 4(k°g™” — k"k") = (k, u|G?°Ik, v) , (28.78) 
and: 
Fy” =2[k°q"q” — (k.g A(q"k” + q'k") xg" - y] - a ag" — kk") 
= (k, U|Gas G q^ qP — quo v). (28.79) 


Fig. 28.1. ‘Weak’ quark (full line)-current (dashed line) scattering amplitude. 
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They correspond to the diagrams: 


(28.80) 
A comparison of Eqs (28.76) and (28.77)-(28.79) gives: 


Dela’) = Coq, k)lr,=0- (28.81) 


In practice, the plane wave method is convenient when one has external weak quark fields 
as in Fig. 28.1. In the case of many ‘weak’ external gluon fields, the extraction of a partic- 
ular operator from various possible candidates having the same dimensions becomes very 
difficult. In one sense, this is the main inconvenience of this method. 


28.5 On the calculation in a covariant gauge 


The evaluation of the Wilson coefficients can be also obtained in a covariant gauge. Unlike 
the usual perturbative term, and the quark condensate term, which are easily obtained in 
this gauge, the evaluation of the Wilson coefficients of the gluon condensates is much more 
cumbersome in this gauge than in that of Fock-Schwinger. A published evaluation of the 
gluon condensate contribution in this gauge can be found in [626]. As applications of this 
method, we give at the end of this part a compilation of QCD two-point functions useful 
for further analysis. 


29 


Renormalons 


29.1 Introduction 


The renormalon problem is related to the well-known fact [372,375] (for more complete 
reviews, see for example [162,154]) that the QCD series is unfortunately divergent (no 
finite radius of convergence) like n!, which is the number of diagrams of nth order. Indeed, 
a given observable can be expressed as a power series of the coupling g as: 


F(g)= 0 fag", (29.1) 


where the series are divergent: 
fan > oo) ^ Ka"n!n^ , (29.2) 


and where the nth order grows like n!, such that it is not practicable to have a quantitative 
meaning of Eq. (29.1). For the approximation to be meaningful, the approximation should 
asymptotically approach the exact result in the complex g-plane, such that: 


N 


F (8 exact `y fag” 


n=0 


< Kyyig™ t, (29.3) 


where the truncation error at order N should be bounded to the order g"*!. If f, behaves 
like in Eq. (29.2), Ky usually behaves as a^ N!N°. The truncation error behaves similarly 
as the terms of the series. It first decreases until: 

1 


OO ae , 
lalg 


No (29.4) 


beyond which the approximation to F does not improve through the inclusion of higher- 
order terms. For No > 1, the approximation is good up to terms of the order: 


Kg’ ~ e Vials , (29.5) 


Provided f, ^ K,, the best approximation is reached when the series is truncated at its 
minimal term and the truncation error is given by the minimal term of the series. 
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One can use the well-known technique (Borel transform) for improving the convergence 
of a power series whose nth order grows like n!, by considering the related series: 


B= Y] fa (29.6) 


If fa grows not faster than n!, then B(z) will at least have a finite radius of convergence. 
Using the usual formula: 


oo 
Í exp(—z/g)z'dz = n!g"*! , (29.7) 
0 
one can see that: 
a oo 
F = gF(8) = f exp(—z/g)B(z)dz . (29.8) 
0 


The relation in Eq. (29.8) is true order by order in perturbation theory, but there are 
arguments that it cannot be true for the full Greens functions. From Eq. (29.8), in order 
to calculate F(g), one needs B(z) only for real positive values of z less than or of the 
order g, which can be obtained from the series in Eq. (29.1) if the singularities of B(z) in 
the complex plane are all at distances from the origin much greater than g. Even if a few 
poles z1, Z2,... have moduli of order g, one can calculate B(z) by using power series for 
(z — Z1)(Z — z2)... B(z), where we should know the position of the poles. Singularities of 
B(z) on the positive real axis are much worse, as they invalidate Eq. (29.8). One can distort 
the contour integral to avoid singularities on the positive real axis, but the ambiguities 
come from the question of distortion of the contour below or above the singularity? In 
the following, we will show that some of the singularities of the Borel transform B(z) are 
associated with terms in the OPE (renormalons) and the others with solutions of the classical 
field equations (instantons). 

In order to illustrate this discussion, let us assume that: 


F()exact = Ka"T(n 4 1- b) (29.9) 


For positive b, its Borel transform is: 


rd +b) 


B[F](z) = K ————, 29.10 
[FKo = Ko Ds (29.10) 
while for negative integer b = —/, one can write: 
ey I1 T 
B[F](z) = ra (1—az) Indi — az) + polynomial in z. (29.11) 


In the case of QCD and QED, where one expects a > 0 (non-alternating series), one has 
singularities in the positive z axis, such that the Borel integral does not exist. However, it 
may still be defined by taking the contour above or below the singularities, where it acquires 
an imaginary part: 


" K 
Im F(g) = pr —e 8) (ag)? : (29.12) 
a 
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Fig. 29.1. Renormalon chains contributions to the QCD Adler D-function. 


where the sign depends on whether the integration is taken in the upper or lower complex 
plane. The difference in the two definitions is the so-called ambiguity of the Borel integral. 
As it behaves as an exponential in the coupling, it is of non-perturbative origin and induces 
power corrections. 

In the following, we shall discuss for definiteness, the Adler D-function in QCD: 


dTl(Q?) 

do? ^' 
built from the electromagnetic current J (x) = vy, and which governs the ete~ > 
hadrons total cross-section. For the D-function, the unnecessary v-dependence appearing 
in the two-point correlator I1(g?) from the leading-log term is not there, i.e., D is RGI. 
Therefore, its perturbative expansion reads: 


D (a. = =) -Y ka. (29.14) 


7 


D(Q* = —q*) = 4n Q? 


(29.13) 


where as (Q?) is the running coupling and K, are pure numbers which are, however, 
RS-dependent. 

Renormalon effects are associated to the insertion of n bubbles of quark loops into gluon 
lines (gluon chains) exchanged between the two quark lines in the D-function built from 
the quark current as shown in Fig. 29.1. 

It is well-known that they induce a n! growth into the perturbative series. This difficulty 
can be (in principle) cured by working with the Borel transform D of the correlator D(s): 


D(as) — D(0) = f db D(b) exp(—b/as) , (29.15) 
0 


which possesses an explicit 1/n! suppression factor. However, life is not so simple because 
of the features described in the following. 


29.2 Convergence of the Borel integral 


The b-integral does not converge for b — oo. This can be seen from the fact that, in the 
chiral limit, hadrons have a non-zero mass in QCD, such that D should have singularities at 
Q = Mo, where Mp is the mass of any hadrons having the quantum number of the photon 
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b-plane 


UV RENORMALONS | IR RENORMALONS I-I 
r~ 


Fig. 29.2. Singularities in the Borel plane of the QCD Adler D-function. 


(or gluons). As for large Q, D is only function of: 


1 
(—B1/2)[log Q?/ A? + (2n + Dix] ' 
one can see that it has an infinite number of singularities in o, where o, = 0, corresponding 


to Mo = ov, is an accumulation point of these singularities. However, the singularities at 
a; = a;(Mo) can arise through the behaviour: 


a, (Q^) = (29.16) 


Jim D ~ exp —bfi[log Q?/ A? + (2n + Dir], (29.17) 
— oo 


which indicates that the b-integral does not converge for b — oo. However, a large b-region 
corresponds to large Q? where D decreases rapidly like o;,, such that the o;, -singularities are 
very weak and justify the uses of the Borel integral for studying, without any ambiguities, 
the asymptotic behaviour of QCD at large Q?. In general, D develops singularities at 
b = kbo = 2x k/(— fi) in the real b-axis, where the integral is also ambiguous. 


29.3 The Borel plane in QCD 


There are three known types of singularities in the Borel plane of QCD as shown in Fig. 29.2. 


e UV renormalons occur in the negative real axis (f; is negative in our notation.), and are harm- 
less since the integration contour in Eq. (29.15) is along the positive b-axis. At the nth order of 
perturbation theory, integrand of the form: 

ae In" p? , (29.18) 
p 
gives a n! factor and reflects the fact that such integrals are less convergent for large n. 

* [R renormalons are singularities in the positive b-axis, which are due to the IR region of the Feynman 
integrals. 

* [nstanton-anti-instanton singularities occur because far separated instanton-anti-instanton pairs 
which can exist cannot be properly treated in a perturbative expansion around a, = 0. 


29.4 IR renormalons 


The IR renormalons correspond to the singularities atk = +2, 4- 3, ..., andare generated 
by the low-energy behaviour of these higher-order diagrams, where fermion bubbles are 
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inserted into the internal gluon line exchanged between the two fermion lines. In order 
to illustrate this feature, let us consider the one-gluon exchange diagram with a gluon of 
momentum p, where we shall focus on the low-p region R.! Then: 


dtp 2 
Dao~ | Top )F(p). (29.19) 


where F(P? = — p?) behaves as P?. Using: 


as(Q) 
a,(p) > EE (29.20) 
1 — f1as(Q)log(P*/ Q?) 
and: 
7 1 dst+ioo 
D(b) = — f d(l /as)e!“D(as) , (29.21) 
2in d,—ioo 
one obtains: 
P: P? —b/bo 
D(b) ~ i, P?d P? (=) ; (29.22) 
R Q? 
which gives the singularity near b = —4z/fp;: 
Pb) ~ (1 + i f (29.23) 


or to two loops, i.e., for two gluons-exchange: 


—1425;/B2 
D(b) ~ (1 + 2) ; (29.24) 


forb > 2bọ = —4r / 1. This indicates that the pole at b = 2bo gives rise to an IR ambiguity, 
if one tries to reconstruct D(a,) from Do) taken from perturbation theory. Converting 
the a;-dependence into a Q-one, one can expect that the non-perturbative corrections to 
perturbation theory are of the size 1/ Q^. More generally, diagrams with one chain of gluons 
contribute as: 


kbo 
— kbo ' 


D(a;) ~ Y 2 ) — B(D)=D(b)~ * (29.25) 


kbo 


for b > kbo, which indicates that the pole at b = kbg gives rise to an IR ambiguity: 


kbo A2\* 
8D(a,) ~ exp (- ; ) ^ (5) , (29.26) 


S —q 
if one tries to reconstruct D(a,) from D(b) taken from perturbation theory. However, dif- 


ferent prescriptions for defining D in perturbation theory for b > kbo can be compensated 
by the changes in the value of the non-perturbative condensates introduced via the SVZ 


! IR renormalons have been studied in the O(N) non-linear o model [374] and in QCD [376,377]. Here, we shall limit ourselves 
to the QCD case. 
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expansion, which one must add to perturbation theory in order to obtain a reliable result 
[162,342]. 

The absence of a k = 1 singularity is related to the absence of any gauge invariant 
operator of dimension 2. The absence of this singularity has been proved [331] from an 
explicit calculation in the limit of large n ¢-number of flavours, where it has been shown 
that the relation: 


B (ImI1) (b) ~ SIE DO i F (29.27) 
Grb/bo) 

implies that B (ImIT) has only a zero atk = 1 but not the other alternative where D has a pole 
at this point, which follows from the simple factorization of the Q? dependence in the Borel 
transform of the D-function in the large B-limit. Then, one can conclude that no 1/ Q?- 
ambiguity can be generated by the IR renormalons and they are intimately connected to the 
gauge invariant condensates in the SVZ-expansion. Restricting to the lowest IR renormalon 
pole, one can derive the perturbative contribution to the gluon condensate [378]: 


(OlasG?|0) ren 3 (a(Q2)\""" ( B)" 
"uen ate) bee Om 


n large 
One should notice that renormalons are target-blind: 
(plots G^|p)sen = (Ols G^10) ren . (29.29) 


They cannot also produce a non-vanishing quark condensate (qq) as they respect the 
symmetries of the QCD Lagrangian, and cannot bring some insights on confinement due to 
their *perturbative' origin. 

However, at the one-loop level, renormalons are not the only way to probe the IR regions 
perturbatively. Another possibility is the introduction of the gluon mass à [478] as a fit 
parameter, while an IR perturbative contribution to the gluon condensate has been obtained 
in [479]: 


3a, 


(OlasG?|0) per = — 1f Ind? . (29.30) 


Ae 

A similar result has been obtained in a QCD-like model [369,374], which is an alter- 
native to the renormalon contribution for massless gluon. Phenomenology using gluon 
mass has been developed [366], while in [162], a one-to-one correspondence between the 
two approaches has been proposed. Keeping only IR-sensitive contributions, a one-loop 
calculation with a gluon mass A can be translated as: 

2 21432 
Coos In A? + cia Ë + C20, Le 

A2 


Co, In A? +C BU + 
o@s In 195 = 20s J tee, 


29.31 
Q ( ) 


where C;, C : are coefficients. 
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29.5 UV renormalons 


The UV renormalon singularities correspond to k = —1, —2,..., and are generated by the 
high-energy behaviour of the virtual momenta. They lead to a Borel-summable series thanks 
to the asymptotic freedom property of the theory. After a Borel sum, they cannot limit the 
applicability of perturbation theory [377,379], although they can induce an uncertainty in 
the truncated perturbative series when the Borel sum is not done. Their contributions are 
dominated by the leading singularity at k — —1: 


n! 


K, ~ Cy (29.32) 
—00 
which gives rise to an asymptotic series: 
|K1a| > |K2a?| -- > Kya! ~ |Kya"| < |Ky,1a 5| <---, (29.33) 


where the successive terms decrease like N ~ bo/a, at which the minimum value is attained, 
while the series explodes afterwards. The alternating sign of K, guarantees that the series is 
Borel summable. For a truncated series, the accuracy is limited by the size of the minimum 
term: 


An?8D(a) = |Kya" | ~ N! n* ~ 2x Ne^" ~ exp(—bo/a) ~ A2/ — q?, (29.34) 


which indicates that the UV renormalon can contribute as 1/ Q? [161,162,297-300]. 
However, this result is subtraction-scale dependent [162], as a more careful analysis 
shows that the ambiguity scales as: 


202 
2g ) ; (29.35) 


Ay as(v) ( a 
where A and A absorb this renormalization scheme (RS)-dependence, whilst u is an arbi- 
trary UV cut-off. However, it can be shown that the results obtained in the limit of infinite 
numbers of flavours within the one-chain approximation, can be strongly affected by the 
UV renormalon induced by the two-, three-, ... chains of gluons [342,343], such that, it 
is premature to deduce any reliable quantitative estimates from this approach. However, 
some more optimistic authors have considered a more refined version of the one-chain of 
gluons approximation, involving next-to-leading 6 functions and RS-invariant quantities. 
The analysis indicates that the UV renormalon effect is much smaller [339,340] than naively 
expected [344,331], and than that of the perturbative error based on the last calculated coef- 
ficient term of the series (theorem of divergent series [337]) [338,323]. Taking into account 
the different existing (qualitative) estimates of UV renormalon effects [331—340], one can 
conclude that the estimate of the perturbative errors based on the last calculated term of the 
QCD series [338,323] gives a reasonable or presumably an overestimate of the true error. It 
is also clear that the UV renormalon contribution cannot be considered as a new source of 
uncertainty, but itis of the same nature as the perturbative error. An independent extraction of 
such a contribution is needed. The only available alternative attempt for doing this, is its phe- 
nomenological extraction from the e* e^ — I = 1 hadrons data [341,329](Section 52.10)], 
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from QSSR. It has been noticed from the analysis of [329], that the obtained constraint is 
strongly correlated to the value of the gluon condensate. Postulating that a new term of 
dimension-two exists in the QCD series, the OPE is modified as: 


EIER G2 A 
D(Q*) = 1+ (=) + Ko (29.36) 
one obtains [329]: 
d, © (0.03 ~ 0.05) GeV? , (29.37) 


if one uses the value of the gluon condensate (o, G?) ~ 0.08 GeV^. This term would induce 
an effect of about 1% in the QCD expression ofthe t-width [325], which is a negligible effect. 


29.6 Some phenomenology in the large 6-limit 


The large -limit corresponds to the case where one takes large numbers of quark flavours 
and neglect the remainder terms of the 8-function: 


Bing > oo)  ny/3, (29.38) 


and then corresponds to the abelianisation of QCD. 


29.6.1 The D-function 
In this limit the D-function can be expressed as: 


D(Q*)=1+(=) rat |a (£) i 3 , (29.39) 


where dọ = 1 and 59 = 0. The coefficient d, comes from the bubble diagrams. Its Borel 
transform reads: 


dn py AEA C ae 
BOX) =) b" = 5 (Se) ie pp 29-40) 


n=0 


where in the MS scheme C = —5/3. The UV renormalon poles at b = —1, —2,... are 
double poles, while the IR renormalon poles at b = 3, 4, ... are double poles and a single 
pole at b — 2. It is informative to decompose the Borel transform into the sum of leading 
poles: 


9(1-uP 9 (14 u) 


2 1 1 
—10/3 Y. 
$ l 9(2+uy 22+ 5 T ee 


sows a eee Jem 
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Working in the MS scheme, the ambiguity in summing the series can be quantified as 
(see e.g. [154]: 


4 10/5 A4 — 0.06 GeV‘ 
5D(Q?)ren = ( ) a nam (29.42) 
-h/ x Q Q 
This effect is smaller than the non-perturbative gluon condensate contribution: 
2x (Ola,G?|0) _ 0.14 GeV* 
DO ga DILE EARUM TO : (29.43) 


3 Q^ UM - 
where we have used the most recent QSSR determination [313,329]. This result is not 


significant for raising doubts on the existence of the non-perturbative gluon condensate in 
the SVZ expansion [1], although it can contribute to its perturbative component. 


29.6.2 Semi-hadronic inclusive t decays 


Semi-hadronic tau decays have been discussed in details in BNP [325]. We shall be interested 
here in its asymptotic perturbative expansion, which have been discussed by many authors 
[331—345]. In the large 6-function limit, one can write, the branching ratio [154]: 


m 2 2 Os n T Bi ý T 
Ry = 3QVaP + Vul pH (2) De E (&) +a] 09.44) 


n=0 


where one can neglect the remainder 57. The Borel transform is [154]: 


1 2 2 1 
B(R.)(b) = B(D)(b) LE ape uon WE-D 


| , (29.45) 
where the sinus attenuates all renormalon poles except those at b = 3, 4. The point b = 1 is 
regular but will not be suppressed by a factor a, when one uses the Cauchy contour integral 
for evaluating R;. 

Taking the leading renormalon poles, one can approximately have: 


2 2 8 8 
BR Ab) = e38 4 eT +e Bo aa. 
RM) ee Bian  BsOa ^ [3824 ^ 98-2 
(29.46) 
Expressing the rate as in BNP: 
Rr = 3(Vaal? + [Vas )Sgw[l + pr + dew + dye], (29.47) 


one can compare the measured value of dp; with the one obtained from the large £-limit 
prediction. One can notice that the value of a,(M_,) can reduce by 15% compared to the 
one from the truncated series but this effect is smaller than one obtained by adding the a? 
correction. Another point is that the error induced by the A?/M. $ term which arises when 
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the series is truncated at the onset of UV renormalon divergence is numerically very small 
due to the smallness of its coefficient. Therefore, the induced uncertainty is negligible in 
the M S scheme. 


29.7 Power corrections for jet shapes 


The phenomenology of power corrections in jets and DIS has been developed [162,366], 
while numerous experimental studies have been devoted for measuring these contributions 
[480,481]. Renormalons are most useful in these frameworks as they can fix unambiguously 
the power n of the corrections (A/ Q)”. However, in order to find relations between various 
corrections, models are still needed as one expects [342,162] that any number of renormalon 
chains gives power corrections of the same order, and there is no way to evaluate all of them. 
Some other reservations to be made in the renormalon approach are also the extrapolation 
of the small QCD coupling expansion in the UV regime down to the IR domain where the 
QCD coupling is of order one, and where, terms which dominate in the UV region do not 
necessarily dominate in the IR region. 

For definiteness, let us consider the thrust variable defined in the previous chapters 
dedicated to jets: 


max 25 Ipi . n| 
= n ———— : 
2m. Ipil 
where p is the momenta of particles produced and n is a unit vector. From perturbation 
theory T Z 1 due to the emission of gluons from quarks. The contribution due to a soft 
gluon emission can be quantified as [162]: 


EE f coe = (29.49) 
= soft ~ See OE D 

| hog’ Q 
where dw/w is the standard factor for the gluon emission; w/Q comes from the definition 


of T while a, is of the order one. Alternatively, if one attributes to the gluon an intrinsic 
invariant mass squared ¢ Q?, and evaluate the thrust mean value, one obtains [366,154]: 


(0 -—T)=Cr (=) [0.788 — k/£ 4- ---], (29.50) 


T (29.48) 


where J/Z ^ A/Q, and its coefficient depends on the definition of thrust used (k = —7.32 
with the previous definition, while it is 4 for the definition used in [366]). One can generalize 
the previous result by using an universality picture. That can be done by keeping terms which 
contributes perturbatively as a? In* Q and extrapolating such terms in the IR region where, 
however, they no longer dominate! In this way, the 1/Q correction can be expressed in 
terms of the universal factor [162]: 


[m I dk, vost, (2) , (29.51) 


where Veig is the so-called eikonal anomalous dimension, and the integral over the 
Landau pole is understood as the principal value. In this way, on gets the different relations 
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among the event-shape variables (see the definitions in the jet chapters from Eqs. (24.32) 
to (24.37))[162]: 


pA 2 
= (BE (29.52) 
1/0 


2 2 
9 1/0 9 1/Q 


These relations are well verified experimentally [480]: 


and: 


1 C 
~=(1-T = — (0.511 + 0. 
zí )1/0 pe 0.009) 


1 C 
s (C) uo = (0482 + 0.008) 
Wi] C 
2(—")  -—(06162 0.018), (29.54) 
O ug. 2 


where C is a constant. 


29.8 Power corrections in deep inelastic scattering 


Power corrections in deep inelastic scattering have been developed at the single renormalon 
chain level [482], and an alternative derivation using Landau pole of the power corrections 
has been given in [162]. 


29.8.1 Drell-Yan process 
The inclusive cross-section can be expressed in terms of the moments: 
2 
_ıdo(Q?, T) VA 
dt t"! ——— = M, | 1+.a,C, — | , 29.55 
/ dQ? D ed 
where Q is the invariant mass of the lepton pair; ./s is the invariant mass of the qq from 
the initial hadrons A; 2 and t = Q?/s; A is the gluon mass. To one loop, one finds [154]: 
C, —0 for n-A/J/s <1. (29.56) 


An understanding of this result from general arguments based on the inclusive nature of 
momenta has been given in [162]. 
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29.8.2 Non-singlet proton structure functions F> 


A systematic measurement of power corrections in DIS for the moments of the non-singlet 
structure functions F> has been performed [481]. The moments: 


1 
Mie [ dx xP, 95. (29.57) 
0 
have been parametrized as: 
(cg o) MT eo 
M3 (0 = Mf (1+ et gt a) ; (29.58) 


where Me or is the perturbative QCD prediction. The n-dependence of the power cor- 
rections has been included into Ce In the range of Q? values from 5 to 260 GeV”, and 
studying different figures, the analysis leads to a non-vanishing contribution: 


T? ~ (0.2+0.1) GeV? , (29.59) 


if A^ = 0 and (0.25 + 0.2) GeV? if A^ Æ 0. This result and the n-dependence agree with 
the renormalon-based result [162]. 


29.8.3 Gross—Llewellyn Smith and polarized Bjorken sum rules 


Power corrections to other DIS sum rules (Gross-Llewellyn Smith (GLS), polarized Bjorken 
(PBj) sum rules) have been also analysed from the renormalon approach [331]. In the 
large 8-limit, one can approximately assume them to be the same because the perturbative 
contributions differ only by light-by-light scattering starting at œ. Let's remind ourselves 
of the GLS sum rule given in Eq. (29.60): 


1 
d v v 
Í TRP a, P+ FPE, OD 
=3 {1 —a,(Q) — 3.58 a?(Q°) — 19.0 à2(Q?) + ôcLs} , (29.60) 


to which we add the power correction (twist-4) term 96; s. In the large B-limit, one obtains 
in the M S scheme [154]: 
16 ) A? 0.1 GeV? 


ó x e ( xX ; 
gi PJ Q 
which is comparable in strength but differs in sign with the twist-4 QSSR estimate [483] 
and fit using the CCFR data [249]: 


(29.61) 


(0.10 0.05) GeV? 
Q? 
However, an extraction of this power correction from the polarized Bjorken sum rule 
[260] leads to an inaccurate value consistent with zero as given in Eq. (19.8). 


(29.62) 
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29.9 Power corrections to the heavy quark pole mass 


We have defined in the chapter on perturbation theory the notion of pole mass, which is 
defined at the pole of the propagator. We have seen that this definition is not renormalized 
[141,147,133], independent of the regularization procedure [148] and free from IR singu- 
larities [133]. However, when this mass is related to the short distance MS running mass, 
one can notice its sensitivity to long distances. In the renormalon approach, this difference 
is given by the self-energy diagram with one-gluon chain: 


-5/6) yep + k+ m)y, 


PUp- E m] d 


M(p? = m?) = m(v) + co f Ls as (ke 


(2 


p?=m? 


It shows that for p? = m?, the integral behaves for small k like d*k/k*, which implies 
that the series gives an IR renormalon singularity at b = —x / 1. The asymptotic behaviour 
of the series expansion reads [331,154]: 


5/6 L- n 
MP = i) = iv) + Cr —v J (=) nlo?*! , (29.64) 
T E T 


Writing: 


Qs 


C 
ôm = Mya, = M(p? = i) — mon) = man) (=) Y ldi)" + Sule 
n=0 


n+l 
(29.65) 
its Borel transform reads, in the large 6-limit, [331]: 


CDTI — 2u) 
rG-u) 


-2 —u 

B[8m /m] = (5) e* P6 — u) A (29.66) 
where --- indicates subtraction terms which are rapidly convergent and give negligible 
contributions to the coefficients d, for increasing n. Comparisons of the values of d, with the 
available calculations [151,153] show that the asymptotic series reproduce approximately 
the first two coefficients [331]. One can also notice that the series is rapidly dominated by 
the IR renormalon contributions and the series start to diverge to order a? for the charm 
quark mass, and to order o? for the bottom. An intuitive derivation of this IR effect can 
be obtained from the Coulomb potential. In this way, the IR correction to the heavy quark 
mass is [162]: 


ô 1 dq. 
T =- | TV@) ~-Cra,~, (29.67) 
m 2m Jia, ÈT) nmn 
where: 
5 æs(4) 
V(q) = —4r Cr ; (29.68) 


q? 
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It has also been noticed [158,159] that the IR singularity of the Borel transform for the pole 
mass in Eq. (29.66) is cancelled by that of the potential [486,162]: 
aq PLE 
(2x p (q2)!+" 
-CF pype y TUD + 0T(0/2 = 1) 
r zT(1-42u) 


This leads to the proposal of a new mass definition that is less IR sensitive than the pole mass 


BIV EN = -4z Cr) ve)" 


(29.69) 


in this approximation (see Section 11.13). In, for example, the derivations of the inclusive 
B-decays using a 1/m, expansion, which behaves to leading order as mẹ, it has been noticed 
that the use of the pole mass definition introduces an ambiguity of the order of A /m, when 
summing the series, which does not match with any non-perturbative parameters of the heavy 
quark expansion. This problem does not appear when one expresses the width in terms of 
the short distance M S-mass, where a cancellation of the leading divergence between that 
of the width and of the relation between the pole and running mass occurs. 


30 
Beyond the SVZ expansion 


30.1 Tachyonic gluon mass 


We have extensively discussed power corrections related to the IR regions, where the phys- 
ical picture is simply the increase of the running coupling at large distance. Unconventional 
1/ Q? corrections which go beyond this simple picture have been also analysed in the litera- 
ture [161,162,342,341,329,344]. A lattice calculation of [487] shows that the 1/9? correc- 
tion arises within a dispersive approach or from a removal of the Landau pole of the running 
coupling [162,488]. We have sketched this point when presenting the UV renormalons in 
the previous chapter. Following the presentation in [162], the leading UV renormalon gives 
the series expansion: 


F- (Zaad) = J n (—bo)"as (0°) . (30.1) 
n UV n 
Using its Borel transform, one has the integral representation: 
(æsboz)™ 
BIF]=]d =.) = 5 30.2 
(F=f dz expa SO (302) 


where N = 1/boo;; is the value of n for which the absolute value of the terms reaches its 
minimum. The integral is of the form: 


— UAE 
(a, (Q Vie E 20 ; (30.3) 
where one can notice that the correction comes from the large virtual momenta p? ~ 
Q? exp(N), which is very different with the case of IR renormalon. However, in a theory 
such as lattice, which possesses an intrinsic UV cut-off, this effect can be irrelevant. There- 
fore, the alternative dispersive approach of the coupling can be used. The coupling can be 


parametrized as: 


1 1 A? 
> ts 
In Q2?/A? Im Q?/A? Q-A? 


(30.4) 


This modification can be justified if one argues that at finite order of perturbation theory 
the coupling satisfies dispersion relations with cuts at physical s > 0. More explicitly, one 


329 
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has: 
A 


Y | anets(Q?) > X` anas C(O’) - Yan. (30.5) 


In the case: 
an = nl(—bo)" , (30.6) 


the power correction in the second term is still poorly defined. Taking its Borel transform, 
one obtains: 


(zz LES (30.7) 
Q? Borel 2 Q? 


showing that the power corrections from the procedures in Eqs (30.2) and (30.5) are the 
same, which may indicate that the Borel summation of the UV renormalon series and the 
removal of the Landau pole from dispersion relation can be intimately connected. 

Another issue is the short distance (r < A) modification of the QCD potential, which 
becomes (k is the string tension): 


esr) 


r 


lim V(r) = —Cr tkr, (30.8) 
while in standard QCD, the leading power correction at short distance is r?°. This leads to 
the introduction of new small-size non-perturbative corrections and of a new picture of the 
QCD vacuum. In [161] one discusses this modification of the standard picture in terms of the 
phenomenology of the tachyonic gluon mass which is assumed to mimic the short-distance 
non-perturbative effects of QCD. We have seen previously that the 1/ Q? corrections to DIS 
can be explained from the IR region and is consistent with the OPE. In this picture, the 
constant term of the linear correction can be expressed as [162]: 


4 2 
kx —Zasd?, (30.9) 


where A? < 0 is the tachyonic gluon mass. In this framework, the standard picture of the 
OPE within the SVZ expansion gets modified due to the presence of the new 1/ Q? term. A 
systematic evaluation of this contribution using Feynman diagrams has been developed in 
CNZ. For the current-current two-point functions, it corresponds, to lowest order in œs, to 
the evaluation of the diagram in Fig. 30.1. 


Fig. 30.1. Lowest order diagram contributing to 1/ Q?. The cross in the gluon propagator corresponds 
to the tachyonic gluon mass insertion A. 
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The value of the tachyonic gluon mass has been extracted phenomenologically using 
previous analysis in [341,329] from e*e~ data. Analyses of some other channels by CNZ 
have confirmed such findings. The pion and o meson channels give the intersection range: 


(a, /m)A? ~ —(0.06 ~ 0.07) GeV?, or A?(1.25GeV?) ~ —(0.34 ~ 0.52) GeV? , 
(30.10) 
leading to the value of the string tension: 


Vk ~ (369 + 14) MeV , (30.11) 


in agreement with the lattice results. The consequences of this result in some paradoxical 
QCD spectral sum rules channels have been also studied by CNZ, and lead to a resolution 
of different puzzles for the sum rule scales. One finds, for instance, for these scales: 


M? ~ 4M? , (30.12) 


in agreement with the expectations of [382]. Analogous expectations in the gluonium chan- 
nel has been also recovered. However, this change in the scale does not affect the predictions 
on the QCD parameters from the sum rules (quark mass, ... ). 


30.2 Instantons 


Instanton—anti-instanton singularities occur for b = 4v in the positive real axis [375]. They 
occur because far-separated instanton-anti-instanton pairs cannot be properly treated in a 
perturbative expansion around a, = 0. Due to graph counting rules, perturbation theory has 
a singularity at b = 47r, such that perturbation theory alone cannot give an unambiguous 
answer to the Borel integral for b > 47. However, the singularity at b = 47r in perturbation 
theory should also appear in the valley method for instanton-anti-instanton pairs. In addition, 
a proper definition of D(b) for b > 47, including non-perturbative and non-analytic terms 
in b should also emerge from the valley method. 

In QCD, one expects an important róle of the instantons due to the topologically non- 
trivial fluctuations of the gauge fields [381,264], where they are expected to explain the 
large mass of the 7’ compared with the usual pseudoscalar mesons [262-264]. 


30.2.1 "t Hooft instanton solution 


For a pedagogical introduction, let us start from the example of the Riemann integral (see 
e.g. [51]: 


+00 
T= f F(x)e*- dx , (30.13) 


oo 


where A(x) is some positive-definite functions. If A(x) has a minimum at the position xo, 
one can approximate this function by: 


AU 
Mx) m Ao + ze E EN (30.14) 
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2 
Tc Fle, | = (30.15) 


If instead, A(x) has several minimas Ao; at positions xo;, one can approximately 


2 
I ~~ Flaoe™ [= (30.16) 


A similar procedure can be done in the evaluation of a functional integral. If the action 
S[®] has a minimum for a field (x), then this field gives a classical contribution to the 
functional integral analogously to Eq. (30.15): 


and obtain: 


write: 


I F[®]D® ~ Fipo]e 9! , (30.17) 


where corrections to this result are quantum corrections. If the field ®g(x) leads to a min- 
imum of the action S[®], it is a solution of the Euler-Lagrange equations for that action. 
Hence solutions of the classical equations of motion lead to classical contributions to the 
functional integral in Eq. (30.17). There exist classical solutions of pure SU (2) Yang-Mills 
theory which can be embedded in any SU(N) gauge theory, which are called instantons. 
The ’t Hooft instanton solution of the Yang-Mills equation is [264]: 
a 42 
C= ur T2. (30.18) 
gl(x — xo)" + o°] 

where xo is the instanton position and 7, is the t Hooft anti-symmetric symbol with the 
properties: 


Mv = Em for u, v—1,2,3 


ni, = =e 
Nay = 9; 
ni, =O, (30.19) 


where ejj, is the totally anti-symmetric tensor in three-dimensions, while a = 1, 2, 3 for 
the (subgroup) SU(2). The anti-instanton solution is obtained by replacing 75, by its 
dual: 


We CDs (30.20) 


In Euclidian space-time, these solutions would correspond to particles of size p at a position 
Xo, while in Minkowskian space-time, the solutions are not particles but can be considered 
as contributions to the tunnelling between different vacua. The action corresponding to the 
solution in Eq. (30.18), is easily obtained: 

1 8x? 


a E 4 a v_ 
SIG" ]a = EAS JG = P (30.21) 
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The instanton fields are self-dual: 


à 1 
Gt Envap Gog = Giv : (30.22) 


wy ~ > 


The action of a self-dual field configuration is determined by its topological charge defined 


as: 
g P 
o= fas (Ea) on avs 


where an instanton has topological charge +1, and an anti-instanton —1. According to 
Eq. (30.17), the contribution of a single instanton to the vacuum expectation value of the 
functional F[G] of Gos is: 


822 


F[G]e ?'?! = F[G]e ? . (30.24) 


From Eqs. (30.21) and (30.24), one can deduce that instantons give genuine non-perturbative 
contributions, since the exponential cannot be expanded in a convergent power series of g 
and its asymptotic expansion in g is identically zero. 


30.2.2 Instanton phenomenology 


Qualitative estimates of the instanton effects based on the dilute gas approximation have 
been done in the literature [382—385], while an instanton liquid model has also been pro- 
posed [386]. However, the results obtained in these papers, for example, for the pseudoscalar 
quark currents are controversial, which come mainly from the uncontrolled use of the chiral 
symmetry-breaking parameters entering the analysis. Indeed, one does not know exactly if 
one should use the light quark current masses or the quark condensate. Moreover, the effects 
depend also crucially on the size of the instanton, whose value is very inaccurate. In practice, 
in this model, the instantons contribute as operators of dimension larger or equal than 9-11. 
For Q? > 1 GeV’, no appreciable evidence of these effects has been detected in the phe- 
nomenological analysis, (even in the pseudoscalar channel, where one often claims that the 
effects are important!), as we shall see later on. A quantitative estimate of these effects from 
ete” — I =1 hadrons data indeed shows that they are small [387,329], as expected from 
[385]. A program for measuring instanton induced hard scattering processes at HERA has 
been proposed [388]. In DIS, one expects to probe small-size instantons, which, in princi- 
ple, are calculable, where the cross-section behaves as the square of the instanton density 
D~e * times a function F(c = ./s/Q’) of the total energy over the invariant mass of 
the particle produced: 


ge s FO. (30.25) 


30.2.3 Dilute gas approximation 


In principle, the superposition of two instanton solutions will not be a solution of the 
Euler-Lagrange equations, due to the non-linearity of these equations for a non-Abelian 
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gauge theory. If one considers two far-away solutions, the superposition should be a good 
approximation for two instanton solutions (topological charge 2). In the dilute gas instanton 
approximation (DIGA), the instanton contribution can be estimated very roughly [382]. In 
so doing, one starts from the dilute gas density: 


Qn VÉ —2n 
d(p) ~ C (5) exp ( ) : C#0.06 for QCD, (30.26) 
as(p) os(p) 


where p is the instanton radius. Using the previous t' Hooft instanton solution of the Yang- 
Mills equation the gluon condensates of 2n dimensions can be represented as: 


Pc d 
(Om) = ((¢G%,), «+: (¢G4,),) = Í dp, (30.27) 


where p. is the critical cut-off size of the instanton. By introducing the approximate 
relation: 


20 20 


A^ 


Asl) As (Pc) 


1 1 On 6 20 
(Orn) bu (11 — 2n) n (5) exp (-=) 


: 6! 11 k 
7 » (6 — k)! (zi — zye) , (30.29) 


indicating that, for condensates of a critical dimension: 


+ 111og(o./p) , (30.28) 


one obtains: 


2n — 1, (30.30) 


one has a phase transition which separates the large-size instantons (2n < 11), that is, ordi- 
nary low-dimension condensates, with the small-size instanton (instanton—anti-instanton or 
one-instanton) effects. As emphasized in the previous derivation, the small-size instanton 
is very sensitive to the value of the instanton radius o., which renders (among many other 
unknown) uncertain the quantitative estimate of its effect. Some other reasons, as we shall 
see below are the inconsistency of the size and distance between instanton ensembles. For 
these different reasons, the estimate based on DIGA should only be considered at the qual- 
itative level. Using the general expression in Eq. (30.29) for estimating, the contribution of 
the instanton to the NP gluon condensate (g2G?), and using the value of a;(p,) ^: 1, one 
can deduce: 
(eo > a (30.31) 
p 
Using the previous expression of the topological charge and the self-duality relation, one 


obtains for n, dilute instantons in a volume V greater than the instanton size, the instanton 
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density:! 
nu e | Oise res (30.32) 
EU Ee ae HIN l 
Therefore the average distance d; between two instantons is: 
E 342 XU 
daz” =( ———— (30.33) 
2(g?G?}inst 
These two equations give the ratio: 
d 
— <0.7, (30.34) 
Pe 


which is smaller than 1. It may indicate that the dilute gas approximation is inconsistent, or it 
can indicate that higher unknown perturbative corrections or non-perturbative contributions 
(multi-instantons) to the classical result are important. Alternatively, one can integrate the 
tunnelling rate in order to get the phenomenological value of the instanton density [389]: 


Pe 
Nphen = T dp no(p) , (30.35) 
0 


which for “phen = 1 fm^, gives o, = 1 fm using the SVZ value of the gluon condensate, 
which is rather pessimistic.? 


30.2.4 The instanton liquid model 


A more promising picture is the instanton liquid model [386,390]. The non-perturbative 
contribution to the instanton density defined previously can be estimated from the gluon 
condensate. The interaction of an instanton with an arbitrary external field G7, is: 

272 p? 


Sl -g "aUe; (30.36) 


pv? 


which is a dipole interaction, and then does not contribute to the average action to first order. 
U is an unitary matrix describing the orientation of the instanton in colour space. One can 
deduce [391]: 


4,4 


n(p) = no(p) | TC 


Jg (G^) +e | : (30.37) 


which has been exponentiated by [392]. In this way, and using phen = 1 fm, one obtains 


using the SVZ value of the condensate: 


pe = 1/3 fm, (30.38) 


! [n the classical field approach, the quantity below has no g? factor. 
? However, the SVZ value of the gluon condensate has been underestimated by a factor of about 2 [329,313] such that the value 
of p, becomes 0.5 fm which leads to a more optimistic situation. 
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which is rather small. This result gives a different picture of the QCD vacuum. The instanton 
size being smaller than the separation between instantons implies that the vacuum is dilute. 
Also, the field inside the instanton is very strong: 


Guy > A’, (30.39) 
implying that the semi-classical approximation is valid. The action is large: 
S = 87/27 ~ 10-151. (30.40) 
Also, instantons retain their individuality and are not destroyed by interactions: 
ô Sin K So, (30.41) 
while interactions are important for the structure of the instanton ensemble: 
(exp |ô Sin] ~ 20 > 1). (30.42) 


The phenomenology of the instanton liquid model has been published in [386], which 
readers can consult for more details. 


30.3 Lattice measurements of power corrections 


Recent lattice measurements of the V + A and (pseudo)scalar (S, P) two-point correlators 
have been done in [393] in the x-space and have been compared with different models of 
power corrections (SVZ, ILM). Using the expressions of the correlators in the momentum 
space given in the previous section, and using the Fourier transform formulae in Table G.1 
from [394] given in Appendix G, the different QCD expressions of the V + A and S + P 
correlators of interest here? in the x-space normalized to the perturbative contributions are 
[394]: 


ere Aso 9 T E E E CET. Leap rd 
n pie g ag s (Co) )x*Inx + gp% (70) x Inx", (30.43) 


where we adopt the convention In x? < 0. We have added to the usual SVZ-expansion the 
quadratic x? correction from [161]. In the V — A channel, the usual SVZ expansion works 
quite well but for a small radius of convergence. In the V -- A channel, the SVZ-expansion 
as well as the ILM describe quite well the quantity Q?TI( Q?), which is expected not to have 
a 1/ Q?-term [161]: 
2. HnV*A 3 
" EE > 1 — acl (65) )o* + a d (jq)x*lnx?. — (3044) 


pert 


This is to be contrasted to the case of II( Q?), which needs also to be measured on the 
lattice, in order to test the existence of the 1/ Q? inthe V + A channel. However, the channel 


3 Some other correlators in the x-space are given in Chapter 39. 
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Table 30.1. Different parameters used in the 
analysis of the S + P data in units of GeV? (d is 
the dimension of the operator) 


Sources (a, G?) os (V)? (s/m)? 
SET 1 (SVZ) [1] 0.04 — 0.259 0 
SET 2 [313,329] 007  5.8x 1074 0 


SET 3 [313,329,161] 0.07  5.8x10^  —0.12 


2 0 LETT T-Te[er ed ee | Ire Tre 


10 — _ Tr 


x [fm] 


Fig. 30.2. S + P channel: comparison of the lattice data from [393] with the OPE predictions for the 
two sets of QCD condensate values given in Table 30.1 . The dot-dashed curve is the prediction for 
SET 3 where the contribution of the x?-term has been added to SET 2. The bold dashed curve is SET 
3 + a fitted value of the D = 8 condensate contributions. The diamond curve is the prediction from 
the instanton liquid model of [386]. 


which is crucial for the present analysis is the (S + P) one. In this channel: 


ET. r^ " n 
P+s = 2 H? fis. 


pert 


3 
= Soke 3: sce 05.) x4 as gy Inx?. — (3045) 

As shown in Fig. 30.2, neither the SVZ-expansion nor the ILM can describe the lattice 
data, where we have used the sets of condensate values given in Table 30.1. 

If such data are confirmed, it may indicate a strong evidence of the quadratic 1/ Q? power 
correction. We can see in Fig. 30.2, that for large x, the data is better fitted by including 


—1 
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Ry+a 


O f [0] LL | od | o2 GEE 3] | 1— 1t 74. 1 | J 4-1 
0.0 0.2 0.4 0.6 0.8 
x [fm] 
Fig. 30.3. V + A channel: comparison of the lattice data from [393] with the OPE predictions for the 
SET 3 QCD condensates values given in Table 30.1 including a fitted value of the D = 8 contributions. 
The diamond curve is the prediction from the instanton liquid model of [386]. 


both the 1/ Q? correction and a D — 8 dimension condensates where the latter differ notably 
from the vacuum saturation estimate, with the size: 


C30 LN d 30.46 
sOs > + (ss) j (30.46) 
compared with the one from a modified vacuum saturation [399,411]: 
3395 x 48 
CsÓslnc ~ LLL (as G?)2x8 e >) l 30.47 
Belts = + 35855168 0 ) * Ge ove) 


For completeness we also show in Fig. 30.3, a fit of the V + A channel including the 
D = 8 condensate contributions. One can notice that like in the case of the S + P channel, 
the value of the D — 8 condensates differs notably from the vacuum saturation estimate. It 
reads: 


x 48 
= Fem A 
G0 x (75) . (30.48) 
compared with the one from a modified vacuum saturation [399,411]: 
2 x 48 
CoD ue G^ ~ (=) 30.49 
8 elise = + saggy 0 1 * "os oO?) 


One can conclude from the lattice measurement of the S+ P correlators that, if the 
data have to be explained by power corrrections, it can only be done by the presence 
of à? quadratic corrections at moderate distance (less than 0.5 fm). For larger distances, 
one needs to add the contributions of higher eight-dimension condensates. It has been 
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argued [395] that the A? correction can be better understood within the effective Higgs-like 
theories which are common within the monopole mechanism of confinement, where, in the 
presence of a magnetically charged (effective) scalar field, the symmetry of the theory is 
SU (3)cotou: X UC) magnetic. Upon the spontaneous breaking of the magnetic U(1) the gauge 
boson acquires a non-vanishing mass and its mass squared is the only parameter of dimension 
d — 2 consistent with the symmetry. Moreover, in exchanges between (colour) charged 
particles the gauge-boson mass appears to be the tachyonic mass as was demonstrated on 
the U(1) example in [396,397]. Detailed analysis of various power corrections within the 
Higgs-like models can be found in [396—398]. Moreover, if the monopole size is indeed as 
small as indicated above, then the effective Higgs-like theories can apply at all distances 
~ (0.1 + 0.5) fm. 


Part VIII 
QCD two-point functions 


31 


References guide to original works 


In this chapter, we give a compilation of the different Wilson coefficients, as applications 
of the discussions in the previous chapter.' In order to minimize the missprint errors in 
the transcription of the formulae, we have used as much as possible the transfer of the 
formulae from the original files. These QCD two-point functions are useful for further uses 
in high-energy physics processes (e*e~ — hadrons total cross-section, Higgs decays, . . .), 
and not only for the QCD spectral sum rules analysis. 


31.1 Electromagnetic current 


Historically, the electromagnetic spectral function has been obtained to order œ in QED [318,319]. 


In the massless quark limit, the order o? correction has been obtained by [317], while the order 
or? terms have been computed in [321]. The order o? terms have been estimated [178] using the 
principle of minimal sensitivity (PMS) [176] and effective charge (ECH) approaches [177], or using 
t decay data [332]. The order asn has been computed recently in [438]. 


The non-perturbative corrections were orginally obtained by SVZ [1]. Radiative corrections to the 
non-perturbative quark condensate have been calculated for the first time in [439]. 


This observable is the most accurate quantity known in QCD today. 


31.2 (Pseudo)scalar and (axial-)vector currents 


The results for the bilinear (pseudo)scalar and (axial)-vector quark correlators come essentially 
from [325,399,440,441,444]. 
The œ, correction to the massless pseudoscalar correlator as well as the non-perturbative corrections 


were computed for the first time in [167]. The o? term has been obtained in [445]. The œ? correction 
has been obtained in [446]. 


31.3 Quark mass corrections to the (pseudo)scalar and (axial)-vector 
quark correlators 


Quark mass corrections to the quark current-current correlators have been calculated to higher 
orders in [325,399,440,441], where it has been emphasized that the perturbative terms resulting 
from the relation between the normal and non-normal ordered quark condensates are essential for 
removing the mass logarithms singularities. 


This list of references might not be complete but only representative. 
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* The complete o; correction to the massive (pseudo)scalar and (axial-)vector correlator has been 
evaluated in [399], while the o2 corrections come from [448,449]. 


31.4 Tachyonic gluon corrections to the (pseudo)scalar and (axial)-vector 
quark correlators 


* Dimension two contributions due to tachyonic gluon mass have been obtained for the first time 
in [161]. 


31.5 Tensor quark correlators 


* The correlator associated to the quark tensor current has been evaluated in [357,451]. It has been 
revised and corrected in [452]. 


31.6 Baryonic correlators 


* Radiative corrections and non-perturbative effects to the light baryonic correlators have been 
calculated in [424—430]. 
* Correlators of heavy baryons have been evaluated in [453,454]. 


31.7 Four-quark correlators 


* The two-point correlator associated to the four-quark current has been evaluated in [465,466] for 
analysing the four-quark states. 

* Analogous correlators have been evaluated for the study of the AS = 2 [467,468] and AJ = 1/2 
kaon weak decays [469,470]. These results have been revised in [471]. 

* Similar correlators for the analysis of the B B mixing have been obtained in [472] to lowest order 
and including non-perturbative corrections. Radiative corrections including non-factorizable ones 
have been evaluated in [473]. SU (3) breaking corrections are given in [474]. 


31.8 Gluonia correlators 


* Radiative perturbative corrections to the bilinear gluonic correlators have been computed in [455], 
while the non-perturbative terms have been obtained in [382,456]. 

* The two-point correlator associated to three-gluonic current including non-perturbative corrections 
has been computed in [457]. 

* The off-diagonal quark-gluon two-point correlators have been calculated in [458,450,457]. 


31.9 Hybrid correlators 


* The two-point correlator associated to the hybrid massless quark and gluonic current has been 
calculated in [459,460], where the final correct expression is given in [461]. The contribution of the 
tachyonic gluon acting as a new operator of dimension two has been obtained in [462]. 

* Two-point correlator associated to the heavy hybrid meson have been calculated in [463]. The 
contribution of the tachyonic gluon has been obtained in [464]. 
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(Pseudo)scalar correlators 


We shall be concerned with the two-point correlators: 
Yq =i / d*x e! (0|T 3, A" (x)! (8, A"(0)]) ]0) , 
vi Í d*x e^ (OTA, V^ Gy (8, V" (0) 10) , (32.1) 


associated to the pseudoscalar and scalar currents: 
Ə AM = (mi + my hi ys) vi; 
9, VE = (mi — mi Wildy; (32.2) 
Here the indices i, j correspond to the light quark flavours u, d, s; mj is the mass of 
the quark i. It will be convenient to introduce the notation: 


ma -—m;ctm,;. (32.3) 


The result of the scalar current can be deduced from the one of the pseudoscalar by the 
change m ; into —m, or, equivalently, by the change m, into m_ and vice-versa. 


32.1 Exact two-loop perturbative expression in the M S scheme 


The complete two-loop result for the pseudoscalar correlator, using the MS renormalized 
mass is: 


TE: AL SN 
ux cU CE or 


with: 


1 1 
L =3K?° 42K 6 S2ET — 10x; f? 

+ m;[GK —2)3K/ðm; — 2(E + m2)81/0mi] + G6 << j), 
M=-m(1+lh)+ (i <> j), 
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1 
= -g4 02K* —4K +5)+3m7(1+ fi) xj fj) 


E ?(5 5I; + 32) + <> j), 
I = [FGi) + F(xj) - F(xixj) - FO0I/q?, 
E 


1 
5 (mi mj - 4), 

3:45 a= log x; 
= log (v*/m;), Peasy. 


Xi j = m? ;/{E + EĻ — (mim; /EXI®) , 


x 2 oo 
Fœ) = f dy (2>) log (<) = IQ-nlogxy-25"/m. — 25 


n=1 


= 
I 


This expression reproduces the massless result given previously in Section 11.14. The 
use of these results at g = 0 lead to the two-loop expression given in Eq. (27.14). 


32.2 Three-loop expressions in the chiral limit 


To order a? , the correlator reads:! 


(1617) W5(q7) 


2 
= —q°m 12 — sm, | 
il [- q? 


: 131 2 2 
+(=) 8) ac) -34mZ- — om 
JT 


2 Q? Q? 
o,2[ 17645 
se -E s04 t(4) — 50¢(5) 


10801. v? 2 
In —; + 117¢(3)In—, 
-q -q 


511 
Tt——n;—86Q)nyg— 


18 24 

65 v? »? 2 v? 11 2 v? 
Taro O a 106 In ag + 3 ny In a 

19 3 v2 1 3 v? 

2 In Em + 3 ny n =p ; (32.6) 


The same equation with n ; — 3 reads: 


(1677) 5(q7) 


2 
= -qimi |- 12— sn | 
q 


Os 131 v? 2 V 
«(8)|- eo» M17 - 6In ;| 


! From now, we shall omit the indices i and j on Vs (y, 
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H 15601 a03 + > t — S0£(5) — 2031 1 s 
>) -= n 
= 24 OF 36 d 4 cg 
v»? 2 v»? 17 3 v2 
+ 105 ¿(3)1In 95 In ia l 2.7) 
-q? -q? 2 —q? 


32.3 Dimension-two 


For a practical application, one should substract the mass singularities with the help of 
the Ward identity in Eqs. (2.17) and (27.14) and by working with the non-normal ordered 
condensate. To next-to-leading order in the quark mass terms, the IR stable result is: 


s 3 
plq P? = gi t mjY [A(m? € m2) F Bmim;]. (32.8) 


where: 
Qs 2 25 
A221-24 CE (S) -3P +81- 2 + 66(3)] , 
B=2—4+Cr (=) [—3/2 + 141 — 22 + 6t (3)] , (32.9) 
VIA 


with: Cr = (N? — 1)/(2N) and / = log (—q?/v?); V, and W_ are the pseudoscalar and 
scalar correlators. 


32.4 Dimension-four 


In terms of the non-normal ordered quark condensate, where the m* log m? terms have been 
absorbed, one obtains: 


ajD-5 _ 3 2 l p4 UU NET 
V. (q Vas = y" +mj) gi [m] T4mim; +m; 
+ 2(m} x 2mimj x 2mim; + m5)I]. (32.10) 


To lowest order in o, and to all orders in the quark mass, the normal ordered quark 
condensate contribution reads: 


Ce Pay Pa 2 
Vg = -m; Zl AE h te ghe) ZZ 
i- m; 


2m; q? — m: 


(32.11) 
where: 
1 
fGi)- op Ie els 


mq? 
(=m ma) 


£j = 
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q+ = q? — (m; + mj) , 


(32.12) 


To order œ, and to leading order in the quark mass, one obtains: 


s E 3, 1 - - 
vao = SE +c (4) (-5* 2) [mn mj nij) 


—q 2 4 


s Fil, = - 
s ree (E) (Ciro) mnm. (32.13) 


To all orders in the quark mass, one obtains the contribution of the normal ordered gluon 
condensates: 


4 1 
Vi Cale ? 2 —(m; + mj) as (GG: ) 
q?|3G+u2)1—u?), utl 3ut+4u2+9 4 
xja 3 log 5 z + 
qi. 2u u—l u*(1 — u^) mimj 
(32.14) 


where the expression of the scalar correlator can be deduced from the former by the ad- 
ditional change of u into 1/u. The previous expression still contains mass singularities. 
The introduction of non-normal ordered condensates as given in Eq. (27.17) leads to a 
cancellation of these terms. One obtains the IR stable result: 


=4 1 
Wig? = (m Emy— Pag EO) 
2m; +m; 2m;m ; 
x}it+ £ (3-2D|, (32.15) 
3 e q? 


where the mass-logs have cancelled. 


32.5 Dimension-five 


To all order in the quark mass, the contribution of the normal ordered mixed quark-gluon 
condensate reads: 


z 1 
V. (ae = ? = —(m; E my ( : JiGys : al^ mmm; 
22 2 
a zm FP TE NM 
[e =m) mm - m] emi) - nini] 


NE C (32.16) 


32 (Pseudo)scalar correlators 349 


The leading contribution of the non-normal ordered condensate is: 


(m; Em;Y a a 
NC RES Tas rm Gj + m jWiGVi) (32.17) 


32.6 Dimension-six 


The leading contributions are: 


(-9 (m;i +m;? LAT 7 
Wi ( (2h = GIU gus | s dta Ta ms Ti 


«sb, Ya TAVi V jyu TA) >, hey" T Yn) . (828) 


u,d,s 
Using the vacuum saturation-like parametrization, one can write: 


(q 3 =6 _ (mi +mj) 4Cr 
qt 3N 


We 


Jesi + Qr Y. = wiv) Ql jV) 
(32.19) 


32.7 Exact two-loop expression of the spectral function 


The complete two-loop pseudoscalar spectral function expressed in terms of the pole mass 


reads: 
1 m agt 4 ras [3 I 
—ImWs(t) = sm; my oft : (=) Ee v?) 
+ $ v +07!) [Lig(@jor;) — Lig(@;) — log a; log B;] 
+ Aj loga; + B; log J + ota?) : (32.20) 
where: 


Lin(x) = AS — log(1— x), 


Aes 3m; +m; 19 + 29? + 3v mj(m; — mj) [bp 2v 
4 1-4 oj 


m; +m; 32v q?v(1 + v) 
2: 2 
m — m^ 
B; PN — i) 
q^v 
| mil-v 
' mjlcv' 
1 2 
gum M E. (32.21) 
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with: 


2 
t= (m; —mj) , 


E 
lil 


E 4mjm j 


Gg 


v= jl (32.22) 
while Aj, œj, Bj and B; can be obtained by interchanging the label i and j. The spectral 
function of the scalar current 0” (V iVu Y i) can be obtained from the former by changing 
the sign of m;. For m; = 0, one has A; = 0 and f; = 1, which guarantee the absence of 
mass singularities. In this case, the expression simplifies and reads (m = m;): 


1 _ 3 5 4 as\ [9 : 
mist) = sa x( — xt | des (=) E + Lin(x) 


3 1 
+ logx log (1 — x) 5 og ( i) log (1 — x) 
x 


exe (~ = 1) Ed tog | p -m), (32.23) 
x 1—x 
where x = m?/t. 

The order o? corrections to the (pseudo)scalar spectral function has been also obtained 
recently for massive quarks [448] where the result is available in a Mathematica package 
Rvs.m from the url: http:/Avww-ttp. physik.uni-karlsruhe.de/Progdata/ttpO00/ttp00-25. 


32.8 Heavy-light correlator 


We have given in the previous section the expression of the spectral function when one of 
the quark mass goes to zero. In the following, we give useful lowest order expressions in a, 
when m = m; « M = mj for the (pseudo)scalar current. In taking the small mass m limit, 
different cares have been taken in order to have IR stable results. Expressing the correlator as: 


Wa - n E MY. [w+ wh" iy) + v? (09) + UE aG?) + 


7 7 ha vaa O a Àa vaa 
v1^' poai yp) + VEEG] 6224 


One obtains[488] (W = M? — q°): 


T N M? M? 2 
weet - go [cnt " In 7, QM? qn E 
M? M? 2 2 
+2mM (2 if i oou oda 
qos W W W 
mM i M M? i m? 
FT n n 
W g W W 


m^ 3 M* M m? 
d LU: 2 l 2M? — q?)1 ] 
q z n ( q^)ln W 
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" E Mg? | mq?(2M? ~ q me) 


W 2W? w3 
- M 3 
Poen for —q° > M? 
1 Mq? 4 M 
wo = uu l qi ET + mq*MW? G -- 6M? In ^) 
F JU m 
2 
s G +7M? 6M? In 7) | 
"I » d Mq! 7 mM?q* 
* 2W3 2w4 


gee — 4 for —q° > M? (32.25) 


One can notice that some of these terms are IR singular and behave like log m and 1/m. 


In order to have an IR stable result, one should work with the renormalized condensates 
defined in Eq. (27.56). In this way, one obtains: 


-— 2: 3 M? M? » 3 2 = 
pp = ape oe E | iog " uP? + =] tog = - 1] ue” ; 


m2 E q 2 Es rs 
= 2 Dg M? g 5 
Uo = ws wee y — y% log — W262 "jog T yor 
12M ~ 12m ~ 2q? is 2g? EE 

2629 = y 269 

“| j M 

$GV _ yav- 
y TIL 


+ > I m 2 ” (32.26) 


Therefore, one can deduce for small m: 


- 3 | 1 
pert 2 4 29, 4 
4 = 444 — (M" -AM^m* + m^)— 
2 16 2 ud ( ) 2 


1 E 2 
-2 4° — M? — m? + (M* x 2M?m x 2Mm? + m^); | log x 
q n 


» 1 M? 2 M 2. 
ye = 5 ( M ) ; [3 2log =£ |. (32.27) 
q q 
where: 
q =q- (M Fm’, (32.28) 


and where all IR infinities have disappeared. 
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(Axial-)vector two-point functions 


The Wilson coefficients for the OPE of these correlators were first calculated by SVZ to 
leading order in o, and in the quark mass terms. Calculations of the coefficients beyond the 
leading order exist in the literature. These results are collected here. 

We shall be concerned with the two-point correlator for the vector Vi = piy p; j and 
axial-vector currents Ai = Viy"ysy;: 


nq) ei f ds eorr vien (VOY!) 
I 4@) =i f d*x el (0|T A" Gy! (A"(0)) 10) . (33.1) 


Here the indices i, j correspond to the light quark flavours u, d, s. The vector (V) and 
axial-vector (A) correlators have the Lorentz decomposition: 


1 0 
Miya = -(g""q? — gta? iy a (q^, m2, mj) + a" q" Top, (a^, mz, m5). (33.2) 


where m; is the mass of the quark i; nj ) is the correlator associated to the hadrons of spin 
J = 0, 1. The (pseudo)scalar poela ROCD is related to ng ) via the non-anomalous 
Ward identity in Eq. (2.17). It will be convenient to introduce Dee notation: 


(12-0) — r4 (D (0) 
ng 2 n 4 n9. (33.3) 


The result of the axial-vector current can be deduced from the one of the vector by the 
change m ; into —m j or, equivalently, by the change m_ into m, and vice-versa. 


33.1 Exact two-loop perturbative expression in the M S scheme 


The complete two-loop result for the vector correlator is: 


1 15 
mt) =- [+ (%) P |+ Px 


3 4 

- al; + Bl; + 2(a — BYaZi — BZ;) 

«2(&) 1 B+ al(1 4-21) BL -- 215) 
3\n 2 ' : 7 : 
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1 (m; —-mjy 
— (1 + 2N; + (ap 
4 q? 


+x; f? +x; f7+ EN ey Nj. 
— (a — B)(G(x;) — G(xj)) - G — 2(a + B)) K? 


= («ee 621) |, (33.4) 
with: 


a= —m;/q°, 
p= -miq , 
PeÉzl-e—B-2«-—p, 
Ni =a 4 fin - xjfj), 
Nj = B c fi) xif. 


2 (As 2 
Zi 1+4 +5 (>) (5+ 5l; - 32) , 


3 


x 2 oo 
owsa = | dy (>) = Ņ\ [0—nlogx? --11x"/n?, (33.5) 
o n=1 


where K has been defined in Eq. (32.5). The log-mass terms appearing there should be 
cancelled once one introduces the contributions of non-normal ordered condensates. 


33.2 Three-loop expression including the m?-terms 


Including the m?-term to order o, the correlator reads: 


(0+1) 
(16x?) * 
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m? Qs y? 
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(Lez!) ret 9 
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= +| ee ee 
| 3 -q? 
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3 
a;\2[34525 1430 100 299 v»? v? 
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LÁ xy 17981 Ie 1045 4 227, vt SL o 

“Pr 72 9 $ 9 § ea ae ee 

, o, 2 [128 
ae) | aael 33.7 

ES) £3) (33.7) 


33.3 Dimension-four 


The dynamic operators of dimension-four are the gluon and quark condensates. Let us 
start by giving the contributions coming from the normal ordered condensates, which are 
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obtained from a direct calculation of the Feynman diagrams within the Wick's theorem. 
One obtains: 


2 2 
Q 10-5 . 1 (m3 — m2) 
[Ij vj], = "Om Wii: yf 
gq +m} m; — 2(mj — mi) /a l ; 
Is : 2 » Je] + (<> j), 
q -m +m; 

(33.8) 
ay 10-59. 1, .1I[3ü449ü-—342. wt) 3u*425*43 
[O vale = Pr a;GG "xl 555 log — E 

(33.9) 


where the result for the axial-vector can be obtained by the additionnal change of u into 1/u. 

Let us now use the previous results and truncate the series to the D — 4 contributions 
but including radiative corrections. In so doing, we shall consider these quark and gluon 
operators defined previously in the MS scheme. The remaining D = 4 operators are product 
of the running quark masses. In terms of the scale invariant condensates defined previously, 
the contributions to the correlators are: 


o [nj AC 9?] 
1 11 
-sz|[- ue 2)v|(zs c) 


ar (5 - 7(5 =) vo mb mtn 


(D=4) 


E +) + ( ms IE ) co | Demat 
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SH ‘J+ (S) ro] (n jr + mi ivi) 
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27 
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+ 


ap 


6 
2 NS 
= (2) (Q) + ] [m*c9) + m4(Q)] 


i(Q)m CO) [m? CQ) + m5(Q)] 


1 65 dls ; 
ga? | ( 6 Lo (=) e» 2 "iQ. (33.10) 


and: 
(D=4) 


Q*[nf?,, c 9?) 
= = ((m; J pi Em (Wii F Pip) 
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1 12 sas\-! 11 
= E (=) @+ al [m;(Q) F m j(Q)][m}(Q) x m3(Q)] 


4n? 7 Nx 


3 
F ga (Om; Comi CQ) F m COE . (33.11) 


33.4 Dimension-five 


This contribution is due to the mixed quark-gluon condensate. It has been evaluated to all 


orders in the quark mass. In terms of the normal ordered condensate, it reads: 
(1) 0-5 — 7 l 
[Ij v/a Ias cc wies 3miq^qlql 
t 


x | + 2mj(m; F mi)\(q? — mi) — meq? (q^ + m^) 


— 2m jm; T m;)(2m? — m?) 


P(q?, mi,mj ; ; 
“pam P +(i <> j) ; (33.12) 
q 
with: 
P(q?,m;,mj) = [q? + 2m (m; F m,)\(q? — mày 


— Em T 6m jm; + m?) 


— mq Ch +m?) 
+2m;m; (m; F m;)(3m5 — 3m^m; + mj). (33.13) 


33.5 Dimension-six 


Here we shall consider the contributions which do not vanish for massless quarks. Then 
we shall neglect the triple gluon condensate contribution g°( fabc Cj, „G? 5, 0 5,,). Where the 
coefficient vanishes in the chiral limit. Therefore, we have: 


O(N vj. c e]? 

— | (x =L)(*) o) (= ) o Vin ei T.V jV ju a Tai) 

jode n Ae rotin ( J.) Tova) 
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* = 1+6 (8) O) D Piyuys Tai + V vs Tap NA PTO) 
+e 7«6n (8) 003 hoc V st ay wo 


* a +p (S) 00 LTA Hy Tot) (33.14) 


where L = log( Q? / v2). The upper component of C s) or ( A ) is for the vector(V ) correlator, 
while the lower one is for the axial-vector (A). 


33.6 Vector spectral function to higher order 
33.6.1 Complete two-loop perturbative expression of the spectral function 


In the case where one of the quark mass is zero, the spectral function of the vector current 
reads: 


-— 


ImII?(r) = "xu bs) 
n 
HE (&) [6 + x)(1 — x)’ log = t 
42x logx + (8 — x31 -2. (33.15) 


where x = m?/t, and becomes: 


1 () 1 4 13 
—ImII* (t) 2 — |] (2+ x) 1+3 (2) + 21og x + log x log (1 — x) 
T 8x? 3\n/ | 4 


+ log ž log(1 — x) — x log ud * log «:J 
2 1— 1—-x 1-x 
sje 4 (=) |-6 + x)X1 — x) log 2 a log x 
3\qn 1-x (1-x/y 
2x 2 
5—2x |] ec m^). (33.16) 


For the case of the electromagnetic current, one has the well-known QED result, which 
is accurately reproduced by the Schwinger interpolating formula: 


1 () 1 3-v 4 2 
—ImII (t) = v 1 + zo, f(v)|0(t — 4m°), (33.17) 
T 4r 2 3 
where: 
v=ev1-4., 


NE: (34- v) (xz 3 
fo) = ; (J zx) (33.18) 
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33.6.2 Four-loop perturbative expression of the spectral function 


The neutral vector spectral function can be related to the et e^ — hadrons total cross-section 
as: 
c(e*e- —  hadrons(y)) . 
Re+e-(t) = = 127 ImMMen(t + ie), (33.19) 
o(ete- > utu (y) 
where Imll,, is associated to the conserved electromagnetic current Jf = 
oar QiV;y"W; (i =u, d, s, ...). However, the perturbative calculation has been done 


in the Euclidian region and corresponds to the D-function: 


2 2 d 2 
D(Q") = —Q = Men(Q") 5 (33.20) 
dQ 
which can be related to Re+e- through: 
1 —s+ie dQ? j 
R(s) = — —,D 21 
©) 2in E Q? d x MS ) 


where it is necessary to transform the result into the physical region by taking into account 
the effects due to the analytic continuation of the terms of the type: 


log"(—q7/v") > (log(t/v?) + ix)” . (33.22) 


The asymptotic four-loop expression reads: 


= = 2 ~ 3 
(1622) -Imrlas (n) = 3 [s o) | p qo (=) +F; (=) | 
T i T T m 
2 EE 
/ as 
+ (x o) (3) (33.23) 


where à; is the running coupling evaluated at the scale t and: 


F; = 1.9857 — 0.1153n , 
F4 = —6.6368 — 1.2001n — 0.00525? , 
F| = —1.2395 . (33.24) 


The last term comes from the light-by-light diagrams specific for the neutral electromag- 
netic current. The expression of the D-function reads: 


(1625)D(- Q^ = 3 (x 2 | + (=) + E + 24 (=y 
+ E + (n + A) L+ pi (x? + 29] (Sy) 
2 
d (x o) r(2. (33.25) 


where the values of the 6-function have been given in Table 11.1 and L = In(Q?/v’). 
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33.7 Heavy-light correlator 


In the following, we give useful lowest order expressions ina, when m = m; « M = mj 
for the (axial-)vector current. The notations are the same as in previous section but differs 
from IIy,;4 given in [488]. They are related as: 


M Fm? MF - 
Ij, = Mva 2 We p oo aa) |. (33.26a) 


where Hn A is the guy coefficients in [488], V. has been given in Section (32.8), and: 
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ert wy QQ G2 
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The different contributions read: 
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= Į ——— or — = E V a 
Vea OGO 3W q 


with W = M? — q?. Introducing the renormalized condensates defined in Eq. (27.56), and 
using relations similar to Eq. (32.26), one can deduce: 


IIv;A 


1 
= =| 10g? + 18(M? + m?) — 93M* — 4M?m?* + 3m*)— 
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II | —II ; 
VIAL ay V/A 
fivi| .. = IlvjA 
QQ QQ 
n 1 (M*+m’) 
Wes 12 1842 ^' 
ñv, = [ya]. , (33.27b) 
yoy yoy 


from which the expressions for Ay, a can be easily derived. 


33.8 Beyond the SVZ expansion: tachyonic gluon contributions to the (axial-)vector 
and (pseudo)scalar correlators 


Here, we shall give contributions coming from the dimension D = 2 operators induced by 
a tachyonic gluon mass. This contribution has been introduced in [161], where one expects 
that the gluon mass phenomenologically mimics the resummation of the QCD perturbative 
series due to renormalons. 


33.8.1 Vector correlator 


This effect can be systematically obtained from the Feynman diagram given in Fig. 30.1. The 
derivation of the results is explictly given in [161]. Here, we only quote these results which 
are consistent if one uses normal non-ordered condensates for the D = 4 contribution. To 
first order in œ, and expanding in 7, mi», we obtain: 


20 m mà m? 
zg) _ = my 
(16x in = Sees 60i * Ano + 6 Grlno «| 


55 dz 4 TIE act, qum 
us 3 a+ - i) Q 


m: m? me 
igt 2 = Qi dh Qi ic eJ 


T326£(3)— m 16:3) 5 


a, a2} 128 76m 
99? Q? 


zQ| 3 


mà m? m2 
8 Q? +12 pe 12 ole (33.28) 


The above result is in the MS scheme and the notations are as follows: m+ = m, £m 
and/,o = log(u?/ Q?). Note that the terms of order A? / Q? in Eq. (33.28) are jz independent 
and, thus, do not depend on the way the overall UV subtraction of the vector correlator is 
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implemented. The quark mass-logs appearing in the A?m?/ Q^ terms have been absorbed 
after adding the contribution of the quark condensate to the correlators and its modified 
renormalization group invariant combination: 


= 3m? u? Qs u 5 u? 5 
iU = — |1 +1 2— |In? 1 
SUUM | EIE = (m (5) +3" 3)*3)] 


mid? ds we 
Qc [seni | (33.29) 
x m 


In the light-quark case relevant to the p-channels we can neglect the m? terms and I o(M 2) 
simplifies greatly: 


T = lek GONE %8 33.30 
-Im = zs «(3)] 05 = SE (33.30) 


33.8.2 (Pseudo)scalar correlator 


In the chiral limit (m, ~ mg = 0), the QCD expression of the absorptive part of the 
(pseudo)scalar correlator reads: 


1 3 ; yox 
lines) = en + (mgs ]1 + (2) ( 2L+ 5 i). (33.31) 


where one should notice that the coefficient of the A? term: 


by ~ Ab. (33.32) 
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Tensor-quark correlator 


We shall be concerned with the two-point correlator: 
Ur upo = i / d*x e'^* (0|T04,(x)04, (0)! 0) 
1 2 2 
= 2 Tlupflvo + "luo lvo — 3 luvilpa V»(q^), (34.1) 
where 
OFX) = igo D, + y D,)a (x) (34.2) 


is the quark component of the energy-momentum tensor 6//,,(x). Here, D, = D, — Dy is 
the covariant derivative. The previous current mixes under renormalization with the gluonic 
current: 


1 
05, C) = —GupG) + ger Gapa” E (34.3) 
as: 
a = Zi 007 + Z 1208.7 
OSP = Z405P + 25,087 . (34.4) 


The indices B and R refer respectively to bare and renormalized quantities. The renor- 
malization constants have been evaluated in [450]. For the quark currents, they read in 4 — € 
dimension space-time: 


Os 14 as 14 
Zi=1+(=)s5Cr,  Zn=-(=)55 (34.5) 
m/ ê m/ê3 
with: €^! = e! + (In4z — yg)/2. To the order, we are working, only Zi, is relevant. The 
corresponding anomalous dimension is: 


v dZi 16 1 as 
yu Zi dv (5 rh) (2) ( ) 
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The renormalized perturbative contribution to the correlator to order a, is [452]: 


2 2 
R Qu. AS Q a) 473 8 Q 
VE al? = - 0) = 0*1 S; i (> (= glo J|. G47 
The bare quark and mixed condensate contributions read: 
R 2 1 37,7 B 16 7 ha uv i 
V5 am (4 )— E —8m (yv) + 25 VO. VG; : (34.8) 


The evaluation of the gluon condensate is much more cumbersome. Evaluating the 
Feynman integrals for arbitrary mass and expanding the result in powers of m?/q?, one 
obtains: 


2 2 2 2 
Bo, n (Os »59[-2 m m 8 m q 
vgs (=) (G2) l ( zt zm taa) G49 
In order to remove the IR logarithm appearing in the bare result, one has to write the 
heavy- to light-quark expansions of the condensates discussed in previous chapters: 


y=- (“) ete, 


2 
[io syaw) = > (-3 Pan =) (=) (Gp (34.10) 


In this way, one obtains the bare gluon condensate contribution: 


B (2. (s 2 51|8 m? -2 q? m? 
Visa = (=) «0^ 50 35) G + log » T7 . (8411) 


The remaining m?/êq? pole can be eliminated by the introduction of the renormalized 
mixed condensate [130] discussed in previous chapters: 


R 


B 
(Fon yat) = [io teer] de) (G^. (34.12) 


Then, one obtains the renormalized result: 


Qs 1| 8 m? z m? 
va = (3) 5 E (1 3) tog L em 200 443) 


This explicit exercise has shown how delicate is the evaluation of the Wilson coefficients 
of the non-perturbative condensate contributions. 
The four-quark condensate contribution is: 


64 
Wa = gore (TZ) Ww? (34.14) 


where p is the deviation from the vacuum saturation estimate. 
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Baryonic correlators 


35.1 Light baryons 
35.1.1 The decuplet 
The simplest interpolating field for the A(3) is [424—430]: 


1 1 
Ay = Ws (y Cy) (su S in) ve, (35.1) 


where C is the charge conjugation matrix and colour indices. The corresponding correlator 
is: 


Su =i I d^q e'^* (T ^, GO) A (0) 10) 
= (Fi + F)gwt- (35.2) 


Using the SVZ-expansion, the form factor can be expressed as: 


2 2 4 
>å q q 2 Dum py 
-F =q Ai log —7 + Agr log — 7 (0G )+msA3n (wy) + Asc AM 
q? q? E e Ka 
-F,-m,Biq* log; + Ban? log — (V V)a + By (vor er.) » (35.3) 


where A; and B; are Wilson coefficients determined from perturbative calculation of the 
QCD diagrams shown in Fig. 35.1. The different expressions of these Wilson coefficients 
compiled in [426] are given in Tables 35.1 and 35.2 to lowest order of a,. In the table, we 
also introduce the parameters controlling the SU(3) breaking of the condensates: 


(50 AgG4,s) 


(io 2,G4,u) ` 


, and x5= (35.4) 
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(b) (c) 
(d) (e) 


Fig. 35.1. Feynman diagrams corresponding to the OPE of the baryon correlator: (a) perturbative; 
(b) quark condensate; (c) gluon condensate; (d) mixed condensate; (e) four-quark condensate. 


35.1.2 The octet 


The nucleon can be in general interpolated by the lowest dimension operators: 


pde 
42 


where b is an arbitrary parameter. We shall discuss the different choices of b in the sum rule 
analysis. The corresponding correlator is: 


N : [Q/CysV) v t bc) ys] : (35.5) 


s, =i f dac" comov m 
=§GF,+Fot+-:-, (35.6) 


Using the SVZ-expansion, the form factor can be expressed as in Eq. (35.3). The corre- 
sponding Wilson coefficients are given Tables 35.1 and 35.2. 
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Table 35.1. Wilson coefficients in the OPE of the form factor F\. 
Type Ai Az A3 A4 
3/2 
^ p E 0 3 
xt Os -š -$(4- x3) 2 + 2x3) 
E* d -š -$Q + x3) 2 xsQ + x3) 
Q gv x —6x3 AX 
1/2 
aO 2b 5b) L5 -2b-5b) 0 2(7 — 2b — 5b?) 
1 1 1 
A xÓ-2b-5b) X(5-2b-c5b) -p465 - 4b- b’) al(11 + 2b — 135?) 
— 3(5+ 2b + 5b*)x3] +265 — 4b — D)ys] 
X ac 2b 5b) 4-(5-2b- 5b) —il[120- b’) 4a — by 
— (5+ 2b + 5b*)x3] + 6(1 — b*)x3] 
E ag 2b 5b) A. (5-2b- 5b) —$[20 — b’) ixl — P?) 
— (1 +b) xs] + (1 — b? x] 


Table 35.2. Wilson coefficients in the OPE of the form factor F>. 


Type Bi B, B, 
3/2 
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—-gl( — by 


+ 6(1 — b*)x3] 


3(1 — P) 
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35.1.3 Radiative corrections 


As the current gets renormalized, the previous correlators have anomalous dimensions. 
These anomalous dimensions are equal for the A and N and read: 


2 
y =—2 x (5) : (35.7) 


Radiative corrections to these lowest-order terms have been first obtained in the chiral 
limit in [424] and corrected in [428,425]. For the nucleon, one has [428,425]: 


A= ggg 20 86) E) ; log a 
A. | I TE a 2b | «(&) J - 5%? | +(%) al (35.8) 


35.2 Heavy baryons 


Analogous correlators but for baryons containing heavy quarks have been evaluated in 
[453,454,731]. 


35.2.1 Spin 1/2 baryons 


Let us consider the baryonic current: 
J = rı (Cy?c)b + ra (u'Co)y?b + r3 (Cy? y" e)y,b , (35.9) 


which has the quantum numbers of the A (bcu); ri, r2 and r3 are arbitrary mixing parameters 
where, in terms of the b parameter used in [454]: 


ri =(5+b)/2V6; r2 = (1+ 5b)/2V6; r3=(1—b)/ 2v6. — (3510) 
The choice of operators in [453] is recovered in the particular case where: 


n=l n=k,;, r=0. (35.11) 


The associated two-point correlator is: 
i fax e/^* (0T (x)J(0)0) = pF, + F». (35.12) 
The QCD expressions of the form factors F; and F, can be parametrized as: 
F; = FP + Ff + FM , (35.13) 
where: 


Im Fy" (2) = (Qr + rž — rt) Mp {6 [m;t? + (mi — 2m?m? — me)t 


mm 
128:t 
+ 2m;m;] Ly- 6t[m;, t+ (m — m2y] Lo 
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Im FY (t) = 


Im Fy (t) = 


Im FM*(t) = 


Im diea 


VIII QCD two-point functions 
— la + 5m; — m2)t + m; — 5mm? — 2m 4] AL] 
— 2rira me {6 [mr te + (m? — 2m ^m — m;)t + 2m?m; | Li 


+ 6r[m? t+ (m? -my J£ 


— [e + 5(2m? — m;)t + m; — 5mm; — 2m5] deo} } (35.14) 
WO 9 LG eri earl) enn (mb tm?) esas 
Str e C2 Ink +m 

+ T=" Qr 5m} — 2m n) +2223 (21 — 2m — mi) 


+ 12ror3 m Ge 
+6 [(r2 — r1) mpt+ 2r2mym? — ryramoft — rorame (t — 2m;)] £4 
— 6t [(r$ — ri)m, + (ri + raram] ca} (35.16) 


Mg (wy) 
64nt as? pi F r2) mpm. [=° sts Pm; + 3m?) 


+ t (m; + m?) (m — 3m?) — (m; — m2y] 
+ Arzmym, [-6à + t°(3m; + m?) 


+ 1(—3m} — 6mm? + må) + (m3 — m?) ] 

+2rirs [t* + ° (— 3m; — 2m?) + 39m; (m; — m2) 

+t( — m$ + Amsm? + 3mm; + 2m’) + m? (m? - my] 

+ 2rpr3 [t + 0° ( — 4m; — 3m?) + 3? (2mj; + mim, + m;) 

— t(m; — m?) (4m4 + m2m? — m^) + m;(m; — my] (35.17) 


sia Hd +473) 2 [nd md) — 2mdn] £ 

— I2? (m5 — m?) £2 

+ [P — 7? (m? + m2)  t( — Tm} + 12mm? — 7m?) 

+ mý — Imm? — Tm;m? + m$] X47] 

-Anrsmyn, (12 [ (m; + me) — 4tmyme + 2mm; m; + m7)] £a 

— I2? (m; — m?) Lo 

— 2[2 + 5t(m; +m?) — m; — 10mm? — m4] Ac} (35.18) 
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Im Fy) = EAP (Qr rd — ri) melt +m — m?) 
+2r\r3 my(m;, — m? — t)} (35.19) 
,G 
Im Ff) = Ae C. ([ ar} (+ 3m) — (2 + r?) (t — 3d + 3m2) 


UR 2t (mi + m?) — 2m} — Ilm2m? — 2m?) 


— 36ror3 mpme Ag 


+12m,m, [—2r; mym, + 2r1r3 (t — 2m; — 3m?) 


+ 2rora (t -m — 2m 2)] £: } (35.20) 
ix Mg (V) 
Im Fir) = TU (ri — r2) m. [766 + (2m; + 5m?) 


- ni + 3mm? + Omt) rid - m) (m$ — mèm? — m) 
— (mi — mi) (m - 2m2)] 

+ 2r$m. [t (mj — m?) P (— 3m5  4mim; + 3m?) 

+ 3¢(mj, — mz) (mi + mz) — (mj, — mi) (mj m2)] 

+ 2rir3 mp [—t* + P (5m; + m2) + à (—9m; — 4mzm? + m$) 
+r (mi — mz) (Ting + 4m;m? m?) — 2m;(m; — m2)"] 
t2rram, [~tt + 2 (2m + m2) — 28 (3m + m$) 


+ 2 (2m — 3mgm + m$) — (mi — mi] (35.21) 

with: 
2542 

L£i(t)= = slog E, aug Am; m? : 

L= (t — mj — m2) 
i? Gr oso. desig oct "teet m) Gus sa me) 
bc b C ? 2 PEE i 
d a (35.22) 


35.2.2 Spin 3/2 baryon 


Let us consider the two-point correlator: 


S, (q^) = if ax (0/7 J,0)J,(00) = gu (Fi + Fa) +++: (35.23) 
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built from the simplest interpolating Eo operator: 


a 


: 1 
Ju? = ae :2(01 Cy"ug) Qs + (QL Cy Qg)us : , (35.24) 


where Q and u are respectively the heavy- and light-quark fields. The QCD expressions of 
the form factors for a heavy quark of mass M are [453]: 
4 


pert — 2 3 
ImFP"(x) = aso | 1 44x — Ax? — 2x5)£, 
+ 5G 19x + 98x? — 1306 — 60x4)] , 
X 
5 
ImF7" (x) = DIOE [24(—2 + 3x — 5x*)Ly + w(9 + 34x — 10x? — 60x?)] , 
2 
Gp. 56) 7 > v 2 
ImFo(x) = s Q4 3)£, + (1 + 26x + 12x )| 
(a, G?) P v 8 
ImFf (x) = — M | (24+ 3x7)£Ly + —(114+18x-——)], 
BON ceo ^ | OR ah ag re 


y T v y 257 v 2 
ImFy (x) = MO) Imk, (x) = -M'(yy)——|7-T-]. 
T 187 x 
T, 2 
ImFP*(x)— M2 sad 50 — 11x + 12x? — 303), (35.25) 


with: 


M? 1 
EI £, -n( **). (35.26) 
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Four-quark correlators 


We shall be concerned here with the two-point correlators associated with the four-quark 
operators. These operators can describe a four-quark state but play also a crucial róle for 
describing the flavour changing AS — 1 for the A7 — 1/2 rule processes of the weak 
hamiltonian and the AS — 2 and AB — 2 for the K — K and B — B oscillations. 


36.1 Four-quark states 


The two-point function associated to the colour singlet operator: 


1 x 
Q^ = — sls(uL'u + d'd) (36.1) 
v2 2 


has been evaluated in [465] to leading order in a, and including non-perturbative corrections. 
It is shown in Fig. 36.1, and reads: 


-q? 1 1 m? 1 pm,Gs) | (o,G?) 
y 2 = 81 q s s $ 
(quo | 4096025 | 102076 (3) ur p Tet | 


A NR 3o E 
q6 E [o 2 Gt s)+ gi + i] | 
-( ? Jur (36.2) 


which is free from non-local ‘In —q?/v? pole absorbed by the addition of evanescent 
diagrams. The two-point correlator associated to the operator: 


OF 


: > SPAss(aT A dT Ad) (36.3) 
== SI Aas(ul Aqu £ ad) , d 
42 r5 
=1,Y5 


has been analysed in citeSN4Q and can be easily deduced from the former to leading order 
using the Fierz transform. 
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Fig. 36.1. Feynman diagrams corresponding to the OPE of the four-quark correlator: (a) perturbative; 
(b) quark condensate; (c) gluon condensate; (d) mixed condensate; (e) four-quark condensate. 


36.2 AS = 1 correlator and AJ = 1/2 rule 


In these weak processes, the short-distance Hamiltonian can be described by the four-quark 
operators Q;(x) obtained from the operator product expansion: 


Gi ey 


> V,a V Ci(u2)Q; , 36.4 
J 2/23 (49 (36.4) 


where V,, are elements of the CKM mixing matrix, while C; is the Wilson coefficient 
obtained from pQCD calculation. The relevant two-point function for these processes is: 


Her = 


W(q?) =i f dx ei (0| T{ Herr(x) Hag (0) )10) 


cry * 12 2 *(,42 2 
= ( 2E) [Mua VE? Y, eo CHW?) vi). (36.5) 
(55 i,j X i 
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This vacuum-to-vacuum correlator can be studied with perturbative QCD methods, al- 
lowing for a consistent combination of Wilson-coefficients C;(u?) and two-point func- 
tions of the four-quark operators, Y;;, in such a way that the renormalization scheme and 
scale dependences exactly cancel (to the computed order). The associated spectral function 
lImy^s-! (q?) is a quantity with definite physical information. It describes in an inclusive 
way how the weak Hamiltonian couples the vacuum to physical states of a given invariant 
mass. In the following we shall analyse the four-quark correlators but build a RS com- 
bination that is useful for the physical processes. Here, we shall consider the correlators 
associated to the AS — 1 operators: 


Qi —-AGLy"di)(üyuui), — Qo = A(Sty" do (aj yu) . (36.6) 


It is usual to work in the diagonal basis: 


1 
Os = 4(Q 0». (36.7) 
and to define the RS-invariant operators [476]: 
A as 


where in the t’ Hooft- Veltman (HV) and naive dimensional regularization (NDR) schemes 


(see Chapter 8): 
7 1 11 1 
BEY —~_(41,-—— 3 BNPR = = [eT oh. 36.9 
wots- ayer= 2 (41-5) 65) 


In this basis, the corresponding correlator is: 


doi jp +2 (=) Ba] Yu + Yi], (36.10) 


and is RS-invariant. 


E T en 1+(=) d ee Vial 
—Im S, = 0(s) —— Ax + n 
x D (ny “+ x) | 2 72 Ea 7 
3 101 43 1 
N= ; 36.11 
Tu a tax || Cony) 
with: 
Az= 2 NN 1) (36.12) 
o AS SY i 2 


The coefficient of the logarithm is just equal to the leading-order anomalous dimensions 
y? of Q+. Introducing the u?-dependent Wilson coefficient: 


i 2 
CQ) = o, (u? yE / f |: = as) Re | ; (36.13) 
4n 
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where the NLO correction R can be found in [476], it is possible to form the RGI spectral 
functions: 


lm (s) = lm (s)C2 (s) (36.14) 
X T 


For N = 3 the two spectral functions read: 


4 
Limit) = 0) È als? |: s (3) ; 
T JU 


15 r 1620 
2 UM. 8/9 2192 (Me 
<Imb_(s) = (5) 7 I5 as 0) [1+ E |. (36.15) 


Taking o, (s)/7z: ~ 0.1, at the NLO we find a moderate suppression of Im, by roughly 
20%, whereas ImW__ acquires a huge enhancement on the order of 100%. Because Im Y, , 
solely receives contributions from AJ = 3/2, and Im__ is a mixture of both AJ = 1/2 
and AJ = 3/2, this pattern of the radiative corrections entails a strong enhancement of 
the AJ = 1/2 amplitude, which can provide a promising picture for the emergence of the 
AI = 1/2-tule. 


36.3 The AS = 2 correlator 
Here, we shall consider the correlator associated to the AS = 2 operator: 
Oas=2 = Gry" di) SrYpdz) (36.16) 
where: 
1 
yL = 5 — yv . (36.17) 


We shall analyse its phenomenological application in the next chapter. The QCD expres- 
sion of the spectral function reads [468]: 


E bed tt Va aly -A(=) 
—im = m a, Ms 
i s mU (1622) 10 N x 
40m? E us 
t 


s(5s) — e.c] (36.18) 


The coefficient of the perturbative correction is RS dependent. In [471], it has been shown 
that one can define a RS invariant combination Ó AS=2! 


Ôas- = a(vy/F1 — (Z) zoas, (36.19) 


where Z depends on the regularization scheme used [475]; yas—2 is the anomalous dimen- 
sion of the operator QAs—» defined as: 


1 
Qas-2 = z [Casca (st y"aP) (s? y,ag)] . (36.20) 
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It coincides with O45-» in the HV scheme since in HV Fierz symmetry is respected for 
current-current operators while O 4 s—» renormalizes into itself. This is not the case for the 
NDR scheme where the ys matrix is naively anti-commuting while the rest of the calculation 
is done in n-dimensions. Within this RS invariant combination one obtains [471]: 


3649 
A=-— 21 
1620 ' pee!) 


where the global effect reduces by about 20% the lowest-order result. 


36.4 The AB = 2 correlator 


We shall consider the two-point correlator: 
Was—2(9") =i f dix e** (0[T O,GX(O4 010) , (36.22) 
built from the AB = 2 weak operator O, defined as: 


Ox) = (by, LaYby,La) . (36.23) 


with: L = (1 — ys)/2 and q = d, s. This correlator has been firstly evaluated to lowest 
order in [472] in the case of massless light quark mass and including non-perturbative 
corrections. The perturbative radiative corrections including non-factorizable corrections 
have been obtained in [473]. The SU(3) breaking correction has been evaluated in 
[474]. The lowest-order perturbative contribution for m; 4 0 to the two-point correlator is 
[474]: 


1 iud " 14 (1—/8—4/8 (1-2) 
—Imy z(t) = O(t — 4(mp + m, ) x —— x i, az f du zu 
^ SATA 153629 " Juss py (54/57 


ô ô ó 8 
x AP (1, z, wal? (1, = =) ale (i S z) 
a X u u 
ó à ó 8 ó à ó ô 
x |4f | -. fl 2f |-. gl— 
A ux u u Zor &B uu 
8 à 8 à (1—z—uY (6 8 8 à 
2g , f , F 8 , E , : 
Zz & u u Zu VA u u 


(36.24) 


Here ô = m; /t andó' = m? /t, respectively. The functions f (x, y) and g(x, y) are defined 
by 


fc,» 22-x-y-(Q-yy, 
g(x, y)=l+x+y—2%x«-y). (36.25) 
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The function A(x, y, z) is a phase space factor, 


Mx, y, Z) = x? + y? +2? — 2xy -2yz -2zx. (36.26) 


We include the a, correction from factorizable diagrams to the m, contribution by using 


the results for the two-point correlators of currents [477]. This can be done using the 
convolution formula: 


1 Qo pü-466-4vy (l-/z)? 
Timya = 00 — 4m e m) x 2 f af M 
r 6T Juge ey VEVE 


x [ImrI2, (zt)ImIT^"" (ut) + Im, (AIM (ur) (36.27) 


duù!’ (1, z, u) 


Here T1),(q?) and IT^, (q?) are respectively the lowest and the next-to-leading order QCD 
contribution to the two-point correlator I1,,,(g?) which is defined by 


IL, (4^) = if sem x (OIT (br GX)yu sr GO) GL) y,br. (0))]0) . (36.28) 
The quark condensate contribution reads: 
1 
PILIS a(t) = A(t — 4mp + m)? s 35 (55) 


(Vr-myy 9 
xf dq? Ai c 2q ^ai) 
( 


mpm,» 


m q 
nb 2 -2)s 


2 2 
+f (: EET m? a). (36.29) 


Here Ao, A;, and f| are defined by 


2 2 
— 
q q 


fsl- T— Se (36.30) 
di d di 
The gluon condensate contribution reads in the case m; = 0 [472]: 
1 gi y+ 
z Imago) = ds Hen dk dy 


x (-(4/2y^A — M = yxy +a- x- y)] 
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+ (6x/3y*)(1 — x0 — yy [2A — ya — yn 
a-ày 
-f dz z(1 — 8/2} A! (1, z, 8), (36.31) 
ô 
where: 
A= 6(y/x +1-—y)- y(1— y) (36.32) 


and the parametric integration limits are given by: 


xo = 6/1 — V8), 


y4 = ju +8 — 1/x) E A?(1,8,8/x)] . (36.33) 


37 


Gluonia correlators 


37.1 Pseudoscalar gluonia 


We shall be concerned with the correlator: 
xk) = f dx e"*i(0|T Or(x) QRr(0)|0) , (37.1) 


where Q r(x) is the renormalized gluon topological density which mixes under renormal- 
ization with the divergence of the flavour singlet axial current J p g mix as follows [129] 
(see Section 10.3.3 in Part III): 


Jos rz ZS iss 
Qn = Qn — TA — Z)9^ Jsp , (37.2) 
where: 
Jiss ES )dvuvsa 


Os oA 
Qn = z G Gw (37.3) 


and we have quoted the formulae for n y flavours. The correlation function x (k?) obeys the 
inhomogeneous RGE [260]: 


0 ð 1 
=s Jas — -2 k)=-— 2pgOXK^, 374 
(^ m + blasa, Ja, 2r ) nj» B (37.4) 
The anomalous dimension is: 
d Als \2 
y =u—logZ=— (=) (37.5) 
du T 


The extra RG function 8“ (so called because it appears in the longitudinal part of the 
Green function of two axial currents) is given by 


c E za) af 2 (3| j (37.6) 
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Fig. 37.1. Feynman diagrams corresponding to the OPE of the gluonium correlator: (a) perturbative; 
(b) two-gluon condensate; (c) three-gluon condensate; (d) four-gluon condensate. 


The RGE is solved in the standard way, giving 


KE, asp) = re KA, ay He 


t " 
zl dt" BU (o. (t"))e? o aid ; (37.7) 
0 


where a,(f) is the running coupling. The different QCD diagrams contributing to the cor- 
relator are shown in Fig. 37.1. 

The perturbative expression for the two-point correlation function in the MS scheme is 
[455]: 


s\2 2 —k? ` 1 —k? 2 
x (Dp. x - (2: k^ log We- Bi log gaa) eee (37.8) 
82 / m? m z/\2 m. 4 


The non-perturbative contribution from the gluon condensates (coming from the next 
lowest dimension operators in the OPE) is [382]: 


Qs 


2 
X (v p. X zs 1+ Bi log = (a,G?) — 225 (gG?) . (37.9) 
1672 2" Vn w ga 
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(c) (d) 
Fig. 37.2. Feynman diagrams corresponding to the OPE of the meson-gluonium correlator: (a) per- 


turbative; (b) diagram which mixes with (a) under renormalization; (c) quark condensate; (d) gluon 
condensate. 


37.2 Pseudoscalar meson-gluonium mixing 


Let us consider the off-diagonal two-point correlator: 


Wo [^ e'1*i (OIT Q rŒ) 0, J” (0/0) (37.10) 


shown in Fig. 37.2. 
Its QCD expression reads [458]: 


2 
Qs 2 m; 1d 
+2(=) (a,G (3) g- (37.11) 


where one can notice that the mixing from the OPE vanishes in the chiral limit. However, 
one should notice that this mixing acts on the gluonium propagator, that is, it affects the mass 
splitting but not its decay width which is governed by a three-point function. Unfortunately, 
several authors mix these two features in the literature. This feature may justify why the 
lattice prediction in the world without quark can give a prediction that is almost compatible 
with the experimentally observed gluonium candidate. 
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37.3 Scalar gluonia 


We shall be concerned with the correlator: 
V,(q?) = 16i Í d*x e'^* (0|T 0/ (x)0/ (0)|0) , (37.12) 


where 6,,, is the improved QCD energy-momentum tensor (neglecting heavy quarks) whose 
anomalous trace reads, in standard notations: 


8) = 1f (o.)G? +A + Ym(as)) Y mid . (37.13) 
u,d,s 


Its leading-order perturbative and non-perturbative expressions in a; have been obtained 
by the authors of [382]. To two-loop accuracy in the MS scheme, its perturbative expression 
has been obtained by [455], while the radiative correction to the gluon condensate has been 
derived in [456]. Using a simplified version of the OPE: 


W(q)-— 3. Cp(0p), (37.14) 
D=0,4,-- 


one obtains for three flavours and by normalizing the result with (B(a;)/as y: 


a2 eis Bl 2626-5] 


+ F(Z) eS} on 


4(O4) = = 4a, t5 


2 
6(O6) = 2a; E = Pa, n 2° fax (G^ G^ G$) 


g(Os) = 14( (œs fatcat, G^) ) — ( (os fap G2, G5," ). (37.15) 


37.4 Scalar meson-gluonium mixing 


Let's consider the off-diagonal two-point correlator: 
Yvia’) = fax e'ti (OT Jos (x) J} (0)I0) , (37.16) 
where: 
Jg =0;G*, Jq=2maqq. (37.17) 


Its perturbative QCD expression reads [458]: 


2 2 
Ea a 05 3 45 q q 2 
V7 (q^) = os (=) fid log 2 LE us (4 wo] ; (37.18) 


The evaluation of the quark and gluon condensates is very similar to the case of the 
pseudoscalar channel, which the reader can easily evaluate as an exercise. The result 
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Fig. 37.3. Feynman diagrams corresponding to the OPE ofthe tri-gluonium correlator: (a) perturbative; 
(b) gluon condensate. 


indicates that the mixing also vanishes in the chiral limit like in the case of the pseudoscalar 
channel. 


37.5 Scalar tri-gluonium correlator 


Here, one studies the correlator in Fig. 37.3 associated to the interpolating trigluon current: 
Ja, = 8° fasc (G^ G^ G^) (37.19) 
Its QCD expression reads [457]: 


3a, 2 
yq = «| 1o, 4 log L + 18z q^ (,G?) 


27 ( 5 q? 3 à pb pec 3 
v q log —7 € fac (G G^ G^) + à41736 x 61(65 — 05) ¢ ,. (37.20) 
with: 


1 up tv 
os = 16 Ome GG ) 


1 
pr = qg TG, G^ G Gr). (37.21) 


37.6 Scalar di- and tri-gluonium mixing 


We shall be concerned with the off-diagonal correlator: 


Wo3(q?) =i f d*x e/^* (0T Jo, (x) J3 (0) |0) . (37.22) 


Its QCD expression reads [457]: 


2 9 


q 2,6 
v? E 7 dx 


yzl) = ai] log d - tingit rta 20123) 


37 Gluonia correlators 383 
37.7 Tensor gluonium 


We shall be concerned with the two-point correlator: 


YI =i f d*x e'^* (OIT 02, (x)08, (0)'|0) 


vpo 
1 2 3 
=3 (mome F Nuove — = rq"). (37.24) 
where: 
08, = —G% Gy, + A GP (37.25) 
and: 
Tuv = Suv — P (37.26) 


To leading order in a, and including the non-perturbative condensates, the QCD expres- 
sion of the correlator reads [382]: 


2 g 
2_ A Q 5 
Wig = SQ) mc I .(Q*)log a + yy pr 21 Oo) , (37.27) 
where: 
O1 = (fa Gus Gus)! and O7 = (fap Gus Gag). - (37.28) 


Using the vacuum saturation hypothesis, one can write: 


c E. (37.29) 


20, — e 
(20; — 02) 16 


37.8 Tensor meson-gluonium mixing 


We shall be concerned with the off-diagonal two-point correlator: 


T — 4 iqx 
Mo nie = IE xel (0|7 62, ()04, (0)'|0) 
1 2 T 2 
= 2 NupNva + luo Nvo — 3 luvloc V, (d ). (37.30) 
where 
05, x) = = iq(x)(y, Dy, Ty» D,)q(x) . (37.31) 


Here, D, = D y= D, is the covariant derivative, and the other quantities have already 
been defined earlier. "s into account the mixing of the currents, one obtains [452]: 


OF a Q E Q? (o, 
V? (q^ =-Q0 7x T E r) CE BE Ge log =) 36 log m e ) (G2) . 
(37.32) 
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Fig. 37.4. Lowest order tachyonic gluon contribution to the gluonic correlator. The cross in the internal 
gluon propagator corresponds to the tachyonic gluon mass insertion °. 


37.9 Contributions beyond the OPE: tachyonic gluon mass 


As we have seen previously, there are also contributions beyond the SVZ-expansion. We 
shall first be concerned with the two-point correlator: 


vQai fas e (OIT Jog(x)(Jog(0))"|0) (37.33) 
associated to the scalar gluonium current: 
Jog = a5(G4,)°. (37.34) 


Its evaluation leads to: 
1 622 
— [mV (s) © (parton model) | 1 — — 4 --.J. (37.35) 
T s 


The tachyonic gluon contribution comes from the diagram in Fig. 37.4. 

Thus, one can expect that the 4? correction in this channel is relatively much larger since 
it is not proportional to an extra power of a,. Let us consider now the case of the tensor 
gluonium with the correlator: 


UE ipo (q) = i / dx e'®* (0/T82, G)02, (0) |0) 


2 4 
q q 
FT Vi (unaa = 4 D8 + dedo uv) + f toto) 
2 


q 
F yi (Tews — Qudv8pc — dpdoSuv t dudo vo + dvdo Sup 


+ dudpBvo + 18s) 


1 


T vo (sandr + 8up8vo — 5850870) ; (37.36) 


where 07, has been defined in Eq. (37.25). A direct calculation gives the following results 
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for the structure functions y7 and their respective Borel/Laplace transforms: 


2y7 = ly s s T (37.37) 
T V4 = ge qup ^ egy 15 Mm)’ 
2 2 2 2 
2,7 Que , 92 flip. 2 M 10 à 
= oe A EE s eres 1 ; (87.38 
tn on T ogg t (5 9 20 3 M? Cree) 
oS 20 200 4 12 20 2923]: ' 


If, instead of considering 07,, we would introduce the total energy-momentum tensor of 
interacting quarks and gluons 6,,, then various functions components of y/,,,4 are related 
to each other because of the energy-momentum conservation. Indeed, requiring that 


QR = 0 
we immediately obtain: 
T 3,27 T_T 
V» E Wy and Wo x Wy, 


and, as a consequence, the following representation of the function in Eq. 37.36: 


T 2 T, A 
V vs (4) = Gan + Nuovo — =e v (Q^), (37.40) 
where: 
3 v 
WO) = QTY (O, Nw = 8w - z (37.41) 
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Hybrid correlators 


38.1 Light hybrid correlators 


We shall be concerned with the two-point correlator (standard notations): 
mo us Í d*x e^* (OTOK G0 (03,4) 10) 
= -(g""q* — gq’ Ij, (5) + qq yA"), (38.1) 
built from the hadronic local currents oy /A (x): 
Ov (x) =: sWirawjiGe :, ORE) m gida wys yj GK : (38.2) 


which select the specific quantum numbers of the hybrid mesons; A and V refer respectively 
to the vector and axial-vector currents. The invariant II? and I refer to the spin one and 
zero mesons. The correlator is represented in Fig. 38.1. 

The perturbative QCD expressions of the invariants are: 


1 ü a [121 257 35 n vi 
unicus pue I e epo mene 
p va BET reser aec. UE 


1 ü æ, [1997 167 AG: p. Su 
nO Oye — t] 14 2 £n 
zvatheecs V mua 5 N ww] 3 


(38.3) 
The anomalous dimension of the current can be easily deduced to be: 
32 

yn = Bi ru (38.4) 
where 8; = —1/2(11 — 2n f/3) is the first coefficient of the beta function. The short- 
distance tachyonic gluon mass effect is given by the diagram in Fig. 38.2 and reads [462]: 

1 a; 35 

—ImIIQ (t), = -—— 2, 4 

FO ea A 

1 0 a; 15 
—ImIIo (t, = =a At. 38.5 
x MTvjA A Ton? 2 E 
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e 9 
ee 
ee 


(e) (f) 


Fig. 38.1. Feynman diagrams corresponding to the OPE of the hybrid correlator: (a) perturbative; 
(b) quark condensate; (c) gluon condensate; (d) mixed condensate; (e) three-gluon condensate; 
(f) four-quark condensate. 


Fig. 38.2. Lowest order tachyonic gluon contribution to the hybrid correlator. The cross in the internal 
gluon propagator corresponds to the tachyonic gluon mass insertion A?. 


The (corrected) contributions of the dimension-four and -six terms have been obtained 
by [461] and reads in the limit m? = 0: 


1 Z 2 

Iq = -zla (67) + Sa m(J og — 45 
1 | 16x Sere 1 31G3 83 o, 5G 
E + agar 07 - qma) "| 
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1 E 
(Qype = — E — 8o,m (V. )] 
VIA 
lla, 1 » 1 * 
= ix E GV) +0 (=) | log -4 l (38.6) 


where one can notice from [461] the miraculous cancellation of the log-coefficient of the 
D = 6 condensates in nP. 


38.2 Heavy hybrid correlators 


Analogous hybrid correlators but for heavy quarks have been evaluated in [463] for unequal 
masses and for the (axial-)vector channels. In the following, we shall present the results 
for the equal mass case m in the vector channel which has been checked and completed in 
[464]. Using the same normalization of currents as in the case of light quarks, one obtains 
the perturbative spectral functions [464]: 


z 
+ + Inz + 2zlnz 


e TE m*o,NCr 1 (7 , 1 5 aro. dm 
VP ^ 16:3 [3 602 3 4 15 
1 m*a,NCy (2 1 1 2 z? 
-—Imn(*9 = à 21 . 38.7 
pz Vert b ONG. Ise RC ee (9850) 


where z = t/m?. Note that, in [463], the result is given in integral forms. The contributions 
of the tachyonic gluon with a mass squared —4? is [464]: 
1 p  m*Je,NCr1 1 2 dg 7 
-Imp = l 2 31 
m Va lox? De 3*3 1 
m^Mo,NCyp ( 4 yl 4 ert 
167? MEC CE. ag C E 
The contributions of the gluon condensate have been obtained in [463] and expressed in 
terms of the correlators of bilinear quark currents: 


(38.8) 


1 14-0 
zm? 
VA 


1 4 
-hano = S (as G^) PMT v(t) 
T 


V,G? 
1 © 2n 222 
—ImII, 5; = ——-(o,G^)t ImIIv(r) , (38.9) 
T , 3 
where: 
N 2 
ImI y(t) 2 ——v(3 — v^) (38.10) 
247 


is the vector bilinear current spectral function and where v? = 1 — 4m?/t is the square of 
the heavy quark velocity. 
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Correlators in x-space 


In previous chapters we have discussed correlators in the momentum space. In some ap- 
plications, some authors prefer to work in the x-space. From the pure theoretical point of 
view, the use of the x-space is no better than the use of the momentum space, which is 
the traditional tool of QSSR [1,3]. However, each representation has its own advantages 
and inconveniences. The x-space approach is described in detail, for example in [386]. In 
particular, the current correlators are measured in the most direct way on the lattice [393]. 
In the coordinate space, the two-point functions obey a dispersion representation: 
] PP um 


I(x) = axi dt A Kiew) ImII(f£) , (39.1) 
0 


where K,(z) is the modified Bessel function, which behaves for small z as: 
I 
Ror DSS ong. (39.2) 
z 


In the limit x — 0, II(x) coincides with the free-field correlator. For the sake of com- 
pleteness, we begin with a summary of theoretical expressions for the current correlators, 
both in the Q— and x—spaces. We will focus on the (V + A) and (S + P) channels since 
the recent lattice data [393] refer to these channels. 


39.1 (Axial-)vector correlators 


In case of (V + A) currents the correlator is defined as: 
Maq) =i Í d'x e'®™(T J IO) = (quqv — £4 MG"), — (393) 


where —q? = Q? > 0 in the Euclidean space-time. For the sake of definiteness we fix the 
flavour structure of the light-quark current J, as: 


IVA = ity, (1 + ys)d . (39.4) 
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In the chiral limit one has in the (V + A) case (see, e.g., [1,3] and previous chapters): 


2 
via t. A ov, QU oe, X w(as(Gi,)) , 25603 (Gq)? 
n eo zh (1 3)m l 


v mQ 3 Q^ 81 Q6 
(39.5) 
The corresponding relation for the (V — A) case reads as: 
n'-^(g? E 4m, «qq» 64r os (qq)? 2 gr 5 Mo d (39.6) 
Q* 9 Q6 Q8 


where Mè ~ 0.8 GeV? parametrizes the mixed condensate as discussed in previous chapters. 
In the x-space the same correlators, upon dividing by n where He stands for the 
perturbative correlator, are obtained by applying the equations collected for convenience in 
the Table G.1 from [394] given in Appendix G. Therefore, one obtains [394]: 


m’t4 0 


T a 
Hy zi eae ag es (6 


pert 


2 3 
)\x4 nx? + Ape ay In x? (39.7) 


Note that In x? is negative since we start from small x. In the (V — A) case: 


HV-4 n? m? 
-yra ? uh (gq)x*Inx? — —o,(gqy xf lnx? . (39.8) 
I pert 2 9 


The x-transform of the Q? - II(Q?) is given by: 


Q^. m’t4 T AAD oo 25g? NC " 
gomma og; motu eüdrmr. 099) 
Similarly: 
27 H"-4 3 
2 t os (dq) xf lnx’. (39.10) 


Q2. H4 4 9 


pert 


39.2 (Pseudo)scalar correlators 


Next, we will concentrate on the currents having the quantum numbers of the pion and of 
ao(980)-meson. The correlator of two pseudoscalar currents is defined as 


n^(Q»5z if ax e* (T(J7 (x)J7(0))) , (39.11) 
where 


J? =i(m, + mq)üysd , (39.12) 
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In the momentum space, it reads in terms of the renormalized coupling, masses and 
condensates: 


nm’) =i f d^x e" (T(J* (x)J" (0))) 


3 17 2\ a, 2 dor, 2 
m eda tene e ange feu e 
822 x v? T 2 


3 v? v 


(39.13) 


MAGNA zie] 
3 go 81 Q* 


Here, the standard OPE terms can be found in [1,3,167] as compiled in previous chapters, 
while the gluon-mass correction was introduced first in [161]. It is more convenient to 
introduce the running QCD coupling à; ( Q?), the quark running mass m;(Q?) and condensate 
(dq) (Q?),! into the second derivative in Q? of TI” (Q?) defined in Eq. (39.13), which obeys 
an homogeneous RGE: 


am? — 3 (u + 1g)” i 11à, 4a, A? 
OQ s? Q? 3a n Q 
2 Ram 
x (e(62,) ) 8967? à, (Gq)? 

2 is 2.3 : f 39.14 

ie Q^ Y 81 Q6 ( ) 


In what follows, we shall work with the appropriate ratio where the pure perturbative 
corrections are absorbed into the overall normalization and concentrate on the power correc- 
tions assuming that these corrections are responsible for the observed rather sharp variations 
of the correlation functions. Thus, in the x-space we have for the pion channel [394]: 

I? Qs x 2 77? 
> L- —JÀA3x + Sa, (G4,) xt  —e,(qq)x$1nx?. (389.15 
HP = Sel (G) ) ap o5) (39.15) 


pert 
Note that the coefficient in front of the last term in Eq. (39.15) differs both in the absolute 
value and sign from the corresponding expression in [386]. 
Similarly, in the S-channel, the correlator associated with the scalar current having the 
quantum number of the ao: 


JS = i(m, — mq)üd (39.16) 


is obtained from Eq. (39.13) by changing m; into —7n; and by taking the coefficient in front 
of the 1/Q° correction to be —14087:?/81 instead of 8967:?/81 in Eq. (39.13). This term 
was found first in [666]. 

Therefore, we have in the x—space: 


Ir ; 1173 
- yx + —— o. (q)?x® In x? . (39.17) 


! We assume that w,A? does not run like (o (G5). 
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The channel which is crucial for the analysis in [393,394] is the (S + P), which is 
less affected by some eventual direct instanton contributions than the individual S and P 
correlators. In this channel: 


UI. f. IF II5 NIE 
Rus = 5 ne + Fs >] x 


pert 


3 
+ aces (65) e + T esüqrx ina. (39.18) 


This expression concludes the summary ofthe power corrections to the current correlators. 
We shall see later on that the QCD expressions of the two-point functions given in this 
part of the book are crucial inputs in the discussions of QCD spectral sum rules analysis and 
in various high-energy processes (e* e^ — hadrons total cross-section, Higgs decays, . . .). 


Part IX 
QCD non-perturbative methods 
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Introduction 


In the previous parts of this book, we have studied different methods based on power 
corrections, namely renormalons, instantons and the SVZ-expansion in terms of condensates 
and eventual quadratic corrections, which are one important aspect of non-perturbative 
QCD. In this part, we shall shortly discuss the other most popular non-perturbative methods 
used in QCD for studying the low-energy properties of the hadrons and of QCD. These are: 


* Lattice gauge theory 

* Chiral perturbation theory (ChPT) 

* Models of the QCD effective action 

* Heavy quark effective theory (HQET) 
* Potential approaches for quarkonia. 


The method and phenomenology of QCD Spectral Sum Rules (QSSR) which will be 
discussed in more details will be devoted to a new part. Here, we do not aim to present a 
complete review and references but we shall limit ourselves to the outline of the general 
features of the different approaches. A more extensive list of non-perturbative methods, 
which will not be discussed here, such as the: 


* Skyrme model 
* Bag models 
* Discretized light-cone quantization 


can be found in [3]. We shall shortly discuss in the chapter dedicated to the heavy quarks, 
the two approaches: 


* Potential and quark models 
* Stochastic vacuum model 
* Non-relativistic effective theories 


which are discussed in details in some other reviews (see e.g. [51]). We shall complete this 
part by a short discussion on monopole and confinement. 
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41 
Lattice gauge theory 


41.1 Introduction 


In this chapter, we shall discuss very briefly the main idea behind the lattice approach in 
QCD. More detailed discussions and some introductions can be found in different textbooks 
on lattice gauge theories [489] and some non-specialized reviews. (see e.g., Yndurain's book 
[46] or Dosch's review [51]). More recent reviews on the lattice results can be found in 
different contributions at the annual Lattice conferences (Nucl. Phys. B (Proc, Suppl.)). The 
starting point is the Euclidian generating functional: 


a= [Promos = fas Loco} (41.1) 


where the QCD action S is positive, thus providing the convergence factor. It is convenient 
to write the Lagrangian in a matrix notation: 


dus oh (41.2) 
where A, are the generators of the SU (3). gauge transformation group: 
U(x) = exp fies arco} : (41.3) 
Therefore, it reads: 
Loco) = ; »3 G^, (X) + VG" y, + my) — igi y, A" QV) ,. (414) 
"m 
where, in this notation, the gauge transformations become: 


Au(x) > U^ G)A&íQ)U (x) + EOLA) 


Gyv(x) > U !G)G4QG)UG), 
pa) > Uya). (41.5) 


Next we introduce the essential ingredients for the lattice formulation of QCD. Here, 
one expects that all expressions introduced below are well-defined, and, in principle, can be 
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evaluated numerically. This feature has made lattice gauge theory one of the most important 
non-perturbative methods for QCD. The functional integral introduced before has to be 
understood as the limiting value of a high-dimensional volume integral where the fields at 
the lattice points i, j,...are the integration variables. For definiteness, we shall consider 
a finite hypercube lattice, with lattice spacing a and volume V — (Na)* with periodic 
boundary conditions. The physical (continuum) limit is reached for V — oo first and after 
a — 0. The lattice provides a regularization as a is finite, such that UV divergences do 
not occur. As long as N is bounded from above, IR divergences are prevented. The UV 
divergences will reappear as 1/a or/and log a, when one goes to the continuum limit, where 
a — 0. 


* A point on the lattice is denoted by its coordinates in units of a, i.e. by the integers: (n) = 
(ni, n5, n3, n4), representing the point with coordinates X = (an, an», an3, an4). 

* The neighbour of the point (n) in the y-direction is denoted by (n + u). 

* The link from point n to its neighbour in the ,-direction, n + jz is denoted by (n, n + u). Its plays 
an essential róle in the lattice. 


41.2 Gluons on the lattice: the Wegner-Wilson action 


* An element of the gauge group is attached to each link, while its inverse is attached to the link in 
the opposite direction [490,491]: 


(n,n+u)—> Ung), | Qcuwn-U (nnnc), (41.6) 


where the group elements U (n, n + u) can be expressed by the generators 44/2 of the group as: 


Unn +m) = exp [is e ata] , (41.7) 


In a local gauge theory, an element of the gauge group is attached to each point on the lattice: 
"o 
Uo) = exp [ie n] F (41.8) 
The gauge transformation for the group element U (n, n + u) is defined as: 


U(n,n 4- pm) — U(mU(n,n 4- WU! (n+p), (41.9) 


where one may notice that there is no inhomogeneous term on the lattice version of gauge 
transformation. 

* The continuum limit is achieved by connecting quantities attached to neighbouring lattice points 
through the Taylor expansion and retaining the lowest-order contribution in the lattice spacing a: 


U(n + u) = U(x) + að U(x) + O(a’). (41.10) 
Using the expansion: 
ha 
U(n,n--u)-— 1+ iag 7 AQ) + Ola’), (41.11) 


the gauge tranformation in Eq. (41.9), becomes the one of the continuum limit in Eq. (41.5). 
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Fig. 41.1. Plaquette: a group element U (n, n + u) is attached to each link. 


* The Wegner-Wilson loop [490,491] corresponds to the product of group elements U (n, n + u) 
along a closed contour L. It is defined as: 


WIL] = U(n, n 4- )U(n &- u, n - ju 4- A): U(n - vn). (41.12) 


Using the property UU! = 1 and the fact that the trace is cyclic: TTABC = TrBCA = ..., it is 
easy to show that, under the gauge transformations in Eq. (41.9): 


TrW|L] is gauge invariant . (41.13) 
* A Plaquette is the simplest non-trivial Wegner-Wilson loop, which is the product of four group 
elements attached to a square with a sidelength a and lattice points as corners (see Fig. 41.1). 
Pn, n, v) 2 U(n t p, n t p t v)U(Q t p v, j t v)UG +v, DUG, j +u) 
U(n * p, n iu  v)U (n t v, j - ui )U ! G, i+ vUG j +u) 


ligaAv(nt+p)] ol~igaAu(n+v)] ,[-iga As Q0] l-iga Au Q0] (41.14) 


—e 
Using the Campbell-Hausdorff formula: 


gh e o gea [x,y] +O) , (41.15) 


with each pair of the previous exponentials, one obtains: 


{-iag(Ay(nt+p)—A,(nt+v))+07 g7[Av(nt+p), Ap (n+v)]/2+i0(a°)} 


P(n, u,v) =e 
x gl iag(Av(n)—Au(n))-+a? LA Q0, Ay (a)]/2+iO(a*)} f (41.16) 


Using the Taylor expansion: 
A (j +v) = A,(n) + að, A (n) + O(a’) , (41.17) 


and applying again Eq. (41.15), one can deduce the form of the plaquette in the continuum 
limit: 


P(n, u, v) = elit £16, 0) O()I f (41.18) 
with the usual definition of the field tensor: 


ha 
Gyy(x) = Gwy = 0,A,(x) — 0, AL(x) — iglAy, Ay]. (41.19) 
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In terms of the plaquette, one can now define a positive real and gauge-invariant action 
on the lattice: 


$,— ES Yo Tr{Pn, p, v) + P'(n, u, v)}. (41.20) 
n p<v 
It is customary to express the action in terms of the variable: 


2N, 
je (41.21) 


In the continuum limit, one can write: 


S; = L p» 2Re Tr exp(ia?gG (n) + O(a)} 


n p<v 


= FEL ni + ia’ gG (n) — ja *e6,, 060) , (4122) 


n 


where the sum over u, v gets a factor 1/2 because uv and vy define the same plaquette. 
Using the fact that Trà, = 0, one recovers the usual continuum action given in Eq. (41.4): 


n 


1 
S; = ; y» 3 a* G"" (n)G,,, (n) + O(a) + constant . (41.23) 
The vacuum expectation value of a function of the fields F[U (n, n + u)] is: 


(F[U(n, n + p)]) = =| DU e* F[U(n, n + u)] . (41.24) 


f DU e$ 
where the invariant measure on the group attached to the link is: 


DU =| [av n+ v). (41.25) 


For an Abelian group, the measure is: 
dU (n, n + v) = d(aA,(n)) with : —z/a < A(n) x z/a . (41.26) 


For a non-Abelian SU(N), group, one has: 


B 1 —cosaA,(n) | X4 5 
dU(n,n- v)— EE | Ha (a4®(n)) . (41.27) 


41.3 Quarks on the lattice 


In this section, we turn to the less understood subject of the formulation of quarks (fermions) 
on the lattice, where the complications are already present at the free-field level. Since 
fermions obey Pauli exclusion principle, they are described at the classical level by anti- 
commuting variables forming the so-called Grassmann algebra, which anticommute them- 
selves but commute with complex numbers. To each lattice points, with coordinates (n), 


400 IX QCD non-perturbative methods 
are attached N, x 8 anticommuting quantities: 
wen), veo, (41.28) 


where the spinor o runs from 1 to 4, the colour index c from 1 to N,. The field transform 


as: 
Win) > Uim). PEN) > Uw WEN), (41.29) 

Therefore terms like: 
pel), (n + WU co(n + u, yE), (41.30) 


are gauge invariant. It is usual to start from the free continuum Lagrangian in Eq. (41.4): 


Loree = VG) (y, +MY), (41.31) 


which possesses a SU (nf) x SU(ny)g global symmetry in the massless limit m = 0. As 
in previous section, one introduces a four-dimensional hypercubic lattice of N^ sites. To 
each site n, one associates an independent four-component spinor variable: 


Vn = wlan) > Yx) (41.32) 


characterizing the quark fields. For simplifying the lattice action, one defines the derivative 
symetrically: 


1 
Quy > zg inte —Wn-p) - (41.33) 
Therefore, the lattice action reads: 
Stree = 9 Vn Man We (41.34) 
n,k 
with: 
1 
Myx = za 3 Yu Dini — ôkn-u) + a^ môn . (41.35) 


Now, one can put this action into a path integral: 


Zivee = f DYDY e$, (41.36) 
where: 
Dy = | [ev ; (41.37) 
k 
after a relatively long, though straightforward manipulation, one finds: 
(— 1v 
Zire = ——— — det M. (41.38) 


QN +1)! 
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The quark propagator can be obtained by inverting M, which one can do with the help 
of a (finite) Fourier transform: 


M`!) =a RN +D NO M7! 
(Mn =a“*(2N +1) 2 j OR) zy 


" 
adn -»,| . 4139) 
n 


and by using the relation: 


N ; 
Aim . 
DO exp ap dat 7 Dy = ON + Dhu, (41.40) 


ju—— 


Therefore, one finds: 


-1 
OE n NM i 20 2zjy 
SG) = M; = (m+ iem) (41.41) 
In the case of a large lattice, one has: 
2n ju 
= ; 41.42 
SNR EM EO 
which leads to the p-space propagator: 
f -1 
i 
S(p) = tT- sin ; 41.43 
(p) (^ z 2 Vu 2 (41.43) 
Replacing the sum over j by integrals: 
1 N +r/a q 
Y a ' xd M (41.44) 
2N E l,—ty -xja 2m 


Equation (41.39) becomes: 


e +n/a d^p el 25, p" (an—ak), 
(Mak = ; ; . (41.45) 
—n/a Qz»* m+ (i /a) 25 Yu SIN ap, 


In the continuum limit (a — 0, an — x, ak — y), this previous equation becomes: 


+00 d^ i$, p" (x-»)n 
Elm (41.46) 


-1 
Mire I Qn mi X, YuPu 
which is the Euclidian propagator. However, by analysing Eq. (41.43), for example in the 
case m = 0, one can see that, for finite a, it has too many poles as the denominator van- 
ishes for p, = 0 and p, = m/a. On the hypercube lattice, one has 2* = 16 poles instead 
of one! This fermion doubling is catastrophic as one loses asymptotic freedom, the exis- 
tence of the U(1) anomaly (the 16 fermions contribute with alternate signs to the anomaly 
triangle), . . . Several solutions to this fermion doubling problem have been proposed in the 
literature [489]. One of the most popular is the one proposed by Wilson [492]. It consists 
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of adding to the Lagrangian a quadratic term: 
w = 4r - 1 
£. = my, + gV” + 2a jc + Paatu +r — Vu)Yn-u} , (4147) 
m 


where r is arbitrary. In the large lattice limit, the corresponding p-space propagator is: 


-1 
1 
S(p) = (m+ - > lin sinap, + -a 22 : (41.48) 


H 


One can notice that for small momentum, the new term is of the order of a and thus drops 
out. When a component p is near 7x /a, the addition increases the mass of the unwanted 
state by 2r/a: 


2rn, 


— 1— y= 41.49 
Bel cosap,) =m + ( ) 


=, mS 
a 


where the sum v runs over ap, = 7, and ny is the number of extra particles. Therefore, in 
the continuum limit, all extra states have infinite mass and then decouple. Only one species 
of physical particle mass m survives for ap,, = 0. However, it was shown [493] that the 
propagator in Eq. (41.48) breaks chiral invariance. One hopes that, working with Wilson 
fermions, one can recover chiral symmetry in the continuum limit. 


41.4 Quark and gluon interactions 


Now, one can formulate the quark and gluon interactions on the lattice. In the case of Abelian 
theory: 


Lite + Lay = my, Vn 
1 - 
F: 25 ^ » yulU (n, n + U)Yn+u — U(n — n, n)ys-,], (41.50) 
m 


which is invariant under the gauge transformation in Eq. (41.9) of the link matrices (24.,/2 = 
e electric charge). Using the expansions: 


lim U(n, n + u) = 1 —iagA, + O(a’), (41.51) 
and: 
lim y(n + u) = Y(n) + a, p(n) + O(a’) , (41.52) 
it is easy to show that the previous Lagrangian gives the correct continuum limit: 


lim {Lire + Lay} = my (x(x) + voy" wx) — ieVG)y" Ap w(x). (41.53) 
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In QCD, the interaction between quarks and gluons can be introduced as in the Abelian 
case. For Wilson fermions, the action reads: 


Ss (ne T) v. 


1 z 
F Ja »- Wal + yu)JU (n, n+ I) Veg + (r — y,)U (n — hH, n)Yn-u] . 
n, 
(41.54) 
The continuum limit of the action can also be obtained: 
i = 1 S T E 
lim Seq = 2L 3 Va V, + P] 2; [Ynya ur, — 0" Vra yu Von 
fx r " 

— igy yu V, A"] + gera . (41.55) 


The last term vanishes after summation over n (integration over x), such that the contin- 
uum limit reproduces the usual QCD action in Eq. (41.4). Therefore, the corresponding full 
generating functional for Wilson fermions is: 


Z= [re Dy Dy e-Gc9o , (41.56) 


where the measures have been defined in Eqs. (41.25) and (41.37). One should notice that 
unlike the continuum case, the gauge-fixing term is not necessary to obtain some vacuum 
expectation values (except the gluon propagator or some gauge-dependent quantities), as 
Eq. (41.56) averages over all gauges. In order to define the Green's functions, one has 
to define the integration over the Grassmann variables. which obey the following general 
properties: 


f nam: ds (o 0) = 1, all other integrals are zero. (41.57) 
For instance, one has: 


IE =1= = f amamma i 


J inamm =0= f amm. (41.58) 


With the previous properties, any analytic function of the Grassmann variables can be inte- 
grated. This can be done by Taylor-expanding it and then by applying Eq. (41.57). For in- 
stance, the integral over the Grassmann algebra with four generators Ñj, nj, j = 1, 2 reads: 


2 2 2 
MIGZ p 2 = fT] 4njanjtmAummedzon m Aion And 
j=l j=l 


i,j=1 
= Aj, Aon — Ap A» = detA . (41.59) 
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Collecting the different results in the previous section, the vacuum expectation value of 
a function of the gauge and fermion fields is defined as: 


> 1 z " 
(F[Asu" Cp), V (n)v (k)]) = x; | Puri eopiseoriA ar Wn) (K)]e S 
(41.60) 
with: 


N= f DUDPEMYDYEN) ETS" : Siau = Sg + Seq - (41.61) 


From the lattice action, one can, for example, derive different Feynman rules on the 
lattice. For example, the propagators can be obtained from the quadratic terms of the fields 
entering into the action. The quark propagator has been already given in the previous section 
(see e.g. Eq. (41.48) for the Wilson fermion). In the Feynman gauge, the gluon propagator 
is: 

1 


2a?» (1— cosapp) ` 


Feynman rules for the vertices are more involved as the interactions are non-polynomial 


(41.62) 


D? (p) = Ook 


v 


functions of the fields, and there are infinite numbers of vertices associated with higher 
powers of the lattice spacing a. More discussions can be found in [494]. 


41.5 Some applications of the lattice 


A large spectrum of the lattice applications can be found in the different references given in 
the introduction of this chapter. Here, we shall limit with very few examples as an illustration 
of the method. 


41.5.1 The QCD coupling and the weak coupling regime 


We have noticed that for finite a, QCD on the lattice is UV finite, such that we do not 
worry to distinguish between bare and renormalized quantities. Hower, for a —> 0, loop 
diagrams become divergent in the weak coupling limit, and the lattice can be considered as 
a regularization procedure with the cut-off 1/a — oo. To leading order of pQCD, the QCD 
coupling reads: 


4n? 


= —___—_ 41.63 
By log Ana : 


2 
g(a) 
The scale A444 can be related to the one of the MS scheme by simply evaluating one-loop 
renormalization for o, including constant terms using the two different schemes and by 
equating. The lattice calculation has been done in [495] but is quite cumbersome due to the 
peculiarity of the lattice regularization (Lorentz invariance, ...). For n p = 0 fermions, one 
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obtains to one loop: 


AD AL. 
A S T ~ ETI . (41.64) 


The present values are (see previous chapters and [16]): 
Als = 400 MeV => Aij 7 10 MeV, (41.65) 


showing that Aja has a very small value. From Eq. (41.63), one can also derive the leading- 
order relation between the lattice spacing a and Aj: 


4n2 
a= Ayer" (41.66) 
valid for small a and for weak coupling: 
a^n, g(a) &1. (41.67) 


In order to check if one has reached the continuum limit from the numerical analysis, one 
should see if the lattice results behave as predicted by the renormalization group equation. 


41.5.2 Wilson loop, confinement and the strong coupling regime 


Here one considers the Green's function of a pair of a static infinitely heavy (m — oo) 
quark and anti-quark at lattice points j and j + nu. A gauge-invariant function of such a 
state is given by: 


J(k) = PkU(k, k + v)---U(k - (n — Dv, k + nvyy(k + nv). (41.68) 
Its propagation in the Euclidian space-time is described by the Green's function: 
G(k, D = (JDI) , (41.69) 


where the lattice point/ is displaced with respect to k by r units in four-direction. Since, in the 
action, the fermionic variables yy occur quadratically, hence the integration is Gaussian, 
such that the integration over the fermion fields will not pose (in principle) any problem. It 
is possible to show that for m — oo, the Green's function behaves as: 


G(k, D) ~ (5 (TrWIL)u : | pea (41.70) 
where W (L) is the rectangular Wilson loop with corners k, k + v, L, l + v, and (. . .) y corre- 
sponds to the vacuum expectation value in Eq. (41.24) over the gauge field U. One can sketch 
the derivation of this result by considering the integration over the fermion fields at the point 
k. In the integrand one has from Eq. (41.68) the term V (k). The integral will not vanish if 
one has an additional factor y (k), which one can obtain by expanding the action e^». This 
expansion leads, among others, to the term: pi (k + w)(r + y,)U- Kk, k + uv (k) . After 
fermion integration at the point k, the fermion field Y (k) is no longer present, but now we 
have a fermion field at the position k + u and the previous factor p .... We thus hopped 
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with the fermion field from k to k + m, such that we may hop from k to j, and from j + v 
to k + v. For other points, we need to expand the mass term in e ?*, which yields a factor 
m for each points. The final factor (p/m) and the group elements U attached to the links 
of the loop are obtained after dividing by the normalization factor V. 

On the other hand, one knows that the Wilson loop measures the response of the gauge 
fields to an external quark-like source passing around its perimeter. For a timelike loop, 
this represents the production of a quark pair at the earliest time, moving them along the 
world lines dictated by the sides of the loop, and then annihilating at the latest time. If the 
loop is a rectangle of dimensions T and R, a transfer matrix argument suggests that for 
large T: 

jim (W[L])u = —expl-E(R)T] (41.71) 
where E(R) is the static quark-anti-quark energy separated by a distance R. In the strong 
coupling regime 1/g? — 0, one obtains to leading order: 


RT /a? 

(WIL])u ~ () , (41.72) 
8 

showing that in that approximation the static energy of the quarks increases linearly with 

the spatial distance R: 


lm E(R)=oR, (41.73) 
R—oo 


where o is called the string tension and characterizes long-distance physics effects. There- 
fore a separation of the two quarks would need infinite energy. Unfortunately, this result is 
also obtained for Abelian theory. Since we do not observe confinement in QED, we have to 
assume that there is a phase transition between the confining phase in the strong-coupling 
regime and the deconfined phase in the weak-coupling regime. There is no formal proof 
that such a transition does not exist in non-Abelian QCD. A numerical evaluation of the 
expectation value (W[L]) y indicates that the area law in Eq. (41.72) is also verified for weak 
coupling, strongly indicating that confinement is a consequence of the QCD-Lagrangian. 
Phenomenologically, the string tension can be related to the slope of the Regge trajectory 
if one uses a string model for describing the hadrons [496]: 


a’ = Qzo)!, (41.74) 
where using the phenomenological value a’ ^ 1 GeV~?, one finds: 
c ~ (400 MeV)’ . (41.75) 


Using the previous equations, one can notice that this quantity is proportional to the QCD 
coupling 2, i.e. Ajattice. This is a remarkable feature as one is able to relate a long-distance 
(0) to a short-distance (Ajai) quantities. 
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41.5.3 Some other applications and limitations of the lattice 


Some observables like hadron masses, . . . can also be obtained by calculating numerically 
Green's functions of interpolating fields on the lattice. In so doing, let us consider the vector 
current: 


JíG) = Puk) , (41.76) 


which has the quantum number of the p-meson. After a rotation in the Euclidian space-time, 
the two-point correlator reads (we omit indices for simplicity): 


I(T) = (J(T)J(0) = (J(0)e-"? J (O) (41.77) 


Inserting a complete set of energy eigenstates and taking the large T limit, one may select 
the lowest ground state o-meson contribution: 


IT) = Y KI Oln) PeT — (G0) PeT, (41.78) 


where Ep is equal to the p-meson mass M,. In this way, one can recover the whole hadron 
spectrum, ... However, in practice, there are many difficulties and questions which the 
lattice experimentalists should clearly answer. Besides the usual statistical and finite size 
(about 1% if the lattice size L > 3 fermi, and m4 L > 6) errors inherent to the numerical 
lattice calculations, which can be minimized using modern technology, there are still large 
uncertainties related to the uses of field theory on the lattice. 


* When one approximates the functional integral by a product of Riemann integrals, when do we 
reach the continuum limit ? The renormalization group analysis shows that one should expect an 
exponential dependence of the lattice spacing on the coupling constant. This can be reached if the 
lattice spacing a is relatively small like the coupling g. 

* However, if the lattice spacing a is small say a fraction of a fermi, the lattice should be large 
enough in order to accommodate a hadron of a typical size of one fermi. Therefore, the lattice 
should at least have 4 x 10^ lattice points. Since for SU(3), we have, for each lattice point, eight 
groups of integrations and 24 fermionic integrations, it is clear that one needs very sophisticated 
integraltion methods. However, even with these sophisticated integration methods, one has to do 
some approximations, as an exact evaluation of the fermionic integrals are not possible with most 
of the present computers. 


In the case of (quenched approximation), one ignores quark loops, thus simplifying the evaluation 
of the integral, but with a brutal non-inclusion of the fermion determinant into the action. This 
implies a modification of chiral symmetry (x S) for m, = 0 as well as the disappearance of the 
QCD anomaly: My ~ m,. At present, some progress towards including active quark flavours has 
been achieved by some groups. 


Another obstacle is the small values of the light quark masses. Generally, one evaluates the Green’s 
functions at large mass and then extrapolates the results to zero quark mass values with the help 
of the mass dependence expected from chiral perturbation theory (ChPT) (see next section). For 
a typical value of the lattice spacing 1/a ~ 2 GeV, and keeping the condition m,L > 6, one 
requires L/a > 90 in order to avoid finite volume effects. At present the lattice size L/a is about 
32 (quenched) and about 24 (unquenched) which is far below this limit. 
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* There are also discretization errors specific to each lattice actions, which are O(a) for the Wilson 
(explicit breaking of x $) and domain walls (extra fifth dimension for preserving x S) actions. The 
errors are O(a’) for the staggered (reduction of quark couplings with high-momenta gluons) and 
O(aa,) for the Clover (inclusion of the mixed quark-gluon operator) actions. 

* There are also errors due to the mixing of different operators at finite a. 

* How good is the separation of the ground state from the rest of the spectra in the large Euclidian 
time limit if the mass splitting between the ground state and the first radial excitation is accidentally 
small? 


The list of difficulties which we have given is not exhaustive but lattice experts know all 
of them completely. These difficulties will have to be resolved before reliable lattice results 
on the hadron and QCD parameters, will be available. We hope that such difficulties can 
be solved gradually in the future. However, it is unfortunate that most non-lattice experts 
and especially experimentalists blindly use the present lattice results without asking about 
their reliability, although this is, however, difficult to quantify by non-experts in the field. 
Some lattice results will be presented in subsequent chapters as a comparison with the QCD 
spectral-sum rules results. 


42 
Chiral perturbation theory 


42.1 Introduction 


In the general introduction of this book, we have discussed that, below the vector meson 
resonances region (E < M,), the hadronic spectrum of light flavours only consists of an 
octet of quasi-Goldstone pseudoscalar mesons (zr, K, n), whose interactions can be easily 
understood using the global symmetry of the QCD Lagrangian. In the limit of massless 
quarks, the QCD Lagrangian is invariant under the rotations of the left and right quark 
fields triplets: 


1 1 
WL = jd T ys)V , Wr = jd + ys)V , y =u, d, S. (42.1) 


These rotations generate the chiral group SU(3); x SU(@3)r, which at the level of 
hadronic spectrum is broken down to the diagonal flavour SU(3)y (V = L + R) group 
of the eightfoldway [7]. The Goldstone bosons are associated to the spontaneous break- 
down of chiral symmetry and obey low-energy theorems which are the basis of successful 
predictions of current algebra and pion PCAC [13]. Since there is a mass gap separating the 
Goldstone bosons from the rest of the hadronic spectrum, one can build an effective field 
theory including the symmetry of QCD where the Goldstone bosons are the only dynamic 
degrees of freedom [497]. This allows to a systematic analysis of the low-energy implica- 
tions of the QCD symmetries which simplifies current algebra calculations and allows an 
investigation of higher-order corrections in the sense of perturbative field theory [498]. This 
approach is known as chiral perturbation theory (ChPT), which is a low-energy effective 
field theory of QCD, where many excellent reviews and lectures have been devoted to the 
subject [500—502 ]. Our presentation has been mainly inspired from the reviews in [500,501] 
and the works of Gasser-Leutwyler [499]. 

A well-known example of effective theories is the low-energy limit of QED (Ey «& m, ). 
In this limit the y y scattering process can be described by the effective Euler-Heisenberg 
Lagrangian: 


1 A B 
Let = c w(x) F"" (x) + wag Fu Fay F gi Po OF OTE) Mess 


(42.2) 
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which is only based on the gauge, Lorentz and parity invariance conditions. The coefficients 
A and B are known and can be computed by integrating out the electron field from the 
original QED generating functional, or equivalently by computing the corresponding yy 
box diagram. They read [503]: 


a T7 3 


Zr desc (42.3) 
36 90 


However, this QED example is academic since perturbation theory in terms of the QED 
coupling o is known to work at high accuracy. In QCD, due to confinement which induces 
that quark and gluon are not asymptotic states, the effective approach is more useful as we 
know the symmetry properties of QCD, from which we can write the effective theory in 
terms of hadronic asymptotic states, and parametrize the unknown dynamics of the theory 
in terms of some few couplings. 

In the following discussions, we shall limit ourselves to the presentation of the main idea 
behind the method and illustrate its applications for the estimate of the light quark mass 
ratios. 


42.2 PCAC relation from ChPT 


One can also derive the previous PCAC relation ontained in Part I of this book using ChPT. 
In this approach, it is convenient to formulate the strong interactions of the pseudoscalar 
mesons in terms of an effective low-energy QCD Lagrangian described by the octet of 
Goldstone fields: 


m E xd F 
[^ ate T z 
P(x) = Fare) = mes eoe Z K? : (42.4) 
d K- KO saa 
A 


instead of in terms of the usual quark and gluon fields. The associated 3 x 3 unitary matrix: 
U (9) = exp v29/ fr) , (42.5) 


transforms linearly under the global chiral rotations, although $ transforms non-linearly. 
The unique lowest order (in derivative) effective Lagrangian, satisfying chiral symmetry 
and generating non-trivial interaction is: 


2 
L= goU 8"U), (42.6) 


where f is a constant which cannot be fixed by symmetry requirements alone. Expanding 
U(@) in a power series of $, the Lagrangian reads: 


1 


1 Qo 
L= 7 1r(3,09" 4) + 1272 TOILE) +0 (5) : (42.7) 
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where one should note that the $^ interaction fixes the 2-7 scattering amplitude [504]: 
t 
Tatr? > ntr?) = r (42.8) 
where t = (p, — p+} is the usual kinematic variable. Now, one can go to a step further by 
introducing the couplings of external sources to the usual massless QCD Lagrangian: 


Locp(x) = LEED (x) + Vy" Qu + ysau)V V y" (s — iys) Y , (42.9) 


where v,, ay, s and p are Hermitian 3 x 3 matrices in flavour and colour singlets. The 
Lagrangian £ is now invariant under the local SU(3); x SU(3)r gauge transformations. 
The generalized effective Lagrangian satisfying the local invariance reads to lowest order: 


f? 
4 


where D, is the covariant derivative: 


LẸ = —Tr{D,U DU) + U'x + xÝU , (42.10) 
D,U —9,U —i(v, +4,)U +iU(, — ay) (42.11) 

and: 
x =2B(s 4 ip). (42.12) 


B is a constant which, like f, cannot be fixed by symmetry requirements alone. With the 
choice of directions: 
stip=M+.--- 
lp = Vy tay, = eQAyu t: 
Vu — dy = CEQA, + 


e 
A/2 sin Ow 


where A,, and W, are the photon and W~ bosons, 


i: (WIT, +h.c) +>, (42.13) 


1 
M = diagm, ma, ms), — Q— zdiag(2, -1, —1) , (42.14) 
and: 
0 Via Vus 
T,—-[0 0 0 ; (42.15) 
0 0 0 


one can break chiral symmetry explicitly and select the electroweak standard model cou- 
plings. The Green functions are obtained as functional derivatives of the generating func- 
tional: 


expli Z} = [ Dunina, exp {i f a's Loco} = [Dew {i f £a]. (42.16) 
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At lowest order in momenta, the generating functional reduces to the classical action: 
Sy = | dx LOR); (42.17) 


The Noether currents can be derived by taking appropriate derivatives with respect to the 
external fields: 


ô S2 i f i E 

Al = 2 t = 

== LD = Dy — (Dd) +++ 

fca gf Dall e a= p Deal 

Ji OD st ub yt ei mp 5A): (42.18) 
E S duca L^. 2 ? i 


which shows the indentification of the coupling f with the decay constant f, = 92.4 MeV 
to order p?: 


(OLJE) = i2 f, p" . (42.19) 
In a similar way: 
; 6$ y? 
l J _ = B UY 
Vive 8(s — ip) 2 
zi ms 85 f? > 
iy= ~=—— B(UUy, 42.20 
[2177 8G ip 2 (U") ( ) 
which implies: 
(Oli yil) = — f? Bo" , (42.21) 


By taking s = M and p = 0, the x term in Eq. (42.10) gives a quadratic pseudoscalar 
mass plus additional interactions proportional to the quark mass. Expanding in powers of 
$, one obtains: 


2 1 
7 BIH MU +U} =B [v (Me?) + gg CM 9?) 4- - - ] . (4222) 
An explicit evaluation of the trace in the quadratic mass term provides: 
Mz. = (Qn, + m4)B + O(m;) , 
M?, = (m, + m4)B — e + O(€*, m?) , 
Mz. = (m, + m;,)B + O(m;) , 
MŽ, = (ma + m;)B + O(m?) : 
1 

M? = z (u + ma + Ams) B + € + O(e?,m;) , (42.23) 


where: 


e= ->n m= -(m, + ma), (42.24) 
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originates from the small mixing between the 7° and ng fields. Previous relations explain 
why the masses of the multiplet break strongly explicitly the eightfoldway symmetry be- 
cause m, >> mg > m,. Using also these results in Eqs. (42.21) and (42.23), one can deduce 
the pion PCAC relation given in Part I of this book, namely: 


(m, + mq)(üu + dd) = —2f2m? . (42.25) 


However, there is no rigorous evidence on the dominance of this linear quark mass 
term over the quadratic one in the previous relation in Eq. (42.23) leading to the previous 
PCAC relation where the quark mass is a quadratic function of the pseudoscalar mass. Some 
alternative scenario (so-called Generalized ChPT), where the value of the (Y y) condensate 
is smaller than the ‘standard’ value, is discussed in the literature [505]. We might expect 
that lattice calculations will clarify this issue in the near future, and at present, there are 
some lattice indications that M3 behaves like m, [506]. We shall see in the next section 
that direct extractions of the light quark masses from QCD spectral sum rules also favour 
the result that m, ~ M3. 


42.3 Current algebra quark mass ratios 


The ratios of the expressions in Eq. (42.23) imply the old current algebra mass ratios 
[21].[55-57]: 
M? A M; 3 Mio A 3M. 
(my + ma) (my + ms) (matm) — (m, ma + Ams) ' 


(42.26) 


while the estimate of their absolute values needs more QCD theoretical inputs (renormal- 
ization and scale dependence). Neglecting the m? ! and small O(e) corrections, one can 
deduce the mass ratios [55]: 
my _ Mz. — Meo + Mg, 
ma Mi + M2,— M2, 
m, —Ma. + Meo + Mke 
ma M2, + M2, — M2, 


~ 0.66 


~ 20, (42.27) 


where the electromagnetic part of the K+ — K° squared mass-difference has been subtracted 
by using the fact that it is the same for the Kt and xt [507]: 


(Mis — Mi )ocp = (Mis — Mg) — (M — Mis) . (42.28) 


Up to order (ma — m, ), one can also derive the quadratic Gell-Mann-Okubo mass relation 
[11]2 


3M; & 4M; — M;. (42.29) 


! This is not justified in the approach of [505]. 
? Analogous GMO mass formula for vector mesons might be affected by large perturbative m? 


s 


corrections [32]. 
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One should also note that the $^ interaction in Eq. (42.22) gives a mass correction to the 
7 —7 scattering amplitude given in Eq. (42.8): 
2 
t— Mz 
Te 


in good agreement with the current algebra result [504]. 


T(atn® > rtr’) = (42.30) 


42.4 Chiral perturbation theory to order p* 


Improvements of this lowest order effective Lagrangian with the inclusion of p^- and 
p$-terms are actively discussed in the literature [502]. To order p*, three different sources 


contribute to the generating functional: 

* The most general effective Lagrangian Pu to order p* to be considered at the tree level. 

* The one-loop graphs generated from the lowest order Ds Lagrangian. 

* The Wess-Zumino- Witten functional [508,509] induced by the non-Abelian chiral anomaly [510]. 


42.4.1 The chiral Lagrangian to order (p^) 
The most general expression of the O(p*) Lagrangian is: 
LO = Lı Tr (D,U! D^Uy + Lo TeD,U! D,UTED"U' D"U 
+ L,TrD,U! D'UD,U'!D'U 
+ L4 TrD,U! D"U'Tr (x! U + U! x) + Ls TED,U! D"U (x'U + Ux) 
+ Le [Tr GU + U 0 + La [Tr (x'U — UT)? 
4 Lg Tr(U x  U x! --U' xU! x) 
+iLo Tr (Fg D, U D,U* + FË” DU D,U) + Lio TrU FRU Fry 
+ Hy Tr (FR? Fruv + Fe” Fru) + HP Trx! x . (42.31) 
In this Lagrangian the parameters L;, i = 1,2,3,..., 10 are dimensionless coupling 
constants, which like f, and B in the lowest order effective Lagrangian, are not fixed by 
chiral symmetry requirements alone. The terms proportional to the coupling constants Hi 
and H; involve only the external fields. As a result these coupling constants cannot be fixed 
from low-energy observables alone. By contrast, most of the other couplings can be fixed 


from low-energy observables. The L; constants, like fy and B, are in principle calculable 
parameters in terms of the intrinsic Aocp scale only. 


42.4.2 Chiral loops 


Here, we consider that ChPT is an effective field theory for low energies despite the fact 
that a simple power counting shows that loops generated by the lowest order Lagrangian 
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are highly divergent as a consequence of the fact that the non-linear sigma model in four- 
dimensions is not renormalizable and then needs an infinite number of local counterterms. 
In order to define the loop integrals it is necessary to fix a regularization that preserves the 
symmetries of the Lagrangian, which can be done by using the well-known dimensional 
regularization technique. Since by construction, the O(p*) Lagrangian E contains all 
possible terms which are allowed by chiral invariance, all the one-loop divergences from 
Le can be absorbed by suitable renormalizations of the L; and Hj» constants. This feature 
can be understood by power counting where one-loop divergences can only give rise to 
local O(p*) terms. This program has been explicitly realized by Gasser and Leutwyler in 
[498], and leads to the renormalized low-energy couplings: 


Li = LF) + y APP, §=1,2,3,...10; Hp = HE() yj, 7 =1,2, 


(42.32) 
where for n = 4 — € space-time dimension: 
163 S 1 1 ; ; 
AP = — | —- — -log(4r)+r (1)+1]}, j= 1,2; (42.33) 
lór? | e 2 
and y;, xy; have the following rational values: 
x2 "x. z^ 1 
y= z’ n= 16’ ya = , ya — 8g’ 
2 m T E 
y5s—3' Ye = iy’ 1 , ys = ag" 
d ee He, then 
Yo = 7’ Yio = 4^ y = 8 Y= 24" (42.34) 


The renormalized coupling constants depend as usual on the scale v introduced by the 
dimensional regularization. The running in v is governed by the coefficients y; (and /;), 
which play the rôle of one-loop f—functions: 


D 


Vi v 
log a (42.35) 


Lw) = Li(v 
i(V) j(v ) + i67 


The v-scale dependence cancels however in the full O( p^) calculation of a given physical 
observable. The non-polynomial contribution to a specific physical process will in general 
have a logarithmic v—scale dependence (the so called chiral logarithms), which cancels 
with the v-dependence of the tree level contribution modulated by the L;(v)-constants. 
A typical O(p*) amplitude will then consist of a non-polynomial part, coming from the 
loop computation, plus a polynomial in momenta and pseudoscalar masses, which depends 
on the unknown constants L;. The non-polynomial part (the so-called chiral logarithms) 
is completely predicted as a function of the lowest-order coupling f and the Goldstone 
masses. 

Finally, it is important to notice that ChPT is an expansion in powers of momenta over 
some typical hadronic scale, usually called the scale of chiral symmetry breaking A,. 
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The variation of the loop contribution under a rescaling of jz provides a natural order-of- 
magnitude estimate? of A x [498,512] : 


Ay ~ Anf. ~ 12 GeV ~ M, ~ My. (42.36) 


This result has been recovered from the analysis of the connection between the low- and 
high-energy behaviours of the pion form factor [281]. 


42.4.3 The non-Abelian chiral anomaly 


Although the QCD Lagrangian with external sources is formally invariant under local 
chiral transformations, this is no longer true for the associated generating functional. The 
anomalies of the fermionic determinant break chiral symmetry at the quantum level. The 
anomalous change of the generating functional under an infinitesimal chiral transformation: 


gRr =l+i& Fip +- (42.37) 
is given by [510]: 
Ne 4 
óZ[v,a,s, p] = — d'x trB(x) Q(x), (42.38) 
167? 
where: 
4 D= 
Q(x) = EH” | vy Vap + 3 Vy dy Vs d, + 2 [vuv. Ac 45] 
8. 4 
+ 3! Ag VvAp + 3 dyudydgdp | , £0123 = l; (42.39) 
and: 
V = O,Vy — OV, — i Wg Vy], Vyas = 04a, — i [vy ay] (42.40) 


This anomalous variation of Z is an O(p^) effect in the chiral counting. Chiral symmetry 
is the basic requirement to construct the effective x PT Lagrangian. Since chiral symmetry 
is explicitly violated by the anomaly at the fundamental QCD level, one is forced to add 
an effective functional with the property that its change under chiral gauge transformations 
reproduces Eq. (42.38). Such a functional was first constructed by Wess and Zumino [508]. 
An interesting topological interpretation was later found by Witten [509]. The functional 
in question, has the following explicit form: 


iN, ijklm LyLyLlLyLlyl 
TU, £, rlwzw = — YT do" Tr {E E; ER Er ER] 
N. 
B T ; | d'x uvg(W(U, £, rr? — WA, £, r) F), — (4241) 
IU 


3 Since the loop amplitude increases with the number of possible Goldstone mesons in the internal lines, this estimate results in a 
slight dependence of A, on the number of light-quark flavours Ny [511]: Ay ~ Az fa /y Ny. 
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with: 
1 
W(U, £, r)usag = Tr [Utstutstrg + gU GU n Ut U'rg T iUB 6 SU rg 


+ idu r Uto Ulrg — iXLUGU rQU£g + LLU dyraU Lp 
LwsL L L 
— DELL Ul roU Eg + XL 6, 0S0 + XL als 


; 1 ; 
- i EEUU + TELLS - izixE stes] 
- (L&R), (42.42) 
where: 
x cdd ÐR =Uð,U', (42.43) 


and (L <> R) stands for the interchanges U <> Ut, £, & r, and X b e X Hi . The integration 
in the first term of Eq. (42.41) is over a five-dimensional manifold whose boundary is four- 
dimensional Minkowski space. The integrand is a surface term; therefore both the first and 
the second terms of l'wzw are O(p*) according to the chiral counting rules. 

Since the effect of anomalies is perturbatively calculable, their translation from the fun- 
damental quark-gluon level to the effective chiral level is unaffected by hadronization 
problems. Despite its apparent complexity, the anomalous action [Eq. (42.41)] has no free 
parameters. It is responsible for the 2° — 2y, n — 2y decays, and the y3z, yntra n 
interactions among others. The five-dimensional surface term generates interactions among 
five or more Goldstone bosons. 


42.5 Some low-energy phenomenology to order p^ 


At lowest order in momenta, the predictive power of the chiral Lagrangian was quite impres- 
sive; with only two low-energy couplings, it was possible to describe all Green functions 
associated with the pseudoscalar-meson interactions, and to reproduce all old current algebra 
results [13]. The symmetry constraints become less powerful at higher orders. Ten additional 
constants appear in the £4 Lagrangian, and many more would be needed at O( p). 
Higher-order terms in the chiral expansion are much more sensitive to the non-trivial 
aspects of the underlying QCD dynamics. With p < Mx (M,,), we expect O( p^) corrections 
to the lowest-order amplitudes at the level of p?/ a x 20% (2%). We need to include those 
corrections if we aim to increase the accuracy of the ChPT predictions beyond this level. 
Although the number of free constants in £4 looks quite big, only a few of them contribute 
to a given observable. In the absence of external fields, for instance, the Lagrangian reduces 
to the first three terms; elastic mmx and xK scatterings are then sensitive to L1,2,3. The 
two-derivative couplings L4 5 generate mass corrections to the meson decay constants (and 
mass-dependent wave-function renormalizations). Pseudoscalar masses are affected by the 
non-derivative terms L¢ 7,3; Lo is mainly responsible for the charged-meson electromagnetic 
radius and Lo, finally, only contributes to amplitudes with at least two external vector or 
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Table 42.1. Phenomenological values of the renormalized 


couplings L;(M,). 

i L'(M,) x 10? Source 

1 0.7 X 0.5 Kea, mm mu 

2 1.2 + 0.4 Ke, TT mu 

3 —3.6 + 1.3 Ke4, TA — NT 

4 —0.3 + 0.5 Zweig rule 

5 1.4 x 0.5 Fg: Fa 

6 —0.2 + 0.3 Zweig rule 

7 —0.4 + 0.2 Gell-Mann-Okubo, L5, Lg, sum rules 
8 0.9+0.3 Myo — Mx+, Ls, (m, — fh) : (mg — m,) 
9 6.9 €: 0.7 (r2)2. 
10 —5.5 + 0.7 m — evy 


axial-vector fields, like the radiative semi-leptonic decay 7 — evy. Table 42.1 summarizes 
the present status of the phenomenological determination of the renormalized constants 
Lj [499,502], evaluated at a scale u = Mp. The values of these couplings at any other 
renormalization scale can be trivially obtained, through the logarithmic running given in 
Eq. (42.35). 


42.5.1 Decay constants 


In the isospin limit (m, = mg = ñ), the O( p*) calculation of the meson-decay constants 
gives [499]: 


AM. , 8M; +4M2 , 
fs—fil-2us-—Hnk-c P L5(u) + ~e A n , 
3 3 3 AM; 8M; +4M2 , 
fk =f {! 4^7 — 5 HK — qim + ra Ls(u) + SE e Lio 
4M? 8M? + 4M2 
fm = f i —3ux + B L3(u) + pe EH) ; (42.44) 
where: 
Me lo Mp (42.45) 
Hr = zampa EN : 


The result depends on two O( p^) couplings, L4 and L5. The L4 term generates a universal 
shift of all meson-decay constants, 8f? = 16L4BTrM, which can be eliminated taking 
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ratios. From the experimental value [513]: 


EE 31994 001s (42.46) 


one can then fix Ls(u); this gives the result quoted in Table 42.1. Moreover, one gets the 
absolute prediction [499]: 


fin 
tr 


Taking into account isospin violations, one can also predict [499] a tiny difference between 
fr and fo, proportional to mg — my. 


= 1340.05. (42.47) 


42.5.2 Electromagnetic form factors 


At O(p?) the electromagnetic coupling of the Goldstone bosons is just the minimal one, 
obtained through the covariant derivative. The next-order corrections generate a momentum- 
dependent form factor: 


(aE pau... (42.48) 


Dlr 


4 1 + 0 
Fe PY=1+ ery pte i; Fe (p= 


The pion electromagnetic radius (r2)% gets local contributions from the Lo term, plus 
logarithmic loop corrections [499]: 


xxl I2L(wW) 1 M2 M? 
int = f Xp {2108 (=) + log (E +3 (42.49) 


The measured electromagnetic pion radius, GOLA = 0.439 + 0.008 fm? [514], is used 
as input to estimate the coupling Lo. 


The factor 1/(167° f?) is a characterisitc factor of a loop-expansion, where chiral logs are expected 
to contribute as p?/(16z? f?) log in physical processes. 


The form factor provides a good example of the importance of higher-order local terms in the chiral 
expansion [515]. If one tries to ignore the Lo contribution, using instead some physical cut-off 
Pmax to regularize the loops, one needs an unrealistic value Pmax ~ 60 GeV, in order to reproduce 
the experimental value. This fact shows that the pion charge radius is dominated by the L5(u) 
contribution, for any reasonable value of u, which can be better understood from a 1/N, (number 
of colour) counting rules, where for large N., Lo and f? are order N,, implying that the chiral loops 
are 1/ N, suppressed compared to the tree level contributions. 

* The phenomenological value of dimensionless couplig L9 might be understood as originating from 
the f?/4 factor from Le divided by the chiral symmetry breaking scale Aj, which leads to the 
order of magnitude value of about 107°; an expected value for all other L; couplings as found 
experimentally in Table 42.1. 
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The kaon electromagnetic radius reads: 


M 
(r^y =. 167? f? log (74) , (42.50) 
e eee. MD 


Since neutral bosons do not couple to the photon at tree level, (r2)K° only gets a loop 
contribution, which is moreover finite (there cannot be any divergence because there exists 
no counterterm to renormalize it). The predicted value: 


(r?)X° = —0.04 + 0.03 fm? , (42.52) 


is in perfect agreement with the experimental determination [516] 


(r2)K" = —0.054 + 0.026 fm? . (42.53) 


The measured K * charge radius [517]: 


(r?) $ = 0.28 + 0.07 fm? , (42.54) 


has a larger experimental uncertainty. Within present errors, it is in agreement with the 
parameter-free relation in Eq. (42.51). 


42.5.3 Kj; decays 


The semi-leptonic decays K+ — z'I*v; and K? — z-I*v; are governed by the corre- 
sponding hadronic matrix elements of the vector current [t = (Px — PY]: 


(r|Sy"u|K) = Cn [(Pr + Pr)" FETO + (Pe — Pr)" FEO, (42.55) 


where Cx+,0 = 1/ 42, € Kon- = 1. At lowest order, the two form factors reduce to trivial 
constants: f£” (t) = | and f" (r) = 0. There is however a sizeable correction to , C I, 
due to z?n mixing, which is proportional to (my — m,): 


3 mg — mM, 


Tr = 1+ ———— = 1017. (42.56) 
4 m,-—1/m 
This number should be compared with the experimental ratio: 
K*z? 
0 
SERE = 1.028 + 0.010. (42.57) 
fe” (0) 


The O(p*) corrections to f. ie 7 (0) can be expressed in a parameter-free manner in terms of 
the physical meson masses [499]. Including those contributions, one gets the more precise 
values: 

Ktn? 
E) = 0.977 , LOL = 1.022, (42.58) 
J” © 
which are in perfect agreement with the experimental result of Eq. (42.57). The accurate 
ChPT calculation of these quantities allows us to extract [513] the most precise determination 
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of the Cabibbo-Kobayashi-Maskawa matrix element V,,;: 


|V,.| = 0.2196 + 0.0023 . (42.59) 


At O(p^), the form factors get momentum-dependent contributions. Since Lo is the only 
unknown chiral coupling occurring in f. m T(t) at this order, the slope A, of this form factor 
can be fully predicted: 


(r2)£* M2 = 0.031 £0.003 . (42.60) 


us 1 
pes 
This number is in excellent agreement with the experimental determinations [16], 
A+ = 0.0300 + 0.0016 (KS) and à+ = 0.0286 + 0.0022 (K 5). Contrary to this case, the 
experimental determination of the slope of the form factor Jor " is still controversial. It is 
predicted to be [499]: 


1 
ào m z (r°) X" M2 = 0.017 + 0.004 , (42.61) 


and is determined by the constant Ls. 


42.5.4 Ratios of light quark masses to order p^ 


Ratios of light quark masses to this order have been discussed in details in [57]. Here, we 
outline the different derivations of the results obtained there. The relations in Eq. (42.23) 
get modified at O(p*). The additional contributions depend on the low-energy constants 
L4, Ls, Le, L7 and Lg. It is possible, however, to obtain one relation between the quark 
and meson masses, which does not contain any of the O(p^) couplings. The dimensionless 
ratios 


M2 (M2, ae Mz.) 
Q=, Q@=—*, SED (42.62) 
M2 M% — M2 
get the same O( p^ correction [499]: 
m; +M mg — my, 
Qı = —L— {1 + Anm}, Q2 = — —— {1 + An}, (42.63) 
2m m, — m 
where 
8 
Am = —Hr + Hn + 7 (Mg — M2) [2L w) — L5w)] . (42.64) 


Therefore, at this order, the ratio Q1 / Q» is just given by the corresponding ratio of quark 
masses, 


SO MENU! 


2 
2 = . 42.65 
Q 0 Aaa we ( ) 


where Q? = 22.7+ 0.8 using the value of the n > mtr ^? decay rate from the PDG 
average [16], though this value can well be in the range 22-26, to be compared with the 
Dashen's formula [507] value of 24.2 including next-to-leading chiral corrections [518]; 
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Fig. 42.1. m,/m4 versus m,/ma from [57]. 


m = (1/2)(m, + ma). To a good approximation, Eq. (42.65) constrains the quark-mass 


ratios to be on the ellipse, 
2 2 
um MN LE Rm (42.66) 
ma Q \ma} 


In Fig. 42.1, one shows the range spanned by the corrections to the GMO mass formula: 


Am: M; = (1/3)(4Mg — Mz)(1+ Am), (42.67) 


where to order p^, one has: 


^ = (HM )o (42.68) 
with: 
4M, — 3M} — M 
AGMO = MP M (42.69) 
ng T 
Neglecting the mass difference mg — m,, one gets [499] 
| 72 (AM£guxk — 3M? Un — Mz ur) 
AgMO = M M2 
ng T 
6 
- — (M2 — M2) [12L w) + 6L) — LEW]. (42.70) 


f? 
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Experimentally, correcting the masses for electromagnetic effects, one obtains: 
Agwo = 0.21. (42.71) 


Since Ls is already known, this allows the combination 2L7 + Ls to be fixed. However, in 
order to determine the individual quark-mass ratios from Eqs. (42.63), we would need to fix 
the constant Lg. However, there is no way to find an observable that isolates this coupling. 
The reason is an accidental symmetry of the Lagrangian L2 + £4, which remains invariant 
under the following simultaneous change [519] of the quark-mass matrix and some of the 
chiral couplings: 


M =aM+p(M')! detM, — B, = Bo/a, 
Le = Le- t, L, =L7-¢, L; = Lg+2¢, (42.72) 


where œ and f are arbitrary constants, and ¢ = £/?/(32a Bo). The only information on 
the quark-mass matrix M that we used to construct the effective Lagrangian was that it 
transforms as M — en Mg]. 

The matrix M’ transforms in the same manner; therefore, symmetry alone does not 
allow us to distinguish between M and M’. In order to resolve this ambiguity, additional 
information outside the framework of the pseudoscalar meson chiral Lagrangian has been 
used, by the introduction of the ratio: 


R = (m, —m)/(mg —m,). (42.73) 


Its value comes from the analysis of isospin breaking in the w — o mixing and from the 
baryon spectrum [499]. At the intersection of different ranges, one deduces from Fig. 42.1: 


My Ms 
— = 0.553 + 0.043, —=18.9+08, 
mq mq 
2m; 
—244215. (42.74) 
(ma + m,) 


However, the possibility to have am, = 0 advocated in [519], where chiral symmetry can be 
still broken by, for example, instantons, appears to be unlikely as it implies too strong flavour 
symmetry breaking and is not supported by the QSSR results from two-point correlators of 
the divergences of the axial and vector currents, as will be shown in the following chapters. 


43 
Models of the QCD effective action 


43.1 Introduction 


Our purpose is to briefly present the general features of different models of the low-energy 
hadronic interactions based on the effective action of QCD using a well-defined set of 
approximations. In this chapter, we shall follow closely the discussions in [500]. The chiral 
symmetry of the underlying QCD theory implies that the generating functional l'(v, a, s, p) 
of the Green's functions of quark currents: 


1 ls - 
eis p — z | Pou det D exp (^ fas à 6,6") ; (43.1) 
with: Ø the Dirac operator 
P = y" (8, + ig; Gu) — iy" (vy + ysay) + i(s — iysp); (43.2) 


G,, is the gluon field, G"" the gluon field strength tensor; and v,, a, s, p external field 
sources; the normalization factor Z is such that I'(0, 0) = 1, admits a low-energy represen- 
tation: 


; 1 
eiTe p) — 7 / DU exp [i i d^x Leg(U; v, a, s, »| ; (43.3) 


in terms of an effective Lagrangian Leg(U; v, a, s, p) with U(x) a 3 x 3 unitary matrix 
containing the octet of pseudoscalar fields (7r, K, n). However, the single term in Leff 
which is known from first principles, is the one associated with the existence of anomalies 
in the fermionic determinant [510]. The corresponding effective action is the Wess and 
Zumino [508,509] functional that we have discussed in the previous section. All possible 
other terms in Leff, are not fixed by symmetry requirements alone. The desire is to build 
some effective dynamical QCD models with a mimimum set of parameters that can fix 
the different coupling constants of the effective chiral Lagrangian, and that are needed for 
making progress in the phenomenology of non-leptonic flavour dynamics. In the following, 
we shall list the following models: 


e QCD in the large—N, limit. 
* Low-lying resonances dominance models. 
* The constituent chiral quark model. 
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* Effective action approach models. 
* The extended Nambu and Jona-Lasinio Model (ENJL model.) 


43.2 QCD in the large-N, limit 
43.2.1 Large N, counting rules for mesons 


The study of QCD in the limit of large N. was suggested by t' Hooft [520], soon after the 
discovery of asymptotic freedom, as an attempt to get an insight into the non-perturbative 
aspects of QCD. The large N. limit of QCD corresponds to the case where the number of 
colours is sent to infinity and the QCD coupling o; sent to zero in such a way that: 


No, = constant . (43.4) 


Therefore the Green's function of the theory is proportional to a power of N. [520—522]. 
Denoting by 6, the general connected Green's function containing q quark currents and 
w winding number densities: 


Gow = (O/T Ji — 1)--- Jaxa) Q1) -++ QOw)IO) connect (43.5) 
with: 


2 
=i, Qo sr Tr(G,,6^), (43.6) 


where T; is neutral colour matrices acting on the spin and quark flavours. For large N., the 
Green's function behaves as: 


Gaw = O(N; ") , q=0 
O(N VV q#0. (43.7) 


This counting rule holds only for generic momenta, but is modified by, for example, 
the exchange of an 7’ pole, which at zero momentum produces an additionnal power of 
N. (M. 2 ^ 1/N- in the chiral limit). This counting rule can be understood in the following 
way: the leading contributions to the Green's functions containing quark currents (q 4 0) 
arise from graphs with a single quark loop (planar diagrams with the quark loop running at 
the edge of the diagram). These graphs are given by the functional integral over the gluon 
field of the product of the form Tr (T i, STj,S... Yi, S), where i1, ... i; is some permutation 
of 1, ..., q and where S denotes the quark propagator in the presence of the gluon field. In the 
chiral limit, the propagator is flavour independent, and the leading contribution to the Green's 
function depends on the flavour of the current only through the trace Tr (A TREE Ai) where 
À; is the flavour factor in the matrix T;. From Eq. (43.7), one can deduce the large-N, 
behaviour of the generating functional: 


Z(v,a,s, p,0) — N? fo(0/ N,) + N.fi(v,a,s, p,0O/ N.) + OC), (43.8) 


where the functional fo(@) and fi(v, a, s, p, œ) are independent of N.. One can deduce the 
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counting rule for one particle matrix elements [522]: 


(0|J|meson) = O(N”) , (0|J|glueball) = O(1) , 
(0|Q|meson) = O(N; 7), ^ (0| Ol glueball) = O(1) . (43.9) 


Every additional meson in a vertex brings a suppression factor 1/ Ne 1/2. Therefore, three- 


meson amplitudes are of order 1 / Ne u g four-meson amplitudes are of order 1/ Ne, . . . . Loop 
corrections in the meson sector are suppressed by powers of 1/ N., and are consistent with 
a semiclassical expansion in powers of h. 


43.2.2 Chiral Lagrangian in the large N,-limit 


It would be a major breakthrough, if one could derive the low-energy effective Lagrangian 
of the interactions between Nambu-Goldstone modes in the large-N, limit of QCD. To 
analyse the large N, behaviour of the effective Lagrangian, it suffices to expand the matrix 
in terms of the meson fields and to look at the terms independent of these fields. The desired 
results are obtained by comparing these terms with those in Eq. (43.8). As examples, one 
obtains: 


f=O(N?), B=y=O00), (43.10) 


where y quantifies the 7 — n’ mixing. For the non-vanishing coupling constants, one has 
obtained the large N. behaviour [499]: 


O(N?) : L3 y 
O(N.) : Li, L2, La, Ls, Lg, Lo, Lio, Hi, Ho , 
OQ) : 2Lı — Lo, L4, Lg. (43.11) 


So far, it has only been possible to obtain constraints among various coupling constants 
in this limit; but not their values in terms, say, of Aocp. A typical example is the relation: 


DE bas (43.12) 


which, as first noticed by Gasser and Leutwyler [499], follows in the large- N, limit of QCD. 
Unfortunately, nobody can claim as yet to be able to compute, say L», in that limit. Often 
in the literature, there appear statements about ‘large-N, predictions’ but, in fact, they have 
been all derived with some extra ad hoc assumptions. 

An interesting approach to do approximate calculations within the framework of the 
1/N.-expansion is the one proposed by Bardeen, Buras and Gérard [524], which they 
have applied extensively to the calculation of non-leptonic weak matrix elements. The 
basic idea is to start with the factorized form of the four-quark operators in the effective 
weak Hamiltonian, and to do one-loop chiral perturbation theory, keeping track of the 
quadratic divergences which appear. If one was able to work with the full hadronic low- 
energy effective Lagrangian, it would be possible to obtain a smooth matching between the 
scale dependence of the Wilson coefficients, calculated at short distances, and the hadronic 
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matrix elements calculated with the full hadronic low-energy effective Lagrangian. The 
hope with the approach proposed by [524] is that the numerical matching of the quadratic 
long-distance scale with the logarithmic short-distance scale, may turn out to be already a 
good first approximation to the problem one would like to solve. The technology of their 
approach is explained with detail in their papers. 


43.2.3 Minimal hadronic ansatz to large N. QCD 


The hadronic spectrum predicted by large N--QCD seems a priori different from the real 
world, as one expects here the presence of an infinite sum of narrow resonances with specific 
quantum numbers [520]. This feature can be better understood from the Coleman-Witten 
theorem [525] which states that if QCD at N. = 3 is confined, and if confinement persists 
for large N., then, in this limit, the chiral U (n f) x U (n y) invariance of the QCD Lagrangian 
with ny massless flavours is spontaneously broken down to the diagonal U (n f) subgroup. 
Though, the real world has a much more complicated structure, one expects that the hadronic 
world predicted by large Ne can give an approximate good prediction of this real world, 
when observables in terms of spectral functions are involved, as in this case, one needs only 
to know the global properties of the hadronic spectrum. 


The left-right correlation function 


Of particular interest for our purposes is the correlation function (Q? = —q? > 0 for q? 
space-like): 


Mika) = ai f atx ei*^* (0|T(L" (x) R"(0)!)J0) , (43.13) 


with colour singlet currents: 


> 1 
R” (L") = d(x)y" 50 + ys)u(x). (43.14) 
In the chiral limit, (7m, a,s — 0 ,) this correlation function has only a transverse component 
MERCO’) = (q"q" — gq? TRO”). (43.15) 


The self-energy like function I1; 4(Q?) vanishes order by order in perturbative QCD 
(pQCD) and is an order parameter of ChSB for all values of Q?; therefore it obeys an 
unsubtracted dispersion relation 


2» [> 1 1 
MeO =i dta ila (43.16) 


In large N.-QCD, the spectral function lImII Lert) consists of the difference of an 
infinite number of narrow vector and axial-vector states, together with the Goldstone pole 
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of the pion: 


Limno = Y smal My) — FREM) — X faM3S(t— M). (43.17) 
V A 


Thelow Q? behaviour of II; r( Q?), namely the long-distance behaviour of the correlation 
function in Eq. (43.13), is governed by chiral perturbation theory: 


—-Q(Q9^5lo.o- fo +4L1007 -O(Q^, (43.18) 


where fo is the pion coupling constant in the chiral limit, and Lo is one of the coupling 
constants of the O(p*) effective chiral Lagrangian. The high Q? behaviour of II; 4(Q?), 
that is, the short-distance behaviour of the correlation function in Eq. (43.13), is governed 
by the operator product expansion (OPE) of the two local currents in Eq. (43.13) [1], 


lim OTRO’) [24 = 0() ov. (43.19) 
Q2—oo T p 
which implies the two Weinberg sum rules: 
oo 
f dtlmI et) = X SPM,- 9 fiM- F= 0, (43.20) 
0 V A 
and: 
oo 
f dttImI z g(t) = 5 fiM, — »» fMi 20. (43.21) 
0 V A 


In fact, as pointed out in [526], in large Ne QCD, there exist an infinite number of 
Weinberg-like sum rules. In full generality, the moments of the II; a spectral function with 
n —3,4,..., 


i» 1 1 
i gri E = Fimo | = > {Me = 5 fiM?, (4322) 
0 T T V A 
govern the short-distance expansion of the II; R(Q?) function; 
1 1 
MRO?) ojo = 2» fiM$ -» fim) + (x fiM -» fia) QUU 
V A V A 
(43.23) 


On the other hand, inverse moments of the II; spectral function, with the pion pole 
removed, (which we denote by ImÍ14(1),) determine a class of coupling constants of the 
low-energy effective chiral Lagrangian. 

For example: 


% Ifi Io 
Í dt- E = Sung) = 2. f- 2 fl2-4ALyg. (4324) 
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Moments with higher inverse powers of t are associated with couplings of composite 
operators of higher dimension in the chiral Lagrangian. Tests of the two Weinberg sum 
rules in Eqs. (43.20) and (43.21) and of the Lo sum rule in Eq. (43.24), albeit in a different 
context to the one we are interested in here, have also been discussed in the literature, (see 
e.g. [527,528], [33,34]. 


The minimal ansatz 


We shall now consider the approximation which we call the minimal hadronic ansatz to 
large N.—QCD. In the case of the left-right two-point function in Eq. (43.13), this is the 
approximation where the hadronic spectrum consists of one vector state V , one axial-vector 
state A and the Goldstone pion, with the ordering [526] My < M4. This is the minimal 
spectrum which is required to satisfy the two Weinberg sum rules in Eqs. (43.20) and 
(43.21.) In this approximation, IT; R(Q?) has a very simple form: 


2 
—o^n ( 2 So - 
TUE 4 Bt B) 
M? M2 fe 
= 9* + rM. (43.25) 
Qo? Q? 


This equation shows, explicitly, a remarkable short-distance = long-distance dual- 
ity [529]. Indeed, with g4 defined as: 


2 


M2-—g4MÀ and z= (43.26) 


2? 
My 


the non-local order parameters corresponding to the long-distance expansion for z)0, which 
are couplings of the effective chiral Lagrangian i.e.: 


-O'T RO 30 = fg(1— A+ gaz (lo ga +g) o]. (43270 


are correlated to the local-order parameters of the short-distance OPE for z)oo in a very 
simple way: 


2 2 ,1 1 1\1 1 1 1 
=Q TRO a= fo — = M- 41+ "A decccperjsebaeur 
SAZ $A/ Z SA 84/4 
(43.28) 


in other words, there is a one-to-one correspondence between the two expansions by 
changing 
I d z” En (43.29) 
ga = — and z = — ——. $ 
gA gA Du 
The moments of the II; spectral function, when evaluated in the minimal hadronic 
ansatz approximation, can be converted into a very simple set of finite energy sum rules 
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(FESR’s), corresponding to the OPE in Eq. (43.28): 


" 2 1 2444 1 
dtt zmz) =-f Mý- : (43.30) 
0 A 
So 1 1+4 
Í dt ? —ImII,g(t) = — f? MG —* , (43.31) 
0 T $A 
Oe it — Dti 
I dt ^ —ImIl;g(t) = — f? Me Ar (43.32) 
0 T 8A 


where the upper limit of integration sọ denotes the onset of the pQCD continuum which, in 
the chiral limit, is common to the vector and axial-vector spectral functions. It is important 
to realize that sọ is not a free parameter. Its value is fixed by the requirement that the OPE of 
the correlation function of two vector currents, (or two axial-vector currents,) in the chiral 
limit, have no 1/Q? term, which results in an implicit equation for sg [405,530]. In the 
minimal hadronic ansatz approximation the onset of the pQCD continuum, which we shall 
call sj, is then fixed by the equation 

Ne 


2 
ig 780 0 + Ola) = do 


. (43.33) 
l1 — ga 


Also, the moments which correspond to the chiral expansion in Eq. (43.27) are given by 
another simple set of FESR's: 


ME ME. 
f dt —ImÕz R(t) = fg, (43.34) 
0 T 
“dtl c s fe 
— —Imfi;a(r = 1 3 43.35 
[Sainte yr ten (43.35) 
odt z fe j 
— —Imfí;a(r = (1 43.36 
i =z Im LR() uif + gAT 85) ( ) 


These duality relations have been tested by comparing moments of the physical spectral 
function 1/z ImIT7 E(t) determined from experiment (tau-decay data) to the predictions of 
the minimal hadronic ansatz as shown in the RHS of Eqs. (43.30) to (43.32) and Eqs. (43.34) 
to (43.36), where one finds that the tau-decay data is consistent with the simple pattern of 
duality properties between short and long distances which follow from the minimal hadronic 


ansatz of a narrow resonances in the large N. limit of QCD. 


43.2.4 Baryons in the large N, limit 


Many features of the baryon sector have been also understood using the 1/N, expansion, 
where a new SU(4) symmetry connects the u t,u |, d t,u |, states in the baryon (see 
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e.g. the review of Manohar in [502]). A systematic computation of the 1/N, corrections 
then becomes possible, and some results obtained previously from the quark and Skyrme 
models [3] can be proved to order 1/N, or 1/N2. However, in the large N+ limit, baryons are 
more difficult to study than mesons, as the number of quarks in the baryon is N.. Large Ne 
counting rules for baryons were given by Witten [522]. In particular, if one assumes that the 
baryon mass and axial coupling g4 are of order N., one can deduce using a non-relativistic 
quark model: 


(43.37) 


which is equal to the well-known quark model prediction 5/3 for Ne = 3. Phenomenology 
of multicolour QCD in the baryon sector using QCD spectral sum rules has been studied in 
[531] for N, flavour, and in [532] for two flavours. In the latter case (see the details of the 
derivation in [532,3]), the Skyrme parameter has been obtained to be: 


e  9/N]?, (43.38) 


in agreement with large N,-expectations. 


43.3 Lowest meson dominance models 


There has been quite a lot of progress during the last few years in understanding the róle 
of resonances in ChPT. At the phenomenological level [533,534], it turns out that the 
observed values of the L;-constants are practically saturated by the contribution from the 
lowest resonance exchanges between the pseudoscalar particles; and particularly by vector- 
exchange, whenever vector mesons can contribute. The specific form of an effective chiral 
invariant Lagrangian describing the couplings of vector and axial-vector particles to the 
(pseudo) Nambu-Goldstone modes is not uniquely fixed by chiral symmetry requirements 
alone. When the vector fields describing heavy vector particles are integrated out, different 
field theory descriptions may lead to different predictions for the L;-couplings. It has been 
shown however that, if a few QCD short-distance constraints are imposed, the ambiguities 
of different formulations are then removed [535]. The most compact effective Lagrangian 
formulation, compatible with the short-distance constraints, has two free parameters: f; 
and My. When the vector and axial-vector fields are integrated out, it leads to specific 
predictions for five of the L; constants: 
2 


LY = 10 [22 -L/6 = LY /8 = -LV /6 = dE. ~ 0.6 x 107°, (43.39) 
V 


in good agreement, within errors, with experiment. [See Table 42.1] 

It is fair to conclude that the old phenomenological concept of vector meson dominance 
(VMD) [14] can now be formulated in a way that is compatible with the chiral symmetry 
properties and the short-distance behaviour of QCD. 
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43.4 The constituent chiral quark model 


This model was introduced by Georgi and Manohar [512], in an attempt to reconcile the suc- 
cessful features of the constituent quark model [81], with the chiral symmetry requirements 
of QCD. The basic assumption of the model is the idea that between the scale of chiral 
symmetry breaking A, and the confinement scale ~ Agcp the underlying QCD theory, 
may admit a useful effective Lagrangian realization in terms of constituent quark fields Q; 
pseudoscalar particles; and, perhaps, ‘gluons’. The Lagrangian in question has the form: 


LOM = i OY p(n + ig;G, + T,)Q 
o sr E 
+ 584Qysy"E Q — MoQQ 
1 15 4 
+ aie trD,U D"U! — 1 G4, G^" , (43.40) 
Some explanations about the notation here are in order. Remember that under chiral 
rotations (Vz, Vr), U transforms like: U > VrUV,. The unitary matrix U is the product 
of the so-called left and right coset representatives: U = Ep gt and, without lost of generality, 


one can always choose the gauge where El = £r = £. The coset representative £, (U = &£',) 
transforms as: 


&£ 2 Vrh 2 h£V] = he SUGB)y (43.41) 


where h denotes the rotation induced by the chiral transformation (Vz, Vg) in the diagonal 
SU (3)y. In Eq. (43.40) the constituent quark fields Q transform as: 


Q — hQ, he SU(3)y . (43.42) 
In the presence of external sources:! 
1 
T, = 5 (D, — Hu + aE + £D, — 1p — a6] (43.43) 
and: 
&£, — i£ D UE . (43.44) 


The free parameters of the theory are fr, Mo, and g4. The QCD coupling constant is 
assumed to have entered a regime (below A,,) where its running is frozen and is taken to 
be constant. 

The merit of this model is that it automatically incorporates the phenomenological suc- 
cesses of the constituent quark model, in a way compatible with chiral symmetry. This model 
indeed appears in practically all QCD low-energy models where quarks are not confined. 
The weak point of the model is its *vagueness' about the gluonic sector. In the absence of 
a dynamic justification for the ‘freezing’ of the QCD running coupling constant, it is very 
unclear what the *left out' gluonic interactions mean; and in fact, in most applications, they 
are simply ignored. 


! The original formulation of the model of Georgi and Manohar [512] was in fact made without external fields. 
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43.5 Effective action approach models 


The basic idea in this class of models is to make some kind of drastic approximation to 
compute the non—anomalous part of the QCD-fermionic determinant in the presence of 
external v, and a, fields, but with the external s and p fields frozen to the quark matrix: 


s +ip = M = diagim,, ma, ms) . (43.45) 


Although the integral over the quark fields in Eq. (42.16) can be done explicitly, we do 
not know how to perform analytically the remaining integration over the gluon fields. A 
perturbative evaluation of the gluonic contribution would obviously fail in reproducing the 
correct dynamics of Spontaneous Chiral Symmetry Breaking (SCSB). A possible way out 
is to parametrize phenomenologically the SCSB and make a weak gluon-field expansion 
around the resulting physical vacuum. The simplest parametrization [413] is obtained by 
adding to the QCD Lagrangian the chiral invariant term: 


ALocp = —Mo(GrU ai + dLU'qn) , (43.46) 


which serves to introduce the U field, and a mass parameter Mg, which regulates the IR 
behaviour of the low-energy effective action. In the presence of this term the operator qq 
acquires a vacuum expectation value; therefore, Eq. (43.46) is an effective way to generate 
the order parameter due to SCSB. Making a chiral rotation of the quark fields, Qz = 
u(d)gr, Qn = u()' Gr; with U = i£?, the interaction Eq. (43.46) reduces to a mass-term 
for the dressed quarks Q; the parameter Mg can then be interpreted as a constituent-quark 
mass. 

The derivation of the low-energy effective chiral Lagrangian within this framework has 
been extensively discussed by [413]. In the chiral and large-Nc limits, and including the 
leading gluonic contributions, one gets: 


Nc 
BL; —4Lo— Lo = FG [1+ 6(1/M2)] . 
Nc x? (“GG) 
Loc Tag 5623 i + SNc Mj + olimi) , (43.47) 


where the positive sign of the corrections helps for a better agreement with experiments. Due 
to dimensional reasons, the leading contributions to the O(p*) couplings only depend on Nc 
and geometrical factors. It is remarkable that L1, L2 and Lo do not get any gluonic correction 
at this order; this result is independent of the way SCSB has been parametrized (Mg can 
be taken to be infinite). Table 43.1 compares the predictions obtained with only the leading 
term in Eq. (43.47) (i.e. neglecting the gluonic correction) with the phenomenological 
determination of the L; couplings. The numerical agreement is quite impressive; both the 
order of magnitude and the sign are correctly reproduced (notice that this is just a free- 
quark result!). Moreover, the gluonic corrections shift the values of L4 and Lj in the right 
direction, making them more negative. 
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Table 43.1. Leading-order (o; = 0) predictions for the L;'s, within the 
QCD- inspired model in Eq. (43.46). The phenomenological values are shown in 
the second row for comparison. All numbers are given in units of 10? 


Lı La L3 Lo Lio 
L'(a,=0) 0.79 1.58 -3.17 6.33 =3,17 
L; (Mp) 0.4 + 0.3 1.4 x: 0.3 —3.5 X 1.1 6.9 X: 0.7 —5.5 + 0.7 


The results in Eq. (43.47) obey almost all relations in (43.39). In the same way, one also 
obtains a relation between the quark constituent mass and the pion decay constant [413]: 


ERR A? m? <%GG> 1 <gGGG> Z 


AM? |1 
16x22 l "E mz TSN. Mj 360N.  M$ 
(43.48) 


The authors mention that the gluon condensate appearing here has nothing to do with the 
one from QCD spectral sum rules phenomenology, which is hard to digest as the quantity 
(o, G?) has a very weak scale dependence. This approach has been also extended to the 
estimate of four-fermion non-leptonic weak operators, which the interested readers can find 
in [537]. Analogous result has been derived in [538] using a variational mass expansion. 


43.6 The Extended Nambu-Jona-Lasinio Model 


There have been many suggestions in the literature proposing that Nambu and Jona- 
Lasinio [539]-like models are relevant models for low-energy hadron dynamics. In e.g. 
[540,541], one assumes that at intermediate energies below or of the order of the sponta- 
neous chiral symmetry breaking scale A ,, the leading operators of higher dimension which, 
after integration of the high-frequency modes of the quark and gluon fields down to the scale 
A,, become relevant in the QCD Lagrangian, are those which can be cast in the form of 
four-fermion operators, i.e.: 


Loco => Locp + Lsp + Lva t, (43.49) 
where: 
1 8? ' 
Lsp = wars 27 (akarj) (zari) » (43.50) 
CSX i,j 
and: 
1 8r? - N 
Lv.a = -a az C” 5 (ay ari) (az Yuan) +L <| R] , (43.51) 
CRX i,j 


Here i,j denote u, d, and s flavour indices and summation over colour degrees of 
freedom within each bracket is understood; qr. s = i + ys)q. The couplings Gs y are 
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dimensionless functions of the UV integration cut-off A. They are expected to grow as 
A approaches the critical value A ,, where spontaneous chiral symmetry breaking occurs. 
(This is the reason why the operators Ls p and Ly, a become relevant). In QCD, and with 
the factor N7! pulled out, both couplings Gs and Gy are O(1) in the large-N, limit. These 
constants are in principle calculable functions of the ratio A/ Aocp. In practice however, 
the calculation requires non-perturbative knowledge of QCD in the region where A ~ A,, 
and we shall take Gs and Gy, as well as A,, as independent unknown parameters. The x 
index in Loco means that only the low-frequency modes A < A, of the quark and gluon 
fields are to be considered from now onwards. 

Notice that in QCD, couplings of the type £s p and Ly a appear naturally from gluon 
exchange between two QCD colour currents. Using Fierz rearrangement, one has in the 
large- N, limit: 


NF LAT 1 8x? o, N. " e 
oe (ava) (a. 2 a) = N. A? 4 x X: (akari) (a1ani) 


ij 


Ne A2 om 2 [iy yia) 


+L © R]; (43.52) 


ie.; Gy = Gs/4 = o, N./z in this case. The two operators Zs.p and Ly, a have, however, 
different anomalous dimensions, and it is therefore not surprising that Gs 4 4Gy for the 
corresponding physical values. 

If furthermore, one assumes that the relevant gluonic effects for low-energy physics are 
those already absorbed in the new couplings Gs and Gy, then: 


Lag P4 (43.53) 


in Eq. (43.49) with Ø the Dirac operator given in Eq. (43.2), where now the gluon field G, 
plays the róle of an external colour field source. There is no gluonic kinetic term any longer. 

As is well known from the early work of Nambu and Jona-Lasinio [539], the operator 
Ls p, for values of Gs > 1, is at the origin of the spontaneous chiral symmetry breaking. This 
can best be seen following the standard procedure of introducing auxiliary field variables to 
convert the four-fermion coupling operators into bilinear quark operators. For this purpose, 
one introduces a 3 x 3 auxiliary field matrix M(x) in flavour space; the so called collective 
field variables, which under chiral-SU (3) transform as: 


M — VRMV} ; (43.54) 
and uses the functional integral identity: 


: "P 87? =i ai 
exp i fa x arc CS 5 (791i) (Lari) 
c Ax 


ij 


2 
E 
87? Gs 


A? 1 
= [om exp | fas EL Ne gm] . (43.55) 
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By polar decomposition: 
M=€&HE', (43.56) 
with ££! = U unitary and H hermitian. 
Next, we look for translational-invariant solutions, which minimize the effective action; 


OT ete 
oM 


=0. 


H=<H>=Mo,§=1;,v=a=s=p=0. 


The minimum is reached when all the eigenvalues of < H > are equal, i.e., < H >= 
Mo1; and the minimum condition leads to 


Tr (: 


The trace in the LHS of this equation is formally proportional to < wy >. The calculation, 
however, requires a regularization, with A, the UV cut-off. We choose the proper time 
regularization. [See e.g. [540] for technical details.] Then: 


2 


k 2Mo N, —* ] d (43.57) 
—|x = — c ——S X. . 
p 9 832 Gs 


: N. M? 
< y >=- 4MjT (^. x ; (43.58) 


167? x 


and the minimum condition in Eq. (43.57) leads to the so-called gap equation: 


Mo Mo\ Mo.[, Mo 
G. = Mg e Al Al Ll { 0, A2 ; (43.59) 
The functions: 
M2 o d 
ens E) =) i Pi n-cd3:338u (43.60) 
AX xr -& 


are incomplete gamma functions. Equations (43.58) and (43.59) show the existence of two 
phases with regards to chiral symmetry. The unbroken phase corresponds to the trivial solu- 
tion Mg = 0, which implies < wy > = 0. The broken phase corresponds to the possibility 
that the coupling Gs increases as we decrease the UV cut-off A down to A,, allowing 
for solutions to Eq. (43.59) with Mo > 0 and therefore < yw > Æ 0 and negative. In 
this phase the Hermitian auxiliary field H (x) develops a non-vanishing vacuum expecta- 
tion value, which is at the origin of a constituent chiral quark mass term [see the RHS of 
Eq. (43.55)]: 


—Mo(G.U'qr + G@rU Gt) = —Mo OO, (43.61) 


like the one which appears in the Georgi-Manohar model [512]; and like the one proposed 
in the effective action approach of [413]. In the presence of the operator £y A, we need two 
more auxiliary 3 x 3 complex field matrices L,,(x) and R,, (x) to rearrange the Lagrangian in 


43 Models of the QCD effective action 437 


Eq. (43.49) into an equivalent Lagrangian which is only quadratic in the quark fields. Under 
chiral (Vj, Vg) transformations these collective field variables are chosen to transform as 
follows: 


L,LL,Vl], Rp) VrR„ V}. 
Then, the following functional identity follows: 
A 4 1 8x? zio jj 
exp | =i | dx —— 3 Gv 2 [(0,v" au) (a1 vuau) + L < R] 
ERE ( i,j 
doa es DITS 
I DL,DR, exp |: d'x q4LY Luli Paa e Lı +L <| R 2 
(43.62) 


It is convenient to trade the auxiliary field matrices L,,(x) and R,,(x) by new vector field 
matrices: 


WE =EL gl EIR E, 


which transform homogeneously under chiral transformations (Vz, Vp); i.e.: 


(+) (4) pt 
Wy hwhnt , 


with h the SU(3)y rotation induced by (Vz, Vr). The fermionic determinant can then be 
obtained using standard techniques, like for example the heat kernel expansion we described 
earlier. When computing the resulting effective action, there appears a mixing term between 
the fields WC? and £,,. One needs a new redefinition of the auxiliary field WC: 


WOW + (1 sau » 


in order to diagonalize the quadratic form in the variables WO and £,. It is this mixing 
which is at the origin of an effective axial coupling of the constituent quarks with the 
Nambu-Goldstone modes: 


NE 
518AQY vs&.Q | 
a term like the axial coupling which appears in the Georgi-Manohar model. but with a 
specific form for the axial coupling constant g4: 
1 


4M2 g 
XT (0, 22) 


8A (43.63) 


1+ Gy 


In terms of Feynman diagrams this result can be understood as an infinite sum of con- 
stituent quark bubbles, with a coupling at the end to the pion field. These are the diagrams 
generated by the Gy four-fermion coupling to leading order in the 1/N, expansion. The 
quark propagators in these diagrams are constituent quark propagators, solution of the 
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Schwinger—Dyson which is at the origin of the gap equation in Eq. (43.59). In the limit 
where Gy = 0, g4 = 1; butin general [542], g4 4 1 to leading order in the 1/N, expansion. 

Kinetic terms for the auxiliary field variables are also generated by the functional integral 
over the quark fields Q and Q. The resulting Lagrangian, after wave-function rescaling of 
the auxiliary fields, has the form of a constituent chiral quark model, with scalar S(x), vector 
V(x), and axial-vector A(x) field couplings: 


Le =i Oy" (+r, "e MoQQ 


dus J2 e 
t z8AQysy" Eu — —A, |] Q— —QS(x)Q 
2 fa As 
1 
+ "lansos — M;SS] 
1 
- qul, V, — à, V,  V* — 9" V^) — 2MvV,V"] 
1 
— 4 [GA — 8,A,)(9^ A" — à" A^) — 2M A, A"] 


1 
+ 7 fetrD,U DU! + O(pyterms , (43.64) 


where I’, and £, are the same as those defined in Eqs.(43.43) and (43.44), and the coupling 
constants and masses are now expressed in terms of only three input parameters. As input 
parameters, we can either fix: Gs, Gy, and A,; or the more physical parameters: 


Mo, AX, 8a. (43.65) 
The coupling constants are then: 
N, 
2. c 2 2 [42 
Sr = 1e 4MosAT (0, Mol ^i) > 
Ne 2 
2 c 2.542 
fy = 1672 zT 0. Mo/A;) , 
inox cS 2 2 [T(0, M2 A2) — r(1, M2/ A2 
fa = 1672 ael ( , o/ ud T ( , o/ 23] , 
2 Ne 2 2,42 2^ AD 
pts = i3 3er (0, Mo/A;,) — 2r (1, Mo/^7)]: (43.66) 
and the masses: 
SA 
M? = 6M? : 
y QJ $i 
1 1 
M? = 6M? : 
A 2] — EA jus r(1.42/A) 
(0.03/42) 
1 
M? = 4M2, ——————— . 
S "n P F(1.2/A2) 
*r(0.mp/02) 


(43.67) 
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Table 43.2. The L;-coupling constants in the ENJL model of [540], with ga 
defined in Eq.(43.63), and T, =T (n, Mo/ A2). The second column gives the 
results corresponding to the input parameter values in Eq. (43.68). The third 

column gives the experimental values of Table 42.1. 


The L; couplings of O(p^) in the ENJL-model Fit 1 Experiment 
A arall - 83) To +4g3(1 - g&)n uu 0.85 0.7 £0.5 
hg 1.7 1.2 +04 
Pg -#0 - £i) To +483 (1 — 84) Pit —4.2 -3.6 £13 
-i& pri = an +34 o= ri]] 
Ls = S5 igo — Ti] 1.6 14 £05 
Ls = ioc 1684 [Fo — $T 1] 0.8 09 +03 
Lo = shen § [( - 84) ro + 261] 74 69 £07 
Lio = — eer [(1 — 84) To + gai] —5.9 —5.5 0.7 


In the absence of the vector and axial-vector four-fermion-like coupling i.e., when 
Gy — 0: g4 = 1, My)co and M,)oo. Then the vector and axial-vector interactions de- 
couple, and the model becomes equivalent to the Constituent Chiral Quark Model of [512], 
with g4 — 1 and a non-trivial coupling to a scalar field. 

The functional integration over the quark fields and the auxiliary S(x), V(x), and A(x) 
fields results in an effective action among the Nambu-Goldstone boson particles, with all 
the couplings fixed by the three parameters Mg, A,, and g4. The explicit results one gets 
for the L; constants which appear in the large-N, limit at O(p*) in the chiral expansion 
are shown in Table 43.2. The reason why the constant L; does not appear in this table is 
that, phenomenologically, this constant gets a large contribution from the integration of the 
heavy singlet n' particle. However, in the chiral limit, the mass of the 7’ is induced by the 
axial-U(1) anomaly, which only appears to next-to-leading order in the 1/N, expansion. 
By definition, the ENJL model, as formulated here, ignores this effect. In order to take 
these next-to-leading effects in 1/N. systematically, together with the chiral expansion, 
one has to resort to a U(3) x U(3) formulation of the effective theory [543]. The constants 
L4 and Lg are of next-to-leading order in the 1/N, expansion; this is the reason why 
they do not appear in Table 43.2 either. We also show in Table 43.2 the numerical results 
of the fit 1 discussed in [540]. These results correspond to the set of input parameter 
values: 


Mo =265 MeV, | A^,-—1165 MeV,  g4—06l. (43.68) 


The overall picture which emerges from this simple model is quite remarkable. The main 
improvement with respect to the results obtained in the effective action approach model 
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discussed in the previous section is on the constants Ls and Lg, where the combined effect 
of the vector and scalar degrees of freedom leads to rather simple results modulated by pow- 
ers of the g4-constant, which agree very well with the phenomenological determinations. 
One of the characteristic features of the ENJL model, is that it interpolates successfully 
between pure VMD-type predictions and those of the constituent chiral quark model. A 
nice illustration is the result for Lo in Table 43.2, where the first term is the one coming 
from vector-exchange, whereas the second one comes from the chiral quark loop integral. 

There is no difficulty to reproduce the anomalous Wess-Zumino- Witten functional within 
the ENJL model [544] QCD two-point functions, beyond the low-energy expansion, have 
also been evaluated in the ENJL model [541]. This involves calculations to leading order in 
the 1/N, expansion (i.e., an infinite number of chains of fermion bubbles; but no loops of 
chains) and to all orders in powers of momenta Q?/ AY. As aresult, vector and axial-vector 
correlation functions have a VMD-like form, but with slowly varying couplings and masses. 
For the transverse invariant functions for example, the results are: 


2 f7(O7)My(Q7) 
nP) = ==," 43.69 
y (Q^) Mi(Q3- Q? ( ) 
and: 
Ma ISP 2f) MAO). 
II, (Q^) = Q? + Mig5- Qi ' (43.70) 
where: 
No f! 
fà) = dl f dxx(1 — x)I (0, x9 = [Mo + x(1 — x)Q?]/A2). — (43.71) 
The product: 
2 fọ(Q’)M; (Q?) =N eee (43.72) 
P i e 82 Gy ` 
is scale invariant. With: 
1 
ga(Q?) = (43.73) 
$ 1+ Gy £ f dxT (0, xg) 
the other couplings are fixed by: 
Fx(Q*) = 84O SPOP), (43.74) 


and the relations 
f£ ghM2qo^? = f2cg»? (9?) + fP), 
fe QM (P = ficoM$ o, (43.75) 


where the last two equalities are the Q?-dependent version of the first- and second- Weinberg 
sum rules [26]. In the case of the scalar two-point function there appears a pole in the 
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Q?-summed expression at: 
Ms —2Mg. (43.76) 


The case of the other two-point functions is somewhat more involved because they mix 
through the four-fermion interaction terms. In principle, the ENJL model can be applied 
to obtain a systematic calculation of the low-energy constants of the weak non-leptonic 
Lagrangian (Bx-parameter, ...). These applications can be found in some more dedicated 
reviews. 


44 
Heavy quark effective theory 


44.1 Introduction 


Over a decade, a lot of experimental informations on heavy-quark decays and masses have 
been obtained from e*e^ and hadron collider experiments. These have led to a detailed 
knowledge of the flavour sector of the standard model and to the discoveries of the B? — B? 
mixing, rare decays induced by penguin operators, ... The experimental progress in the 
heavy flavour physics has been accompanied by some theoretical progress. Among other 
approaches, the discovery of the heavy-quark symmetry has led to the development of the 
heavy quark effective theory (HQET), which provides a systematic analysis of the properties 
of a hadron containing a heavy quark in terms of an expansion of the inverse of the heavy 
quark mass. Detailed discussions and references to the original works can be found in 
different reviews and lectures (see e.g. [545]). 


44.2 Heavy-quark symmetry 


When the mass of the heavy quark is much larger than the QCD scale Agcp, the QCD 
running coupling o; (m 9) is small, implying that at this scale of the order of the Compton 
wavelength Ag ~ 1/mg, one can safely use perturbative QCD for describing the hadrons. 
In this case the Q Q-bound states with the size Ag/ets(mg) « Rnaa ~ 1 fermi are like the 
hydrogen atom. However, systems composed of a heavy quark plus a light quark are more 
complicated because the size of the system is of the order of Rhaq while the typical momenta 
exchanged between the heavy and light quarks is of the order of Agcp. Therefore, the heavy 
quark is surrounded by strongly interacting clouds of light quarks, antiquarks and gluons. 
In this case, the simplification is provided by the fact that the Compton wavelength Ag is 
much smaller than the hadron size Rhaq. To resolve the quantum numbers of the heavy quark 
would require a hard probe; the soft gluons exchanged between the heavy quark and the light 
constituents can only resolve distances much larger than Ag. Therefore, the light degrees 
of freedom are blind to the flavour (mass) and spin orientation of the heavy quark. They 
experience only its colour field, which extends over large distances because of confinement. 
In the rest frame of the heavy quark, it is in fact only the electric colour field that is important. 
Since the heavy-quark spin participates in interactions only through such relativistic effects, 
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it decouples for mg — oo. It then follows that, in the limit mg — oo, hadronic systems 
which differ only in the flavour or spin quantum numbers of the heavy quark have the same 
configuration of their light degrees of freedom. Although this observation still does not 
allow us to calculate what this configuration is, it provides relations between the properties 
of, for example, the heavy mesons B, D, B* and D* in the ideal case where the b and 
c quark masses are infinitely heavy and the corrections to this limit are negligible. These 
relations result from some approximate symmetries of the effective strong interactions of 
heavy quarks at low energies. The configuration of light degrees of freedom in a hadron 
containing a single heavy quark with velocity v does not change if this quark is replaced 
by another heavy quark with different flavour or spin, but with the same velocity. Both 
heavy quarks lead to the same static colour field. For n, heavy-quark flavours, there is thus 
an SU(2n,,) spin-flavour symmetry group, under which the effective strong interactions are 
invariant. These symmetries are in close correspondence to familiar properties of atoms. The 
flavour symmetry is analogous to the fact that different isotopes have the same chemistry, 
since to good approximation the wave function of the electrons is independent of the mass 
of the nucleus. The electrons only see the total nuclear charge. The spin symmetry is 
analogous to the fact that the hyperfine levels in atoms are nearly degenerate. The nuclear 
spin decouples in the limit m,/my — 0. This heavy-quark symmetry looks quite similar 
to the chiral symmetry (m — 0) but in the opposite way (mg — oc), although there is a 
striking difference. 

Whereas chiral symmetry is a symmetry of the QCD Lagrangian in the limit of vanishing 
quark masses, heavy-quark symmetry is not a symmetry of the Lagrangian (not even an 
approximate one), but rather a symmetry of an effective theory that is a good approximation 
to QCD in a certain kinematic region. It is realized only in systems in which a heavy 
quark interacts predominantly by the exchange of soft gluons. In such systems the heavy 
quark is almost on-shell; its momentum fluctuates around the mass shell by an amount of 
order Agcp. The corresponding fluctuations in the velocity of the heavy quark vanish as 
Aocp/ mg — 0. The velocity becomes a conserved quantity and is no longer a dynamical 
degree of freedom [546]. Nevertheless, results derived on the basis of heavy-quark symmetry 
are model-independent consequences of QCD in a well-defined limit. To this end, it is 
however necessary to cast the QCD Lagrangian for a heavy quark: 


Lo = QD —mg)Q. (44.1) 


into a form suitable for taking the limit mg — oo. 


44.3 Heavy quark effective theory 
44.3.1 Introduction 


As the effects of infinitely heavy quark are irrelevant at low energies, it becomes useful to 
built a low-energy effective theory, where the heavy quark no longer appears. This is very 
similarto the Fermi's theory where weak interactions in weak processes can be approximated 
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by a four-fermion interaction governed by the weak coupling G rp. The removal of the heavy 
particle degrees of freedom can be done in the following ways [547—549]: 


* One integrates out the heavy fields in the generating functional of the Green's functions of the 
theory, which is possible as the heavy particles do not appear as an external source. The resulting 
action is nonlocal, as in full QCD the heavy particle with mass M ~ mg can appear in virtual 
processes and propagate over a short but finite distance Ax ~ 1/M. 

* Thus, one needs to get a local effective Lagrangian, which can be done by rewriting the non-local 
effective action as an infinite series of local terms in an operator product expansion (OPE) [222], 
which approximately corresponds to an expansion in powers of 1/ M. In this step, the short- and 
long-distance physics is disentangled, and their domain is separated by a scale v such that Agcp « 
v « mg. The long-distance physics corresponds to interactions at low energies and is the same in 
the full and the effective theory below v. 

* [n a third step, one needs to add, in a perturbative way using renormalization-group techniques, 
short-distance effects arising from quantum corrections involving large virtual momenta (of order 
M), which have not been described correctly in the effective theory once the heavy particle has been 
integrated out. These short-distance effects lead to a renormalization of the coefficients of the local 
operators in the effective Lagrangian. An example is the effective Lagrangian for non-leptonic weak 
decays, in which radiative corrections from hard gluons with virtual momenta in the range between 
my and some low renormalization scale u give rise to Wilson coefficients, which renormalize the 
local four-fermion interactions [550—552]. The fact that the physics must be independent of the 
arbitrary scale v allows us to derive renormalization-group equations, which can be employed to 
deal with the short-distance effects in an efficient way. 


However, one should notice that the HQET approach is peculiar as it is motivated to describe 
the properties and decays of hadrons which do contain a heavy quark. Hence, it is not 
possible to remove the heavy quark completely from the effective theory, but only to integrate 
out the ‘small components’ in the full heavy-quark field, which describe the fluctuations 
around the mass shell. 


44.3.2 The HQET Lagrangian 


The starting point in the construction of the HQET is the observation that a heavy quark 
bound inside a hadron moves with the hadron's velocity v and is almost on-shell. Its mo- 
mentum can be written as: 


pi, = mov" +k", (44.2) 


where the components of the so-called residual momentum k are much smaller than mg. 
Note that v is a four-velocity, so that v? = 1. Interactions of the heavy quark with light 
degrees of freedom change the residual momentum by an amount of order Ak ~ Agcp, but 
the corresponding changes in the heavy-quark velocity vanish as Agcp/mg — 0. In this 
situation, it is appropriate to introduce large- and small-component fields, h, and H,, by: 


hx) e.c POO), Hae" P Q(x), (44.3) 
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Fig. 44.1. Virtual fluctuations involving pair creation of heavy quarks. Time flows to the right. 


where P, and P_ are projection operators defined as: 


1+ 
P} = E 
2 


(44.4) 


It follows that 
Q(x) = e [h,(x) + H(x)]. (44.5) 


Because of the projection operators, the new fields satisfy yh, = h, and yH, = —H,. 
In the rest frame, i.e. for v^ = (1, 0, 0, 0), h, corresponds to the upper two components of 
Q, while H, corresponds to the lower ones. Whereas h, annihilates a heavy quark with 
velocity v, H, creates a heavy antiquark with velocity v. 

In terms of the new fields, the QCD Lagrangian (44.1) for a heavy quark takes the form: 


Lo = hiv: Dh, — H,(iv- D +2mọ) H, +hyiP H, + AyiPih,, (44.6) 


where Dt = D" — v" v. D is orthogonal to the heavy-quark velocity: v - D, = 0. In the 
rest frame, D = (0, D ) contains the spatial components of the covariant derivative. From 
Eq. (44.6), it is apparent that h, describes massless degrees of freedom, whereas H, cor- 
responds to fluctuations with twice the heavy-quark mass. These are the heavy degrees of 
freedom that will be eliminated in the construction of the effective theory. The fields are 
mixed by the presence of the third and fourth terms, which describe pair creation or annihi- 
lation of heavy quarks and antiquarks. As shown in the first diagram in Fig. 44.1, in a virtual 
process, a heavy quark propagating forward in time can turn into an antiquark propagating 
backward in time, and then turn back into a quark. The energy of the intermediate quantum 
state hh H is larger than the energy of the incoming heavy quark by at least 27g. Because 
of this large energy gap, the virtual quantum fluctuation can only propagate over a short 
distance Ax ^ 1/mg. On hadronic scales set by Rnad = 1/Aacp, the process essentially 
looks like a local interaction of the form: 
1 


2mg 


hy ip, — ipih,, (44.7) 
where we have simply replaced the propagator for H, by 1/2mg. A more correct treatment 
is to integrate out the small-component field H,, thereby deriving a non-local effective 
action for the large-component field h,, which can then be expanded in terms of local 
operators. Before doing this, let us mention a second type of virtual corrections involving 
pair creation, namely heavy-quark loops. An example is shown in the second diagram in 
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Fig. 44.1. Heavy-quark loops cannot be described in terms of the effective fields h, and Hy, 
since the quark velocities inside a loop are not conserved and are in no way related to hadron 
velocities. However, such short-distance processes are proportional to the small coupling 
constant or, (m o) and can be calculated in perturbation theory. They lead to corrections that 
are added onto the low-energy effective theory in the renormalization procedure. 

On a classical level, the heavy degrees of freedom represented by H, can be eliminated 
using the equation of motion. Taking the variation of the Lagrangian with respect to the 
field H,, we obtain: 


(iv- D +2mọ) H, = iP h,. (44.8) 


This equation can formally be solved to give: 


1 


Fp i 44.9 
mors p MS) 


showing that the small-component field H, is indeed of order 1/mg. We can now insert 
this solution into Eq. (44.6) to obtain the non-local effective Lagrangian: 


£a = Tio Dh +i Da 5 Dil. (44.10) 

Clearly, the second term corresponds to the first class of virtual processes shown in 
Fig. 44.1. 

One can derive this Lagrangian in a more elegant way using the generating functional 
for QCD Green functions containing heavy-quark fields [553]. To this end, one starts from 
the field redefinition in Eq. (44.5) and couples the large-component fields h, to external 
sources o,. Green functions with an arbitrary number of h, fields can be constructed by 
taking derivatives with respect to o,. No sources are needed for the heavy degrees of 
freedom represented by H,. The functional integral over these fields is Gaussian and can 
be performed explicitly, leading to the effective action: 


Set = 1 d'x £g — ilnA, (44.11) 
with Le as given in Eq. (44.10). The appearance of the logarithm of the determinant: 
1 : ; 
A = exp alt In[2mg +iv- D— in] (44.12) 


is a quantum effect not present in the classical derivation presented above. However, in this 
case the determinant can be regulated in a gauge-invariant way, and by choosing the gauge 
v- A = 0 one can show that In A is just an irrelevant constant [553,554]. 

Because of the phase factor in Eq. (44.5), the x dependence of the effective heavy-quark 
field h, is weak. In momentum space, derivatives acting on h, produce powers of the residual 
momentum k, which is much smaller than mg. Hence, the non-local effective Lagrangian 
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Fig. 44.2. Feynman rules of the HQET (i, j and a are colour indices). A heavy quark with velocity v 
is represented by a double line. The residual momentum k is defined in Eq. (44.2). 


in Eq. (44.10) allows for a derivative expansion: 
iv 
Lett = hiv- Dh, o Lm hy ip, (-x2) iDih, . (44.13) 
Taking into account that h, contains a P, projection operator, and using the identity 


P, iD, iP, P, = P, [by i $0 G] P, (44.14) 


where i[ D", D"] = g G"" is the gluon field-strength tensor, one finds that [555,556] 


1 
Let =hyiv-Dh, asi » GD.) hy G h, + O(1/mo). (44.15) 


In the limit mg — oo, only the first term remains: 
Loo =h,iv-Dh,. (44.16) 


This is the effective Lagrangian of the HQET. It gives rise to the Feynman rules shown in 
Fig. 44.2. 


44.3.3 Symmetries of the Lagrangian 


Study of these symmetries can be, for example, found in [546]. Since there appear no Dirac 
matrices, interactions of the heavy quark with gluons leave its spin unchanged. Associated 
with this is an SU(2) symmetry group, under which £s, is invariant. The action of this 
symmetry on the heavy-quark fields becomes most transparent in the rest frame, where the 
generators S^ of SU(2) can be chosen as: 


: 1 i : . ES 
Sh (7 x) ; o [S,S8/]2 itk Sk. (44.17) 
0 oc 
Here o! are the Pauli matrices. An infinitesimal SU(2) transformation A, > (1 + 
ic - $)h, leaves the Lagrangian invariant: 


La~ = hy liv- D,ié- S]h, 20. (44.18) 
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Another symmetry of the HQET arises since the mass of the heavy quark does not appear 
in the effective Lagrangian. For n; heavy quarks moving at the same velocity, Eq. (44.16) 
can be extended by writing: 


Nh 


Lo =X hive Dhi,. (44.19) 
i=1 


This is invariant under rotations in flavour space. When combined with the spin symmetry, 
the symmetry group is promoted to SU(2n,,). This is the heavy-quark spin-flavour symme- 
try [557,546]. Its physical content is that, in the limit mg — ov, the strong interactions of 
a heavy quark become independent of its mass and spin. 

Now, let us consider the operators appearing at order 1/mg in the effective Lagrangian 
in Eq. (44.15). They can be easily identified in the rest frame. The first operator: 


I. 1. .25 

Okin = —— hy GD)? hy > ——— hy, (iD Ý hy, (44.20) 
2m Q 2m Q 

is the gauge-covariant extension of the kinetic energy arising from the residual motion of 

the heavy quark. The second operator is the non-Abelian analogue of the Pauli interaction, 

which describes the colour-magnetic coupling of the heavy-quark spin to the gluon field: 


Omag = E es, G” h, > = Bs h, S- B.h,. (44.21) 
Here S is the spin operator defined in (44.17), and Bi = — jetik G/* are the components 


of the colour-magnetic field. The chromo-magnetic interaction is a relativistic effect, which 
scales like 1/mg. This is the origin of the heavy-quark spin symmetry. 


44.3.4 Heavy quark wave-function renormalization in HOET 


As an illustration of the previous discussion, we consider the heavy quark wave-function 
renormalization using dimensional regularization in n — 4 — e-space-time, which we have 
discussed in length in previous sections. For QCD, one introduces renormalized quantities by 
or =z A : Qr, Abare — zu 2 ren gabare = u” Z, as", etc., where u is an arbitrary mass 
scale introduced to render the renormalized coupling constant dimensionless. Similarly, in 
the HQET one defines the renormalized heavy-quark field by h>** = Z x : hi^. From now 
on, the superscript “ren” will be omitted. In the minimal subtraction MS scheme, Zp can 
be computed from the 1/e pole in the heavy-quark self energy using: 


Q0 Xv -K) 


1 
1 — Z, 1 = -pole of 7 (44.22) 
€ v- 


As long as v - k « 0, the self-energy is IR finite and real. The result is gauge-dependent, 
however. Evaluating the diagram shown in Fig. 44.3 in the Feynman gauge, we obtain at 
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Fig. 44.3. One-loop self-energy —i X(v - k) of a heavy quark in the HQET. 


one-loop order: 


X(v.k)- -igt tata f E : 
: (2m) (t? +in)[v-(t +k) t in] 
2iC [o a l 
= — 4l 
Fei Qr) [? -2Xv- (t - IO + in. 
Cra; oo A2-p AONO 
EAS IO BT echas MM (44.23) 
2 2 
VIA 0 Azt uu 


where Cr = 4/3 is a colour factor, A is a dimensionful Feynman parameter, and w = 
—2v - k > 0 acts as an IR cutoff. A straightforward calculation leads to: 


1 
8X(v.k) Cras PONES 
(v ) = Fas ra + €) (3) IE z_ ite a = z)* 
T 4ru 
0 


du-k 


2 —e 
= Cre reora - e( E ) (44.24) 
T 4r u? 


where we have substituted à = œ (1 — z)/z. From an expansion around e = 0, we obtain: 


Cras 


vac (44.25) 


2z€ ` 


This result was first derived by Politzer and Wise [572]. 


44.3.5 Residual mass term and definition of the heavy quark mass 


In the derivation presented earlier in this section, mg has been chosen to be the mass in 
the Lagrangian. Using this parameter in the phase redefinition in Eq. (44.5) we obtained 
the effective Lagrangian in Eq. (44.16), in which the heavy-quark mass no longer appears. 
However, this treatment has its subtleties. The symmetries of the HQET allow a residual 
mass dm for the heavy quark, provided that ôm is of order Agcp and is the same for all 
heavy-quark flavours. Even if we arrange that such a mass term is not present at the tree 
level, it will in general be induced by quantum corrections. (This is unavoidable if the theory 
is regulated with a dimensionful cutoff.) Therefore, instead of Eq. (44.16) we should write 
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the effective Lagrangian in the more general form [558]: 
Lo = h, iv- Dh, — bmhyh, . (44.26) 


If we redefine the expansion parameter according to mg — mg + Am, the residual 
mass changes in the opposite way: 6m — ôm — Am. This implies that there is a unique 
choice of the expansion parameter mg such that ôm = 0. Requiring ôm = 0, as it is usually 
done implicitly in the HQET, defines a heavy-quark mass, which in perturbation theory 
coincides with the pole mass [133,147,148]. This, in turn, defines for each heavy hadron 
Ho a parameter A (sometimes called the binding energy) through 


AN (m p, — m 9)Im o— oo . (44.27) 


If one prefers to work with another choice of the expansion parameter, the values of 
non-perturbative parameters such as A change, but at the same time one has to include the 
residual mass term in the HQET Lagrangian. However, like the pole mass, the previous 
definition might be affected by renormalons as we have discussed in previous chapters. 


44.4 Hadron spectroscopy from HQET 


The spin-flavour symmetry leads to many interesting relations between the properties of 
hadrons containing a heavy quark. The most direct consequences concern the spectroscopy 
of such states [559,560]. In the limit mo — oo, the spin of the heavy quark and the total 
angular momentum j of the light degrees of freedom are separately conserved by the strong 
interactions. Because of heavy-quark symmetry, the dynamics is independent of the spin 
and mass of the heavy quark. Hadronic states can thus be classified by the quantum numbers 
(flavour, spin, parity, etc.) of their light degrees of freedom [561]. The spin symmetry peas 
that, for fixed j Z 0, there is a doublet of degenerate states with total spin J = j + i 

The flavour symmetry relates the properties of states with different heavy-quark flavour. 

In general, the mass of a hadron Hg containing a heavy quark Q obeys an expansion of 
the form: 


2 Am? 2 
Ma =mọo hes OU imo): (44.28) 
mo 


The parameter A represents contributions arising from terms in the Lagrangian that are 
independent of the heavy-quark mass [558], whereas the quantity Am? originates from 
the terms of order 1/mg in the effective Lagrangian of the HQET. For the ground-state 
pseudoscalar and vector mesons, one can parametrize the contributions from the kinetic 
energy and the chromomagnetic interaction in terms of two quantities A; and 45, in such a 
way that [562]: 


Am? = —4 *2[JU + 0 - $] M, (44.29) 


where J = j + 1/2 is the total spin of the states. The hadronic parameters A, 4, and A, are 
independent of mg. They characterize the properties of the light constituents. 
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Consider, as a first example, the SU(3) mass splittings for heavy mesons. The heavy 
quark expansion predicts that: 


mp, — mpg, = A, — Ag+ O(1/mp), 
mp, — mp, = As — Ag+ O(1/m,), (44.30) 


where we have indicated that the value of the parameter A depends on the flavour of the 
light quark. Thus, to the extent that the charm and bottom quarks can both be considered 
sufficiently heavy, the mass splittings should be similar in the two systems. This prediction 
is confirmed experimentally, since: 


,— mp, = (90+ 3) MeV, 
mp, — Mp, = (99 + 1) MeV. (44.31) 


As a second example, consider the spin splittings between the ground-state pseudoscalar 
(J = 0) and vector (J = 1) mesons, which are the members of the spin-doublet with j = i 
From Eqs. (44.28) and (44.29), it follows that 


m2, — m2, = 4a. + O(1/ ms), 
m2, — m2, = 4a, + O(1/m,). (44.32) 


The data are compatible with this prediction: 


m2. — m^, © 0.49 GeV? , 
mi. — m2, © 0.55 GeV? . (44.33) 


Assuming that the B system is close to the heavy-quark limit, one can obtain the value: 
do © 0.12 GeV? (44.34) 


for one of the hadronic parameters in Eq. (44.29). This quantity plays an important role 
in the phenomenology of inclusive decays of heavy hadrons. Similar relations can also be 
obtained in the case of heavy baryons: 


325 
Ma, mpg — ~ 311 MeV, 
2mp 
325 
mA, — mp — L—- c 320 MeV, (44.35) 
2mp 


which are close to each other to be compared with the data. The dominant correction in 
Eq. (44.35) comes from the contribution of the chromo-magnetic interaction to the masses 
of the heavy mesons,! which adds a term 32/2mg on the right-hand side. 

The mass formula in Eq. (44.28) can also be used to derive information on the heavy-quark 
masses from the observed hadron masses. Introducing the 'spin-averaged' meson masses 


! Because of spin symmetry, there is no such contribution to the masses of. Ag baryons. 
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mpg = į (mg + 3mp-) © 5.31 GeV and mp = 1 (mp + 3m p.) © 1.97 GeV, we find that: 
At 
2m gmp 


mp — m, = (rig — p) fı - + o(i/m;)| (44.36) 


Using theoretical estimates for the parameter A,, which lie in the range (for a complete 
reference, see e.g. [545]: 


A, = —(0.3 + 0.2) GeV? , (44.37) 
this relation leads to: 


mp — m, = (3.39 + 0.03 + 0.03) GeV , (44.38) 


where the first error reflects the uncertainty in the value of 41, and the second one takes into 
account unknown higher-order corrections. The fact that the difference of the pole masses, 
Mp — Me, is known rather precisely is important for the analysis of inclusive decays of 
heavy hadrons. 


44.5 The B — D"I? exclusive process 


We shall be concerned here with the semi-leptonic decay process B — D"Iv shown 
schematically in Fig. 44.4, and which has the largest branching fraction of all B-meson 
decay modes. 

The strength of the b — c transition vertex is governed by the element V., of the CKM 
matrix, which is a fundamental parameter of the Standard Model. A primary goal of the 
study of semi-leptonic decays of B mesons is to extract with high precision the values of 
|Ven| (as well as |V,,»| for b — u transitions). 


44.5.1 Semi-leptonic form factors: the Isgur-Wise function 


Heavy-quark symmetry implies relations between the weak decay form factors of heavy 
mesons, which are of particular interest. These relations have been derived by Isgur and 
Wise [557], generalizing ideas developed by Nussinov and Wetzel [563], and by Voloshin 
and Shifman [564,565]. 

Consider the elastic scattering of a B meson, B(v) — B(v’), induced by a vector current 
coupled to the b quark. Before the action of the current, the light degrees of freedom inside 
the B meson orbit around the heavy quark, which acts as a static source of colour. On 
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Fig. 44.4. Semi-leptonic decays of B mesons. 
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Fig. 44.5. Elastic transition induced by an external heavy-quark current. 


average, the b quark and the B meson have the same velocity v. The action of the current 
is to replace instantaneously (at time t = tọ) the colour source by one moving at a velocity 
v', as indicated in Fig. 44.5. If v — v', nothing happens; the light degrees of freedom do 
not realize that there was a current acting on the heavy quark. If the velocities are different, 
however, the light constituents suddenly find themselves interacting with a moving colour 
source. Soft gluons have to be exchanged to rearrange them so as to form a B meson 
moving at velocity v'. This rearrangement leads to a form-factor suppression, reflecting the 
fact that, as the velocities become more and more different, the probability for an elastic 
transition decreases. The important observation is that, in the limit m; — co, the form factor 
can only depend on the Lorentz boost y = v - v' connecting the rest frames of the initial- 
and final-state mesons. Thus, in this limit a dimensionless probability function £(v - v’) 
describes the transition. It is called the Isgur-Wise function [557]. In the HQET, which 
provides the appropriate framework for taking the limit mp — oo, the hadronic matrix 
element describing the scattering process can thus be written as: 


mp (B(v’)| by y" b, |B(v)) = &( v) (v H v". (44.39) 
B 

Here b, and by are the velocity-dependent heavy-quark fields of the HQET. It is important 
that the function &(v - v’) does not depend on my. The factor 1/mg on the left-hand side 
compensates for a trivial dependence on the heavy-meson mass caused by the relativistic 
normalization of meson states, which is conventionally taken to be: 


(B(p^| B(p)) = 2mgv® Qx y 8*(p — p^). (44.40) 


Note that there is no term proportional to (v — v^)" in Eq. (44.39). This can be seen by 
contracting the matrix element with (v — v’),,, which must give zero since yb, = b, and 
b, y = by. 

It is more conventional to write the above matrix element in terms of an elastic form 
factor F(q?) depending on the momentum transfer q? = (p — py: 

(B(v')| b y"b|B(v)) = Falah (p + p, (44.41) 
where p” = mgv. Comparing this with Eq. (44.39), we find that 
Fal) =E- v), q? = —2m2(v.v — 1). (44.42) 


Because of current conservation, the elastic form factor is normalized to unity at q? = 0. 
This condition implies the normalization of the Isgur-Wise function at the kinematic point 
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v.v =l,ie.forv=v': 
£(1) — 1. (44.43) 


Itis in accordance with the intuitive argument that the probability for an elastic transition 
is unity if there is no velocity change. Since for v — v' the final-state meson is at rest in the 
rest frame of the initial meson, the point v - v' = 1 is referred to as the zero-recoil limit. 

The heavy-quark flavour symmetry can be used to replace the b quark in the final-state 
meson by ac quark, thereby turning the B meson into a D meson. Then the scattering process 
turns into a weak decay process. In the infinite-mass limit, the replacement by — cy isa 
symmetry transformation, under which the effective Lagrangian is invariant. Hence, the 
matrix element: 

(D(v')| ey y" b, |B(v)) = E(u v) (v + v)" (44.44) 
mgmp 
is still determined by the same function &(v - v^). This is interesting, since in general the 
matrix element of a flavour-changing current between two pseudoscalar mesons is described 
by two form factors: 


(Dv) |e y"b|B(v)) = fq?) (p t+ p)" — f- (a!) (p — p. (44.45) 


Comparing the above two equations, we find that: 


fu ye b Ewn’) 
+q ~ 2/msmp ; 
2 


q =m, +m, —2mgmpv-v'. (44.46) 


Thus, the heavy-quark flavour symmetry relates two a priori independent form factors 
to one and the same function. Moreover, the normalization of the Isgur-Wise function at 
v- v’ = 1 now implies a non-trivial normalization of the form factors f4(q°) at the point 
of maximum momentum transfer, q2.. = (mg — mp)": 


fe (Geox) = T4— (44.47) 
+\max) = 2 mgmp d i 


The heavy-quark spin symmetry leads to additional relations among weak decay form 


factors. It can be used to relate matrix elements involving vector mesons to those involving 
pseudoscalar mesons. A vector meson with longitudinal polarization is related to a pseu- 


doscalar meson by a rotation of the heavy-quark spin. Hence, the spin-symmetry transfor- 
fr 


v 


mation c 
is [557]: 


— ci relates B — D with B > D* transitions. The result of this transformation 


1 = 
UNT (D* (v, &)| v y" b, | B(v)) = iet” ež v^ vg E(w- v), 
1 AS 
/mpmp- (D*Q', e)| vy" ys by |B(v)) = [e^ (v - v' 4- 1) — v^ &*- v]&(v - v’), 
Bit ps 
(44.48) 
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where & denotes the polarization vector of the D* meson. Once again, the matrix elements 
are completely described in terms of the Isgur-Wise function. Now this is even more 
remarkable, since in general four form factors, V(q?) for the vector current, and Ai(q?), 
i — 0, 1, 2, for the axial current, are required to parametrize these matrix elements. In the 
heavy-quark limit, they obey the relations [566] 


mp + mp 


L A^ A^ 2 
Xd o e PAM peso tacet 


2 —1 
- | ERI Ai(q’), 


A (mg 4- mpy 


q^ =m} t mA, —2mgmp v-v. (44.49) 


Equations (44.46) and (44.49) summarize the relations imposed by heavy-quark symme- 
try on the weak decay form factors describing the semi-leptonic decay processes B > D £v 
and B — D*£ v. These relations are model-independent consequences of QCD in the limit 
where mp, m; >> Aocp. They play a crucial role in the determination of the CKM matrix 
element |V.;|. In terms of the recoil variable w = v - v’, the differential semi-leptonic decay 
rates in the heavy-quark limit become [567]: 


dr(B > D£») G? 
= —& Va? (mg + mp) mp (w° — 1? £(w), 


dw 48m? 
dr(B > D*£v) G? 
am = agus IVa (mg — mp) mp. vw? — 1 (w+ 1? 


x [tt 4w m4 — 2wmgmp« +m. 
wt+l (mg — mp)? 


| E? (w). (44.50) 


44.5.2 The Luke’s theorem for the 1/m corrections 


These expressions receive symmetry-breaking corrections, since the masses of the heavy 
quarks are not infinitely large. Perturbative corrections of order o? (m 9) can be calculated 
order-by-order in perturbation theory. A more difficult task is to control the non-perturbative 
power corrections of order (Agcp/mg)". The HQET provides a systematic framework 
for analysing these corrections. For the case of weak-decay form factors the analysis of 
the 1/mg corrections was performed by Luke [568], where, in the zero-recoil limit, an 
analogue of the Ademollo—Gatto theorem [569] can be proved. This is Luke's theorem [568], 
which states that the matrix elements describing the leading 1/mg corrections to weak 
decay amplitudes vanish at zero recoil. This theorem is valid to all orders in perturbation 
theory [562,570,571], and then protects the B — D"£ v decay rate from receiving first-order 
1/mg corrections at zero recoil [567]. A similar statement is not true for the decay B > 
D £ v. The reason is simple but somewhat subtle. Luke's theorem protects only those form 
factors not multiplied by kinematic factors that vanish for v — v'. By angular momentum 
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conservation, the two pseudoscalar mesons in the decay B — D £0 must be in a relative 
p wave, and hence the amplitude is proportional to the velocity |Up| of the D meson in the 
B-meson rest frame. This leads to a factor (w? — 1) in the decay rate. In such a situation, 
kinematically suppressed form factors can contribute [566]. Later, the authors in [562] have 
analysed the structure of 1/ ms corrections for both meson and baryon weak decay form 
factors [562]. 


44.5.3 Short-distance corrections and matching conditions 


We have shown previously that HQET reproduces correctly the non-perturbative part of the 
full theory but does not contain correctly its short-distance part. This can be understood by 
denoting that the heavy quark only participates to strong interactions through its interaction 
with gluons, where hard gluons can resolve the spin and flavour quantum numbers of a 
heavy quark. Their effects lead to a renormalization of the coefficients of the operators in 
the HQET. A new feature of such short-distance corrections is that through the running 
coupling constant they induce a logarithmic dependence on the heavy-quark mass [564], 
which can be calculated in perturbation theory, since o, (m o) is small. 

Let us for example, consider the matrix elements of the vector current V = ĝ y" Q. 
In QCD this current is partially conserved and needs no renormalization. Therefore, its 
matrix elements are free of UV divergences. Still, these matrix elements have a logarithmic 
dependence on m ọ from the exchange of hard gluons with virtual momenta of the order of the 
heavy-quark mass. If one goes over to the effective theory by taking the limit mg — oo, 
these logarithms diverge. Consequently, the vector current in the effective theory does 
require a renormalization [572]. Its matrix elements depend on an arbitrary renormalization 
scale v, which separates the regions of short- and long-distance physics. If v is chosen such 
that Agcp « v « mg, the effective coupling constant in the region between v and mg is 
small, and perturbation theory can be used to compute the short-distance corrections. These 
corrections have to be added to the matrix elements of the effective theory, which contain 
the long-distance physics below the scale v. The relation between matrix elements in the 
full and in the effective theory is: 


(V(no))ocp = Colmo, v) (Vo(v))uogr + 


C ; 
ate” "Olson (44.51) 


where we have indicated that matrix elements in the full theory depend on mg, whereas 
matrix elements in the effective theory are mass-independent, but do depend on the renor- 
malization scale. The Wilson coefficients C;(m o, v) are defined by this relation. Order by 
order in perturbation theory, they can be computed from a comparison of the matrix ele- 
ments in the two theories. Since the effective theory is constructed to reproduce correctly 
the low-energy behaviour of the full theory, this matching procedure is independent of any 


long-distance physics, such as IR singularities, non-perturbative effects, and the nature of 
the external states used in the matrix elements. 
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The coefficient functions can be evaluated in perturbation theory using the renormaliza- 
tion group equation. Most of the existing calculations of short-distance corrections in the 
HQET can be found, for example, in [545]. 


44.5.4 Determination of |V.,| from HOET 


For this purpose, one considers the decay rate given Eq. (44.50), where the Isgur- Wise 
function £?(w) is replaced by the function F (w), which takes into account corrections of the 
order o; (m g) and Agcp/mg to the Isgur- Wise function. The aim is to measure the quantity 
| V.p|F(w) as a function of w, and and to extract | V.,| from an extrapolation of the data to the 
Zero-recoil point w — 1, where the B and the D* mesons have a common rest frame. At this 
kinematic point, heavy-quark symmetry helps us to calculate the normalization F(1) with 
small and controlled theoretical errors. Since the range of w values accessible in this decay 
is rather small (1 « w « 1.5), the extrapolation can be done using an expansion around 
wel: 


F(w) = F(D [1 — 6 (w — 1) + é(w —- 1y.. ]. (44.52) 


The slope ô? and the curvature €, and indeed more generally the complete shape of the 
form factor, are tightly constrained by analyticity and unitarity requirements [573,574]. 
In the long run, the statistics of the experimental results close to zero recoil will be such 
that these theoretical constraints will not be crucial to get a precision measurement of | Vep]. 
They will, however, enable strong consistency checks. Measurements of the recoil spectrum 
have been performed by several experimental groups. Figure 44.6 shows, as an example, 
the data reported some time ago by the CLEO Collaboration. The weighted average of the 


0.05 
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Fig. 44.6. CLEO data for the product | V.,| F(w), as extracted from the recoil spectrum in B > D*£0 
decays [575]. The line shows a linear fit to the data. 
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experimental results is [576]: 


|V| FC) = (35.2 + 2.6) x 1073. (44.53) 


Heavy-quark symmetry implies that the general structure of the symmetry-breaking cor- 
rections to the form factor at zero recoil is [567]: 


2 
F(l) =n (: +0 x Bon + const x “aco ds «) = na (l cya), (44.54) 
mo m Q 

where 774 is a short-distance correction arising from the finite renormalization of the flavour- 
changing axial current at zero recoil, and ô1/m2 parametrizes second-order (and higher) 
power corrections. The absence of first-order power corrections at zero recoil is a conse- 
quence of Luke's theorem [568]. The one-loop expression for 4 has been known for a long 
time [577,565,578]: 


In 


mp — Me Me 


M 
na = 1+ os( ) (mtm my 


8 
) ~ 0.96. (44.55) 

Um 3 
The scale M ~ 0.51 /mym. in the running coupling constant can be fixed [579] by 
adopting the BLM prescription [173]. This lowest order value has been confirmed by the 


two-loop result [580]: 


7] A|2—1oop = 0.960 + 0.007 . (44.56) 


The different analysis of power corrections are more uncertain. The results are in the 
range: 


51/2 = —(0.055 + 0.025) . (44.57) 


These different results lead to: 


JF(1) = 0.91 + 0.03 (44.58) 


for the normalization of the hadronic form factor at zero recoil. Thus, the corrections to the 
heavy-quark limit amount to a moderate decrease of the form factor of about 10%. This can 
be used to extract from the experimental result Eq. (44.53) the model-independent value 


[Vel = (38.7 + 2.8exp + 1.3m) x 107°. (44.59) 


There are some other predictions on the different form factors which one can obtain in 
the same way from HQET, and which agree with the still present inaccurate data. 


44.6 The inclusive B — X10 weak process 


We have already discussed different inclusive processes (et e~ — hadrons, t semi-leptonic 
decays, ...) in the second part of this book. Here, we shall be concerned with the inclusive 
B — XIV weak process involving a heavy quark. From a theoretical point of view such 
decays have two advantages: first, bound-state effects related to the initial state, such as 
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the *Fermi motion' of the heavy quark inside the hadron [581,582], can be accounted for 
in a systematic way using the heavy-quark expansion; secondly, the fact that the final state 
consists of a sum over many hadronic channels eliminates bound-state effects related to the 
properties of individual hadrons. This second feature is based on the hypothesis of quark- 
hadron duality, which is an important concept in QCD phenomenology. The assumption of 
duality is that cross-sections and decay rates, which are defined in the physical region (i.e. 
the region of time-like momenta), are calculable in QCD after a ‘smearing’ or ‘averaging’ 
procedure has been applied [583]. In semi-leptonic decays, it is the integration over the 
lepton and neutrino phase space that provides a smearing over the invariant hadronic mass 
of the final state (so-called global duality). For non-leptonic decays, on the other hand, the 
total hadronic mass is fixed, and it is only the fact that one sums over many hadronic states 
that provides an averaging (so-called local duality”). Clearly, local duality is a stronger 
assumption than global duality. It is important to stress that quark-hadron duality cannot 
yet be derived from first principles; still, it is a necessary assumption for many applications 
of QCD. The success of the QCD predictions for the hadronic t widths is a strong test of 
the validity of global duality [325,328,346,345]. 

Using the optical theorem, the inclusive decay width of a hadron H, containing a b quark 
can be written in the form: 


1 
T(H, > X) = — Im (A, |T|A5), (44.60) 
MH, 


where the transition operator T is given by: 


T= if d'x T {Lete(x), Lete(0)} . (44.61) 


Inserting a complete set of states inside the time-ordered product, we recover the standard 
expression 
1 


Hy > X) = = — 5 Om) 8 (pu — px) XI Lew lHo)? (44.62) 
X 


Ay 
for the decay rate. For the case of semi-leptonic and non-leptonic decays, Lege is the 
effective Fermi weak Lagrangian, which, in practice is corrected for short-distance ef- 
fects [550,55 1,584—586] arising from the exchange of gluons with virtualities between m w 
and my,. In the case of the inclusive semi-leptonic decay rate, for instance, the sum would 
include only those states X containing a lepton-neutrino pair. In perturbation theory, some 
contributions to the transition operator are given by the two-loop diagrams shown on the 
left-hand side in Fig. 44.7. Because of the large mass of the b quark, the momenta flowing 
through the internal propagator lines are large. It is thus possible to construct an OPE for 
the transition operator, in which T is represented as a series of local operators containing 
the heavy-quark fields. The operator with the lowest dimension, d = 3, is bb. It arises by 
contracting the internal lines of the first diagram. In the usual OPE, the only gauge-invariant 


? This terminology may differ with the local duality used in the QCD spectral sum rules analysis which will be discussed in a 
future part of this book. 
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— ——————9————»9——— 
b b bgso,,G b 
> B M 
g 


Fig. 44.7. Perturbative contributions to the transition operator T (left), and the corresponding operators 
in the OPE (right). The open squares represent a four-fermion interaction of the effective Lagrangian 
Lert, and the black circles represent local operators in the OPE. 


operator with dimension four is b iD b; however, the equations of motion imply that between 
physical states this operator can be replaced by m,bb. The first operator that is different 
from bb has dimension five and contains the gluon field. It is given by b gso „y G^" b. This 
operator arises from diagrams in which a gluon is emitted from one of the internal lines, such 
as the second diagram shown in Fig. 44.7. For dimensional reasons, the matrix elements 
of such higher-dimensional operators are suppressed by inverse powers of the heavy-quark 
mass. Thus, any inclusive decay rate of a hadron H, can be written as [587—589]: 


Gm; fq f (b g,0, G^" b) g 
(ap > Xy)-— 19253 fe (bb) n + cs m LN (44.63) 


where the prefactor arises naturally from the loop integrations, cf are calculable coefficient 


functions (which also contain the relevant CKM matrix elements) depending on the quantum 
numbers f of the final state, and (O}y are the (normalized) forward matrix elements of 
local operators, for which we use the short-hand notation: 


1 
(O) = z — (Hl O |p). (44.64) 


2m Hy 


In the next step, these matrix elements are systematically expanded in powers of 1/mp, 
using the technology of the HQET. The result is [562,587,589]: 


2 2 
iy ci u3 (H) — wg (Hp) 


x + O(1/m}), 


(b g,0,,G""b)g = 2uc (H5) + O(1/m;), (44.65) 
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where we have defined the HQET matrix elements: 
1 So 25 
u? (Hy) = Sie (Hy(v)| b, (i DP by | Hv) , 
My, 


1 MT : 
uH) = Im, VQ) b, S o, Gl" by Hy). (44.66) 
M H, 2 


Here (iD) = (iv- DY — (i D}; in the rest frame, this is the square of the operator for 
the spatial momentum of the heavy quark. Inserting these results into Eq. (44.63) yields: 


G2 5 2 H,) — 2 H 2 H, 
aur Id (: u3 p) Hal 2) +2cf uct b) 
192 2m? 


T(H,— Xp) = apts | . (44.67) 


b 

It is instructive to understand the appearance of the ‘kinetic energy’ contribution UŽ, 
which is the gauge-covariant extension of the square of the b-quark momentum inside 
the heavy hadron. This contribution is the field-theory analogue of the Lorentz factor 
(1 — 92)? ~ 1 — k? /2m2, in accordance with the fact that the lifetime, t = 1/T, for 
a moving particle increases due to time dilatation. 

The main result of the heavy-quark expansion for inclusive decay rates is the observation 
that the free quark decay (i.e. the parton model) provides the first term in a systematic 1/m, 
expansion [590]. For dimensional reasons, the corresponding rate is proportional to the fifth 
power of the b-quark mass. The non-perturbative corrections, which arise from bound-state 
effects inside the B meson, are suppressed by at least two powers of the heavy-quark mass; 
thus they are of relative order (Aocp/m;)^. Note that the absence of first-order power 
corrections is a consequence of the equations of motion, as there is no independent gauge- 
invariant operator of dimension four that could appear in the OPE. The fact that bound-state 
effects in inclusive decays are strongly suppressed explains a posteriori the success of the 
parton model in describing such processes [591,592]. 

The hadronic matrix elements appearing in the heavy-quark expansion in Eq. (44.67) can 
be determined to some extent from the known masses of heavy hadron states. For the B 
meson, one finds that: 


uŽ(B) = —A1, = (0.3 + 0.2) GeV’, 
L2 (B) = 3X5 ~ 0.36 GeV? , (44.68) 


where A; and Az are the parameters appearing in the mass formula of Eq. (44.29). For the 
ground-state baryon Aj, in which the light constituents have total spin zero, it follows that: 


B2 (A5) — 0, (44.69) 


while the matrix element iu (Ap) obeys the relation: 


1 1 
ee nee carte 


m. 2m, 


(44.70) 
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where mg and mp denote the spin-averaged masses introduced in connection with 
Eq. (44.36). The above relation implies: 


H2 (B) — už (Ap) = (0.01 + 0.03) GeV? . (44.71) 


What remains to be calculated, then, is the coefficient functions cf for a given inclusive 
decay channel. 

To illustrate this general formalism, we discuss as an example the determination of | Ve» | 
from inclusive semi-leptonic B decays. In this case the short-distance coefficients in the 
general expression (44.67) are given by [587-589] 


c = | Va [l — 8x? + 8x$ — x* — 12x* In x? + O(@s)], 
cSt E —6| Va| (1 E x . (44.72) 


Here x = m, /myp, and m; and m, are the masses of the b and c quarks, defined to a given 
order in perturbation theory [133,147,148]. The O(a@,) terms in eU are known exactly [593], 
and reliable estimates exist for the O(a?) corrections [594]. The theoretical uncertainties in 
this determination of | V.p| are quite different from those entering the analysis of exclusive 
decays. The main sources are the dependence on the heavy-quark masses, higher-order 
perturbative corrections, and above all the assumption of global quark-hadron duality. A 
conservative estimate of the total theoretical error on the extracted value of | Vep | yields [595]: 


|V.4] = (0.040 + 0 oos) Bs. ]-] e] m (40 £ lexp + 3m) x 1073. (44.73) 
cb . TV. 10.596 TB exp th . : 
The value of | V.,| extracted from the inclusive semi-leptonic width is in excellent agree- 
ment with the value in Eq. (44.59) obtained from the analysis of the exclusive decay 
B — D*£ v. This agreement is gratifying given the differences of the methods used, and it 
provides an indirect test of global quark-hadron duality. 
Combining the two measurements gives the final result: 


|V-»| = 0.039 + 0.002. (44.74) 


After V,4 and V,,, this is the third-best known entry in the CKM matrix. 


44.7 Rare B decays and CP-violation 


One of the main objectives of B-factories is to test the CKM mechanism, which predicts 
that all CP violation results from a single complex phase in the quark mixing matrix. 
Indeed, the determination of the sides and angles of the ‘unitarity triangle’ V7, Vig + 
Vii, Vea + Vj; Via = 0 depicted in Fig. 44.8 plays a central role in the B factory program. 
Adopting the standard phase conventions for the CKM matrix, only the two smallest el- 
ements in this relation, V^, and V,;, have non-vanishing imaginary parts (to an excellent 
approximation). In the standard model the angle 6 = —arg(V,,) can be determined in a 
theoretically clean way by measuring the mixing-induced CP asymmetry in the decays 
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(p.m) 


CP Violation 


(0,0) (1,0) 
Fig. 44.8. The rescaled unitarity triangle representing the relation 1 ve p + ve p — 0. The apex 


is determined by the Wolfenstein parameters (p, 7). The area of the triangle is proportional to the 
strength of CP violation in the standard model. 


B — J/ Ks. Recents results from CDF [596] and especially from B-factories: Babar 
[597] and Belle [598] indicate a large value of 6. The angle y = arg(V,*,), or equivalently 
the combination œ = 180? — 6 — y, is much harder to determine [595]. After the different 
announcements of evidence for a CP asymmetry in the decays B > J/w Ks and by direct 
CP violation in K — ma decays by the KTeV and NA48 groups [599], there are a lot 
of efforts for investigating theoretically these rare B decay processes. Among others, two 
competing groups [600,601] work actively on these processes, but they have not yet reached 
any mutual agreements for their results. 


45 


Potential approaches to quarkonia 


45.1 The Schródinger equation 


As mentioned earlier, when the heavy quark mass mg is much larger than the QCD scale 
Aagcp, the running coupling o,(mg) is small implying that at this scale of the order of 
the Compton wavelengh à ~ 1/mg, one can safely use perturbative QCD for describing 
the hadrons. In this case the heavy Q Q bound states with the size A /os(mg) « Rna ~ 1 
fermi are hydrogen-like atoms to which ordinary quantum mechanics can be applied. In 
the non-relativistic limit (NR), it is possible to show that the interaction between the two Q 
and Q states can be described by a local potential V (7), where r is the relative coordinate 
between Q and Q (spin is neglected for the moment). The energy levels and wave functions 
of the bound states can be found by solving the Schródinger equation in three-dimensions: 


2 
E, Was (T) = en + vo Vs (T) (45.1) 


where u = mg/2 is the reduced mass of the system; Wrim(F) is the Schrödinger wave 
function; V (7) is the interaction potential and E, is the energy eigenvalue; n, | and m are 
respectively the principal quantum number, angular orbital, and eigenvalue of /, on the 
z-axis; h = 1 in standard units: 

a? 9? a? 


A= , 
ax? T dy? Y oz? 


(45.2) 


is the Laplacian. In the case of central pontential, the wave function can be decomposed 
into its radial R,;(r) and spherical harmonic Y;,, (0, 6) components: 


Vs (7) = Ra(r)Yis(0, $). (45.3) 


In terms of the reduced wave function: 


Un(r) =r Ryir) , (45.4) 
the Schródinger equation becomes: 
Aun h? I+ Wh? 
= En — V ni(r) , 45.5 
TET | pave 5 | uni (r) (45.5) 
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Fig. 45.1. Current situation of the charmonium system and transitions interpreted from some models. 
Dashed lines are uncertain states. y refers to processes involving virtual photons, including decays 
into ee~ and wtp. 


with the boundary conditions: 


dug 
dr 


us (0) — 0, = Rau (0), (45.6) 


u=0 


except that even parity solutions are inconsistent with the above boundary conditions. The 
wave function is normalized such that: 


oo 
f PT Yrm = I dr|un r)? —1. (45.7) 
0 
It shows that the system is now described by the effective potential: 
IQ + Wh? 
Veer) = Vir) + es ; (45.8) 
2ur 


Obviously, the main uncertainty for a quantitative spectroscopy is the choice of the correct 
Q Q potential V(r) as far as its exact form is not yet known from first principles. We show 
in Fig. 45.1 the spectra of charmonium and in Fig. 45.2 those for the bottomium systems 
from [16] 


45.2 The QCD static Coulomb potential 


First, the model has to recover the short distance QCD Coulomb static potential. The expres- 
sion of this potential can be derived from the tree-level scattering amplitude of the process: 


A[Q(i. Xi.) + Q(GQ2, 22,12) > Q(pi 24,1) + Oph, 25,1], — (459) 


shown at tree level in Fig. 45.3; i, j and 4; are respectively colour and spinor indices. 
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Fig. 45.2. Same as in Fig. 45.1 but for the Bottomium system. 


In a covariant Feynman gauge, it is easy to obtain: 


g 
A=- Dt hil (& SEUEN yy" u(pi di) 7- U(pa, A2)y" v(p5, A5), (45.10) 


where A^ are colour matrices. It can again be rearranged by using the relation: 
D(P2, A2)yu V(p», 45) = —ü(p», A5) Yuu Cpa, A2) . (45.11) 


The non-relativistic amplitude is related to A as: 


1 


Tis = A (45.12) 
4J p10P19P20P20 
In the non-relativistic limit: 
2 24 
> p p 
- 2 
- +m} mo + —-—., 
da 0" 2mo 8m) 


= (Pio — py! - E x - +P? (45.13) 
Q 
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p4; A4, P4 


Q M ^ 


9v 
Fig. 45.3. Tree-level diagram for Q Q scattering. 


and 


(1 — p^ /Amo) id (45.14) 


1 
V2 po (1/2mg)p - 6 x(a) 
where the Pauli matrices o act on the two-component spinor x (A;). In the static limit, one 
can retain only the leading term in Eq. (45.13), and obtains: 


u(p,aA) x ( 


1 g 1 
~ a 3a tals ta! 
die (Homes 4 2 Mas (4) X AX Q3) z; X0x 02) 
1 d gM1 
meg 3 Moi Mii Saan rans (5) oe (45.15) 


On the other hand, the non-relativistic amplitude can be related to the potential as: 


Tus (Born) = ——; | d^? e" ytalyxt vA joa x (45.16) 
An? ; de pate veo ' 


By identification, taking the inverse Fourier transform, and using: 


1 —CF : Singlet 
= $ UM = 1 1 i 
7 eM een: deer (45.17) 
g 2N. 6 
one obtains the expression. ! 
4\ as . 
V(r « 1/Agcp) = — | Cr = zm : Singlet 
r 
1 Os 
= —: Octet , (45.18) 
2N./ r 


where the running of the QCD coupling and the form of the potential have been verified 
on the lattice. Using this form of the potential, the eigenvalue of the previous Schrödinger 


! We shall only consider the singlet case in the following. 
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equation in Eq. (45.5) is the so-called binding energy: 


2:2 


C 
Ej = 2mo — 1 mo. (45.19) 


45.3 Potential models 


The model dependence enters into the large distance part (r >> 1/Aocp) of the potential. 
Many phenomenological QCD-motivated forms of the potential have been proposed in the 
literature [12,81—94]. 


45.3.1 Cornell potential 
The simplest phenomenological form is the Cornell linear potential [82]: 
Vir > 1/Agcp) > or (45.20) 


where o is the QCD string tension. 


45.3.2 Richardson potential 


In the Richardson potential [83], the QCD coupling in the Coulomb potential is allowed 
to run, and an interpolating formula for the Fourier transform of the potential has been 
proposed: 


V(q) z ( a ) : (45.21) 
q)-— £ ; 
3 33 - 2n; / q?In(1 +4?/Abcp) 
which behaves as: 
= 1 1 
V(q > Ago) ~ —————— > V(q X Agoo) ~ = - (45.22) 
q?In (4?/ ^ocp) q? 


The charmonium and upsilon spectroscopy fix the parameters to be: 


Aocp © 400 MeV, — o c (400 MeV). (45.23) 


45.3.3 Martin potential 
Some more empirical models are the Martin potential [12,84—86]: 
Vir)~ A+ Br", (45.24) 


where the different terms are fixed from the fit of the rich quarkonia families. The power of 
the potential is found to be: 


n~0.1. (45.25) 
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Martin's potential is neither Coulombic at short distance nor linear at long distance, but 
is strongly constrained inside the region 0.1 ~ 1 fermi. Its slight modification outside this 
region does not affect the results as the wave function vanishes rapidly. 

From the concavity properties of the potential [12,84—86]: 


<0 => — 


dV dV d f(ldV 
Eos Ere ze xD. (45.26) 
dr dr? dr 


some impressive sets of inequalities can be derived. If n is the number of nodes of the radial 
wave functions, and / the orbital angular momentum, one has for n > 0: 


E(n,l+1) > SEG + 1.4 Btn, DI, (45.27) 
which is satisfied by the observed masses: 
My — My > My — My»... (45.28) 
The flavour independence assumption leads to the concavity relation: 


2E(Qq) > E(QQ) + E(Qq), (45.29) 


which is well satisfied by the observed masses. In particular, one expects to have: 
1 
Ms, = -[My + Myr], (45.30) 


while the lower bound can also be obtained [86]. Analogous inequalities have also been 
derived among baryons and mesons. 

However, despite the great phenomenological success of various types of potential mod- 
els, some difficulties arise in attempting to relate them to field theory. Leutwyler and 
Voloshin criticize the locality of the potentials [90], whilst Bell and Bertlmann [91—93] 
do not see their flavour independence. 


45.4 QCD corrections to the static Coulomb potential: Leutwyler-Voloshin model 


In this section, we shall consider the Coulomb static potential given in Eq. (45.18) and we 
shall investigate the different QCD corrections to it. 


45.4.1 Relativistic corrections 


In this case, the interaction betwen the Q and Q can be described by the Breit-fermi potential 
describing the positronium ete~ bound state (see e.g. Schwinger [319], Bertstetski et al. 
[53]). It gives the relativistic corrections: 


VOR) = yO + VO (45.31) 


rel 
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where: 


Veet = Vee + Viens + Vis + VAF > go 


rel orb 


which corresponds respectively to the purely orbital (spin independent + kinetic energy), 
tensor, spin-orbit and hyperfine potentials. They read: 


1 Cras 1 
vo E 3 3 Ui = 
4mo mor 
Crds 1 
y z 382 
4m? 
3Cra l- >- 
yO Soh 
A 2m?, r3 
Am Cra, =5. > 
v = EP ig. (45.33) 
3mo 


Here L, S and S 12 are respectively the orbital angular momentum, total spin and tensor 
operators defined as: 


rirj 


= à;) $,$;. (45.34) 


> v > 1 
L=-irxA, S=5 0 +o), sa= 2) (2 
In Eq. (45.33), one should notice that r-! and A do not commute, which is not important 
as one only considers diagonal matrix element of r^! A between the W states. Another 
peculiar point is that one has to take the expectation values of terms containing LS and S 12 
to be zero between states with zero angular momentum as their angular average vanishes. 
This is despite the fact that the factor 1/r? is singular at the origin. 
Noting that, in the Coulombic approximation, from the average value: 


Cra : 
12/2 s 
(E/mp) = ( = ) (45.35) 
one can, for example, deduce the shift of the spin-independent energy levels: 
EQ > EO + [BaEu = (V&),,] . (45.36) 
with: 
Cra; 2] -- 1— 4n 2 1 3 
ret Ent = E 3 4 3-4 4 z> (45.37) 
moa (21 + 1)n moa (21+ 1)n 8n 
where: 
2 
a = ——_ (45.38) 
m Q Cras 


is the Bohr radius. Analogously, the hyperfine splittings can be obtained from (ve Dos 
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which in the case n = 1 gives: 


8Crpa; 
00 3m2a? ` 


My — My, = ôn r E1 = (VP) (45.39) 


45.4.2 Radiative and non-perturbative corrections 


Radiative corrections to the previous lowest order relativistic corrections are known. 
The readers can find a compilation of the results obtained within the MS scheme in, for 
example, [46]. 

A priori, one may expect that non-perturbative corrections to the static potential have 
complicated structure. However, as the heavy quarks move in a short distance region 
(k2) ^ a <&1/Aacp, one can be convinced that the first known leading non-perturbative 
correction in 1/mọ is due to the gluon condensate. Treating the interaction Hamiltonian as 
a perturbation to the Coulomb potential and using a dipole approximation: 


g a a 2L 
Hy = - E ARE. (45.40) 


where E, is the colour electric field which is related to the gluon condensate as: 


(01g? E^ E,J0) = —7 (G°) , (45.41) 
the energy levels are determined by the quadratic Stark-effect of the chromoelectric field: 
1 T E 1 E 
ônp Eni = OPul0| Hr —— ay Hr Nu) = (ots G^) (Vall —— XIV) . 
Ey — Coul 18 Ey — Coul 
(45.42) 
which contributes to the level shift as [90]: 
6 2 
Enin’ n (ats G^) 
ônp En = RUE 45.43 
Np Eg = mo (moCrà,) ( ) 
where: 
2 
n = =z + DIE(n, D — F(—n, 1 l[F(n, -1— 1) - F(-n, —l — 1)]] , 
En TOETA MEn, D) — F(7n, D] + HEF (n =n MM 
(45.44) 
with: 
Fn, D 22n[? — (1+ 17] + (n +1 4+2)n +141) 
(n—1I)n+1+3) (2n — 1)? 
4 45.45 
1 Ont 16 | 9848 Gm 
Some particular values are: 
624 1051 9929 
€10 — €20 = €21 = (45.46) 


425" 663 ' ~ 9045 ` 
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The main feature of the result is that the level shift grows like n°, showing that, even for 
heavy quarks, the non-perturbative corrections are important for excited states. 


45.4.3 Validity range 


The validity of the previous result can only be realized if the shift is much smaller than the 
Schrödinger binding energy in Eq. (45.19), which needs that n?/mg « 1. Taking n = 1, 
this leads to the condition: 


mo > 5 GeV , (45.47) 


indicating that the model is quite inaccurate when applied to the bottomium system. 


45.4.4 Some phenomenological applications 


Collecting all different corrections, the vector-pseudoscalar mass-difference is [46]: 


8Cpa; 
Mx — Ms, = ——<[1 + ba, + dwelP? 
3moa 
x (=) 1+|— (in £ +5 (In Cr&, + 1) +b 
Xs ^ 
m 1 2 4 FUs HF 
1161 x (a,G? 
TACE (45.48) 
8704 moa 
where: 
11C4 — 9C, 368, (Os au 
b = —_ 5 Ow = ) l j $ 
HF 18 A 2 (= (m 2 YE 
1| 270459 1838781 zx (o,G?) 
Sup = 45.49 
is E 800 ' 2890 a mia om 
The leptonic width of the Y is: 
AC ra, 
KY > ete) =T® x [1+ ôu, 3p (1 3 e) (45.50) 
TT 
where: 
(0) Ona T 2 
PO = 16r | —— | Ol. (45.51) 
Mr 
The wave function is found to be: 
IV (O^ = 2[moCra;(u")] . (45.52) 


Using: 


Aocp(n; = 4, 3 loops) = (0.22 20.06) GeV, — (o4,G?) = (0.06 + 0.02) GeV^ , 
(45.53) 
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they lead to the numerical predictions: 


My — M, = (47x13) MeV,  T(Y— ete“) c (1.12 0.3) keV. (45.54) 


The electronic width is quite inaccurate but agrees within the errors with the data (1.32 + 
0.04) keV. The prediction for the mass splitting will be compared with the other QCD-based 
predictions in subsequent chapters. Some other predictions for the mass splittings are also 
available [46], which in general are in good agreement with the data. This method has been 
also used in [90,94,46] for extracting the values of the quark pole masses. We quote below 
the corresponding values of the M S running masses: 


mW(m)- 4440 3 MeV, — m.(m2) = 1531*15 MeV , (45.55) 


which are systematically higher than predictions from QCD spectral sum rules methods 
(see however, [602] and the next chapter on quark masses). 


45.5 Bell-Bertlmann equivalent potentials 


‘Equivalent’ potential reproducing the Leutwyler-Voloshin spectrum has been proposed 
in [93]. Using the form of the Stark effect in Eq. (45.42), in the static limit (mg — oo) 
where one can neglect the kinetic term p?/m o, the energy denominator becomes a potential 
difference: 


mo 9B 1 
Boe Hsu of" Vea Pe = ae > (45.56) 
8r 
which leads to the cubic potential: 
4r 
Votatic = ,G? 3 . 45.57 
stat 818 (asG*)r ( ) 


This potential accounts for large quantum numbers, as the distance in a Coulombic state 
behaves as: 


(ret sg. (45.58) 


n 


Corrections of order 1/m to this potential approximate low quantum numbers. There- 
fore, one arrives at the ‘equivalent’ potential [93]: 


al 3 304 r? 53 r 113 1 
MES ag e 8I mof T0 (mof. a | S02) 


which differs from the effective potential models as it is flavour dependent. 
Another ‘equivalent’ potential has been proposed in [91—93] for interpreting the QCD 
spectral sum rule non-relativistic moments (see Part X, QCD spectral sum rules): 


R(zy) = P In [mev = fee «mn» = ZF Eg. (45.60) 
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in a potential theory, where Eo is the energy of the ground state. ImI1(£) is the spectral 
function which can be parametrized within the potential theory as: 


3 2 
ImII(E) = —; SEL] ó(E — En), (45.61) 
8m ^ 
which shows that the moments M is nothing but the time-dependent Green function: 
3 T 2 
M(ty) = 5-400 le 7 |X) so, (45.62) 
8m, 


where H = p?/m Q + V is the total Hamiltonian of the system. Perturbing the kinetic term 
by the potential with respect to the time Ty: 
2 
p 


pues 2 wae 4 
e Fw =e "0 -f dtye mo N Ve "oN ; (45.63) 
0 


one obtains for a power-like potential: V = ^, var”: 


3 mo 3/2 7i TN n/2+1 
ELS 1-5 mu au . (45.64 
M(ty) TA a (22) 2 (5+ )mo (=) (45.64) 


An identification of this term with the QCD moments in Eq. (49.45) leads to the ‘equivalent’ 
potential: 


vores at E Sia (45.65) 
r)- —2— +—(a;G*)mor’ , : 
3r | 144° - 


which differs from the effective potential models and from the previous Leutwyler—Voloshin 
‘equivalent’ potential. The main feature of the BB ‘equivalent’ potentials is that they are 
flavour dependent in contrast to the effective potential models. 


45.6 Stochastic vacuum model 


We have seen previously that for excited states the Voloshin-Leutwyler approach [90] 
cannnot be applied as n?/mg is no longer smaller than 1. It has been noted in [603], that 
this is due to the fact that the correlators (G,,,(x)Gog(x)) have been taken to be independent 
of x, although they should decrease exponentially for large spacelike x. Splitting the field 
strength G5, into a chromomagnetic piece B, and a chromoelectric one Ei = G™, one can 
show that in the non-relativistic limit, the spin-independent piece of the splitting will only 
involve EŻ . Therefore, the non-perturbative correlator reads: 


(E(x)E(0)) = Es D xa Dx) (45.66) 
12 Xu Xy 
with: 
2 2 29 0 2 
A(x) = D(x*) + Di(x^)--x z7 PC ). (45.67) 


u Xu 


45 Potential approaches to quarkonia 475 


If one neglects the x dependence of the correlator, the only surviving part is: 
A(0) = 27 (o,G?) . (45.68) 


Therefore, Eq. (45.66) indicates that one can derive the Voloshin-Leutwyler formula for 
small n, but one can also obtain another potential for large n if one takes into account the 
x dependence of the correlator. 

Defining the correlation time Tg for quarks as: 


(xi(T1)Xj(T2)) nt = 262) exp |- 5-3] : (45.69) 
Q 


and the one 7g for gluons: 


(E GDE); dues z (E) exp Sz ; (45.70) 


one can also find that the sum rule approach within the Bell-Bertlmann ‘equivalent’ potential 
is applicable for Tg >> Tg [604]. These features are the basis of the stochastic model 
discussed in details in [605,51]. 


45.6.1 The model 


One assumes that the quarks and the gluons background fields fluctuate stochastically 
according to a Markov process. Let us consider the stochastic variable (t) depending on 
one or several variables f. It will be distributed according to some distribution which fixes 
the vacuum expectation values: 


EO), (5050) ,... (45.71) 


The cumulants or linked clusters are defined by: 


[Pew fa ie) = ZIE (8) eg] [2 ((§ (1) (t2))) + a 


(45.72) 


where the path ordering prescription: 


Tx fii T ti 
oi, c)- (p exp f dt (eI) = lim. I exp (a ) fn =e 
C tigi 


(45.73) 


with f; are ordered points on the path C with ty = t’ and t; = f, should be introduced if the 
stochastic variable (t) are non-commuting. In the case of commuting stochastic variables 
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which we shall consider here, an expansion of Eq. (45.72) gives: 


(60) = (E@) 


(E(t) 6 (ta))) = (EEDE) — (50) (E (2) 5 
(45.74) 


A centered Gaussian process is a process where only the n = 2 cumulants occur, that is, 
all expectation values can be determined by the correlators with n = 2: 


EO) = EDEME) =- = 0, 
(ECE) = (6050) . 
(45.75) 


Itcan be shown [605,51] that assumptions where the contributions of low frequency fields 
can be described by a functional integral (stochastic process) with converging clusters leads 
to an area law of the Wilson loop and then to linear confinement for static sources. 

For that purpose, we consider the Wegner-Wilson loop in a pure gauge theory: 


= 7G? (x) ; u 
W[C] = | DA, e 39»? exp| ig | A"@œ)dxy] . (45.76) 
C 
Denoting: 
RTT = fT "RIT (45.77) 
k<p 


these low frequency contributions to the Wilson loop are defined as: 


W[C]A = (exp | is f ^ Gods, |) 
c A 


= (exp | is f adawo) . (45.78) 
F A 


F is an area whose border is the loop C; doy, (x) (u < v) is the surface element of F at 
point x, and G is the field strength. One has used the Stokes theorem which transforms 
the line into surface integral. These low frequency contributions are given by the cluster 
expansion: 


2 
W[C]A = exp | -E f esee UG GP) + - d , (45.79) 


(G^") = 0 due to Lorentz invariance. Lorentz and translational invariances also yield the 
most general decomposition: 


; 1 1 ə 
(GuvGa)Gog x) A = po) [ats = 8,594) Dx?) + [ex z Xgôva) 


1 


ð 
tag ee — s) Di) — J | : (45.80) 
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where (G?) = (G uv (0)G"" (0)) and x a parameter. One can insert this expression into the 
cluster expansion in Eq. (45.79). Assuming that the correlator falls off for |x — x'| > 4 and 
using |F| >> A?, one obtains: 


WIC]A4 — exp[—k(g?G2)22|Z|K[1 + O(1/£)]] , (45.81) 


where the constant K depends on the shape of the scalar function D(x?). To leading order 
(two-cluster) of the cluster expansion, one can notice that the result is proportional to « 
as D, in Eq. (45.80) does not contribute to the term proportional to the area loop. The 
assumption of a convergent cluster expansion thus leads to the area law of the Wilson loop 
if the tensor structure with D in Eq. (45.80) does not vanish. Thus leading apparently to a 
natural linear confinement for Abelian theory as well. However, one can show that the use 
of the Maxwell equations for QED: 


0" e, ,,gG"" — 0, (45.82) 
implies that: 
k —0, (45.83) 
and hence that we have no area law and then no confinement. For QCD, we have instead: 
Qs eansp Ga, = —igéanvp fap AL AS #0, (45.84) 


indicating that there is no reason why « should be equal to zero. A lattice measurement 
shows that, for QCD, the correlator D(x?) is dominant as one finds [606]: 


k 0.74. (45.85) 


45.6.2 Application to the static potential 


We shall discuss here the application of the model to static potential.” Let us consider the 
gauge-invariant non-local operator: 


O(x, x) = Opx, x) Q7), (45.86) 
where Q(x) is the heavy quark field, and $(x, x^) is the string along the straightline: 
p(x, x) = P exp | is f AM [x + A(x" — x)] (x' — x), an l (45.87) 
c 


Applying the previous operator to the vacuum state of hadrons leads to a gauge- and 
Lorentz-invariant state composed of a quark at a position x and an antiquark at a position 
x’. The evolution of this operator is given by the Green's function: 


G(x, x"; y, y) = f Danona e S O(x, xO Y, y’). (45.88) 


2 Some other applications of the model can be found in more specialized reviews (see e.g. [51]). 
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The QCD action is: 
S= fu Q(x)li y, (9" +igA") — mglQGO t Syu , (45.89) 
with: 
yy = (0/4)G5,G. . (45.90) 
Doing the integration over fermion fields, one obtains: 
G, xy, y) = l DA e?" Dei AJTI[SQC, y; AHO’, yS, x: A), (45.91) 


where: 


d(x — y) 


A)= 
S(x, y, A) Paid ame 


(45.92) 


is the quark propagator in external field; Det[A] is the functional determinant from 
the quark field integration, and describes internal fermion loops as power series of g. Using 
iyo = y4, one obtains to leading order in 1/mg and g: 


2 
—mo(y4—x4) i= Yo 1 
pe "o0 (y4 — x4) +0; — (45.93) 
2 mo 


Therefore, to this approximation, the Green’s function becomes: 


S(x,y, A) > Ox, y — y) x |: 76. a (- + n) 


G[(X, 0), G^,0); O, T), ^, T)] = 8(€ — PSG’ — ye ?"noT 
x n DA e-S""Telé(y, x) Gr, XPE, YOO, YI 
= (3 — yx — y)e "o" Tr W[L] , (45.94) 


where the Wegner-Wilson loop has been defined in Eq. (45.76). The second loop 
integral entering in Eq. (45.76) is defined along the rectangle with corners [(x, 0), 
(X^, 0), O’, T), ©, T)]. Using the fact that the Green's function scales like e^ 7 , where E, 
is the energy of the system, one can deduce: 


1 

E, = — lim — ln Tr W[L] + 2mọ . (45.95) 
Too T 

The term 2m is the rest energy of the two quarks, while the first term can be identified 

with the potential V (x — x’) of the system. Evaluating the rectangular Wegner-Wilson loop 

using a strong coupling or lattice calculations, one finds in terms of the string tension o 

[491]: 


Vx—x)-2o(x—x). (45.96) 
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Using the cluster decomposition in Eq. (45.79), one obtains, from the area law of the 
Wegner-Wilson loop, the spin-independent part of the potential: 


Vo(r) = f (8G?) an ao f dt D(t? + p°”) 
24N. 0 E 


r +00 1 
+ I pdp | dt |-oe 4 o2)4 ;Die + zi | , (45.97) 
0 =œ 

where: 

lim Vo(r) ~ or , (45.98) 

roo 
corresponding to the standard linear potential. At short distance: 

lim Vo(r) ~ E (45.99) 


which recovers the form expected from renormalon calculations (see previous chapter on 
renormalons). 
However, one should notice that this result is only valid for: 


T! E, (45.100) 


which corresponds to the regime where r is small but the state is located on average at a 
large distance from the centre of mass. Collecting the previous result, the full non-relativistic 
potential, from the stochastic model, is: 


V) = -Cr +v). (45.101) 
r 


To this expression one can add spin-dependent corrections to order 1/ m (see e.g. [51], 
which can also be expressed in terms of the correlators D(x) and Dj(x). One should notice 
that the spin-dependent part of the confining potential is known phenomenologically to be 
specifically different from the Coulomb potential, while good results are obtained if one 
assumes that the confining potential leads to the same spin-dependent force as a scalar 
exchange [607]. Radiative corrections can also be included into the Coulombic potential. 
Predictions for the higher excited mass splittings using the model are quite sucessful. 


45.7 Non-relativistic effective theories for quarkonia 


In a previous section, we have anticipated the different regimes (short and long distances) 
appearing in the QQ system. In the present approach, it is convenient to introduce two UV 
scales A,» which characterize such regimes, and which are ordered by the heavy quark 
velocity v < 1: 


* The quark mass mọ is called the hard scale. 
* The momentum mv is the soft scale (S). 
* The binding energy mov? is the ultrasoft scale (US). 
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Therefore, one can have the regime hierarchy: 
mov, Nocp & A1 K mov K A» K mo. (45.102) 


In this way, A, is the cut-off of the quark energy and of the gluon energy and momentum, 
whilst A» is the cut-off of the relative momentum p of the quark-antiquark system. For a 
Coulombic system, one has: 


U~ ds. (45.103) 


As the two scales are largely separated, one can (in principle) integrate out the UV scales 
step by step: after integrating out the heavy quark mass mg, one obtains the usual non- 
relativistic QCD (NRQCD) effective theory [608]. The Lagrangian of NRQCD is written in 
terms of an expansion in 1/mg. Potential NRQCD (pNRQCD) is obtained by integrating out 
from NRQCD the soft scale S [609]. In this way, the Lagrangian of pNRQCD is expressed 
as an expansion in terms of 1/m and of the relative coordinate r (multipole expansion) of 
the O and Q. 

The integration of the degrees of freedom is done using matching conditions (see e.g. 
[610,611,612,613] for details), namely by comparing the shell amplitudes order by order 
in QCD and NRQCD. The matching from QCD to NRQCD can always be done perturba- 
tively since, by definition of the heavy quark, mg >> Aocp. The matching from NRQCD 
to pNRQCD can only be carried out perturbatively when mov >> Aocp. This condition is 
assumed to be satisfied in the following discussion. Therefore, the matching coefficients in 
both NRQCD and pNRQCD can be computed order by order in œs. The non-analytical 
behaviour in 1/mg appears through logs in the matching coefficients of the NRQCD 
Lagrangian: 


mo 
Cy ~ Aas | In — 4 BJ, (45.104) 
H 


where u denotes the matching scale between QCD and NRQCD. In practice, one can 
choose: 


A 
2 
— <A, (45.105) 
mo 
If one denotes by Amp any scale below Aj, the relevant small dimensionless scales 
involved in the analysis are: 


1 
; , and Appr Kl. (45.106) 
mo rmo 


Decomposing the QQ state into a singlet S(R, r,t) and an octet O(R, r,t) states 
(R = (X + X2)/2, r =(X, + X2), the minimal form in terms of the derivatives of the 
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pNRQCD Lagrangian reads: 


1 
LPNRQCD = — aeo 


2 4 a) 2) 
V V. 

+Tr 4S! [ ido R + 3 V9(r) s s+ ]sS 
mo 4mo mo mo 


2 
40! (io LB poa das ) o 
m 
i i Va(r).. (ey i 
T gV4G)Ir(O'r- ES4- S'r- EO} (58-5 THO r-EO-4-O'Or- Ej, 
(45.107) 


where the dots indicate higher-order potentials in the 1/mg expansion; p = p; E is the 
chromoelectric field. One has neglected the centre-of-mass variables R and only kept O(r) 
terms in the multipole expansion. 

The structure of the potentials up to O(1/71?) are: 


* To order 1/ mo. one has the Coulomb potential. 


VOW) = -Cr (45.108) 


* To order 1/mg, and using dimensions plus time reversal V® (r), one can only have the following 
structure: 


CrC,D” 


ad — 
MG 2r? 


> CA-N. (45.109) 


* Toorder 1/ mo. and using the present accuracy for the matching, one obtains the following potential: 


(2) 


(2) 2) 
vo = -ErPis [Y y], EP bya yep paso 4 Pe SO 
s 2 r 2 r3 n 3 
3CpD® 1 CD. 1 
E LS,s EL .S ES F re = Spf) . (45.110) 


Note that p appears analytically in the potentials, with a power (p"), which is constrained 
by the power in 1/7. The different matching coefficients : à, DU, DO... in pNRQCD 
can be obtained by performing the matching between NRQCD and pNRQCD. A detailed 
description of the procedure can be found in [609,612,613]. They read: 


4r 2 


? A Cj o2 
+ (Brnja ies]. (45.111) 


- os(r) Bi 
G(r, u) = os(r)4 1 + (a1 + 2ye Bo) + | ve{apo+ — 


4 | 47? 12 
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In terms of the 6 function defined in the first part of the this book (Table 11.1), they read 
for SU (n) y flavours: 


2 19 
fo = -261 = 11 - Zany, py = -86 =2(51- Fns) (45.112) 


The one- and two-loop coefficients a1, a? have been obtained in [614]. They read: 


31 20 
üj = ge eu Fue , (45.113) 


4343 n^.. 292 
= 472 c2 
x ( 162 4 3 3 


55 400 722 


(= 56 


“gI + $5) CATrny , (45.114) 


respectively. For SU (3)., one has Tr = 1/2: 


EI. MI 
a = o9 5114 | 2— | (2.6 — 0.3n p) 
94 


P í 
+{— (53.4 — 72n ; - 0.2n^) +--+ F. (45.115) 
T 


which shows that the convergence of the QCD series is not good. The other coefficients are 
[615,611—613,616]: 


(1) — a2 2 2S 
D! 2(r) 1+ $4Cr 24) “Inrws , 


pe = ar) aot > iar E 
ps s 3 A u 


2C 17C loa; (C 
ME 15 Pe * [mmor + $ (Scr) meu] ; 
Š T 


3 3x |2 
p Ya (r) 1— E “Inmor) E 
2C, 
Do oe ]— — * Inmor) ; 
^ 3 
DÈ x~ a(r) M E - l (45.116) 


The previous results can e.g. be used to compute the O(m oa?) corrections to the heavy 
quarkonium spectrum. The N?LL correction to the energy shift of the Y(1S) is found to 
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1730 
ô En=1; 1=0; j=1 ~ gi; "o5 Wau) In 1/e5Qu)] c: (80 ~ 100) MeV, (45.117) 
Um 


where we note that u is the matching scale from QCD to NRQCD: mov < u < mo, 
while mov? < u/ < mgv is the one from NRQCD to pNRQCD. One should notice that 
the correction is relatively large, and the perturbative series has a bad convergence. This 
convergence might be improved by working with a renormalon-free quark mass definition 
other than the pole mass, which will then facilitate the main motivation of the approach for 
exploring the dynamics of the quark-antiquark bound states using the perturbative approach. 
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On monopole and confinement 


Though our knowledge of confinement is, at present, quite poor, it is necessary to discuss 
briefly the approach of monopoles where some activities have been investigated recently 
for understanding the mechanism of confinement.! One of the most favoured mechanism 
of confinement is the one due to monopole condensation [620], where one has to see if the 
monopole condensation occurs in the confined phase but not in the deconfined one. Dual- 
superconductivity mechanism of confinement assumes the formation of an Abrikosov-type 
tube between heavy quarks introduced into the vacuum via the Wilson loop,” while the tube 
itself is a classical solution of the equations of motion of the Higgs-type model Lagrangian 
of the action: 


1 
Sac = f dx LE 465. + vae] ; (46.1) 


where ¢ is a scalar field with a non-zero magnetic charge, G,,, is the field strength tensor 
built from the dual-gluon field B,,, D,, is the covariant derivative, and V (|@| 2) is the potential 
energy: 


2 A 
Vile) = Sle? - je. (46.2) 


ensuring that (9) Æ 0 in the vacuum. If m? < 0, the potential has the typical Mexican shape 
and |p|? = m?/A. However, the relation of these effective fields to the fundamental ones of 
QCD is not yet clear, which is the main limitations of the use of this effective theory. How- 
ever, there is not, at present, any answer to this question, and the answer can only come from 
the data, which are, at present, lattice measurements. This lack of understanding concerns 
the nature of non-perturbative field configurations defined as monopoles in non-Abelian 
gauge theories. The few knowledge one has is that monopoles are intrinsically U(1) config- 
urations. However, it is not a priori clear which U(1) subgroup of e.g. SU (2) is to be taken 
for classifying the monopoles. If one takes the most successful maximal Abelian projection 
[617—619], and associates a conserved magnetic charge to any operator in the adjoint rep- 
resentation, we still have very little understanding of the field configurations describing 


! For reviews, see e.g. [617-619]. 
? The energy of the flux tube is proportional to the length of the flux implying that an infinite energy is needed for dissociating at 
infinite distance a monopole-antimonopole pair. 
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monopoles in this projection, and in particular on the monopole size. Lattice measurements 
indicate that magnetic charges condense in the confined phase, and is independent of the 
specific choice of the Abelian projection [619]. On the other, a lattice measurement of the 
monopole size gives the radius [621]: 


Rmono © 0.06 fm , (46.3) 


defined in terms of the full non-Abelian action associated with the monopole and not in 
terms of the projected action. It is relatively small compared with the temperature of the 
confinement-deconfinement phase transition: 


T. ~ 300 MeV , (46.4) 


corresponding to a distance dmono ~ 1/ T, ~ 0.5 fm. An attempt to understand the origin 
of this scale hierarchy has been investigated in [617] using monopole cluster assuming that 
monopole condensation occurs when the monopole action is UV divergent. However, one 
expects that the onset of condensation in the standard field theoretical language corresponds 
to the zero mass of the magnetically charged field ¢. This apparent contradiction can be 
understood from the kinematical relation between the physical mass mypry, entering in the 
propagator of the scalar field and the mass M = S/L defined in terms of the Euclidian 
action, where L is the length of the trajectory and S the corresponding action on a cubic 
lattice with spacing a. To leading order in ma: 


2 In 7 
M phys -a= M-— Pg r (46.5) 


where In 7 originates from the fact that a trajectory of length L can be realized on a cubic 
lattice in Nz = 7"/^ various ways. At each step, the trajectory can be continued on an 
adjacent cube, where in four dimensions one has eight such cubes. Zakharov [617] argues 
that the data on monopole action imply a fine tuning: 


In 7 
M mono(à) = gm « Mmono(à) ix AQcp , (46.6) 


where In 7 is of pure geometrical origin and Minono is the monopole energy defined on a 
compact U(1) group as: 


1 > 1 
Mmono(a) = JE A: (5) (<) , (46.7) 


where c is a constant, e is the electric charge and g,, — 1/2eis the magnetic charge. Analysis 
of lattice data [618] suggests that the actual physical size Rphys of the monopole can be much 
smaller than that in Eq. (46.3). By Rphys one means the distance where the excess of the 
monopole action is parametrically smaller than the action associated with the zero-point 
fluctuations. Using the running of the QCD coupling and the condition due to the U(1) 
critical coupling e? ~ 1 at which the monopole condenses, one obtains the scale: 


Mpnys ~ 1 TeV (46.8) 
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giving the electroweak scale rather than the QCD one of the order of Agcp, therefore 
indicating that QCD projected onto the scalar-filed theory via monopoles corresponds to a 
fine-tuned theory. This result suggests a SU (2) lattice measurements at B = 4 rather than 
the present results at 6 = 2.6, which is too low to see the dissolution of monopoles at short 
distance. This is a subject that deserves further investigations. 

It is also often stated that the symmetry responsible for confinement is different in pure 
gauge theory and in the presence of quarks. In pure gauge theory, the order parameter is 
the vacuum expectation value of the Polyakov line, and the symmetry is Zy, the centre of 
the group. Since in the presence of quarks, Z y is explicitly broken, one might expect that the 
order parameter is the chiral quark (V yy) condensate, which is responsible for spontaneous 
breaking of the chiral symmetry, although it is also known that the quark masses explicitly 
break chiral symmetry. However, the relation between confinement and chiral symmetry is 
not clear at all. Lattice simulations indicate that the two transitions take place at the same 
temperature, but there is no explanation of this numerical observation. 

Another point is that if dual superconductivity in all Abelian projections is the symmetry 
behind confinement, then it should also work in full QCD. 

Finally, there are the recent attempts [622,623] to tackle the confinement problem using 
QCD perturbation theory. The approach is based on a gluon chain model in the large Nc 
QCD, which gives a string-like picture of hadrons although confinement is not built in. 
One can modify the Born approximation by introducing a non-local counterterm for an ZR 
renormalization of the Coulomb potential, which now possesses a linear term proportional 
to the QCD string tension. The arbitrary IR subtraction point can be optimized by using a 
variational method. It reaches its optimal value at that of the string tension. The procedure 
induces a mass to the gluon which, in some sense, is similar to the tachyonic gluon mass 
introduced by [161] at short distance. Some further examples of the applications of the 
approach to confinement are discussed in [623]. 

From this short summary, we conclude that though there has been progress towards an 
understanding of confinement via monopole condensation, but there remain some unclar- 
ified points that still need further investigation. The perturbative approach to confinement 
looks promising. 


Part X 


QCD spectral sum rules 


47 


Introduction 


We have discussed in the previous part several of the most popular QCD non-perturbative 
methods other than the QCD spectral sum rules (QSSR). Now, we shall dedicate this part of 
the book to the discussion of this non-perturbative approach, which has been used success- 
fully for understanding the hadron properties and hadronic matrix elements, using those 
parameters (QCD coupling, quark masses and QCD condensates), derived from QCD first 
principles. This method was introduced by SVZ in 1979 [1] and reviewed in a book [3], 
numerous reviews and lecture notes [356—365]. Its basic concepts, based on the operator 
product expansion and dispersion relations, are well understood in quantum field theory, 
and is a fully relativistic approach in contrast to potential models, for example. Its applica- 
tions are quite simple and transparent. However, on the one hand it has a limited accuracy 
(usually about 10-20% depending on the process), and some uses of the method in some 
QCD-like models show that its accuracy cannot be improved iteratively. On the other hand, 
confinement is not a result of the method but is put into it via the introduction of different 
QCD condensates. In practice, one has to introduce some assumptions, and the results are 
obtained from self-consistency. 

However, in some cases, results obtained from the sum rules disagree with each other 
and have led to some polemics, which some people use to discredit the approach. We shall 
see how it is important to check that the results satisfy some stability criteria and that the 
matching between the low-energy hadronic region and the perturbative region described by 
QCD, which is called global duality tests in the literature, are obtained. 

A further limitation of the method comes from the fact that the Green's function is 
computed in the Euclidian region from which observable quantities can be extracted by 
duality. Due to the approximate nature of the method, one can only extract the properties 
of the ground state of given quantum numbers but not those of its radial excitations, which 
are smeared by the perturbative QCD continuum used to parametrize these states of higher 
masses. 

In this part, we shall follow closely the discussions in [3], not with the aim of reproducing 
this book, but to update the different discussions therein. However, the present book cannot 
replace the former as we shall not repeat the detailed derivations already included therein. 
We shall also not be able to give a complete presentation of the different existing QSSR 
results due to the large number of its applications. Instead, we will try to limit ourselves to 
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some specific applications, which in my opinion, are representative of the QSSR results. This 
part of the book is organized as follows: in the first two chapters, we give an introduction to 
the method of QSSR and in the remaining chapters, we shall review the main developments 
and results from the method. 

In the first part of this book, we have already discussed some current algebra sum rules 
prior to QCD, such as the Adler-Weisberger sum rules, the Weinberg and DMO sum rules, 
the electromagnetic 2+-7° mass difference. These current algebra sum rules are prototype 
QSSR. We shall discuss some of them in the context of QCD. 


48 


Theoretical foundations 


48.1 Generalities and dispersion relations 


The fundamental concepts behind QCD spectral sum rules are the operator product expan- 
sion (OPE) and quark-hadron duality through the dispersion relation obeyed by the Green's 
functions due to their analytic properties. For illustrating the discussions, we shall consider, 
for definiteness, the generic two-point correlator: 


Ij (q?) = if sem (OJT Ju Gc)J5,(0)]0) , (48.1) 


where Jg (x)isalocal gauge-invariant operators built from quark and/or gluon fields. In most 
applications, Jj (x) are Noether currents associated to the global transformations of flavour 
degrees of freedom, such the vector Wy, Y or axial-vector Wy, ys current, but can also be 
the operators of gluon fields describing the gluonium Tr G,,, G"", or operators describing the 
baryons V T v T?v, the hybrids J y,A5GZ vy or weak matrix elements y Di yry .... 
Thanks to its analyticity property, it has been shown [624] that TI (q?) obeys the well-known 
Küllen-Lehmann dispersion relation or Hilbert representation: 


2 Es dt 1 Š 
Halq“) = — r mn nt) + PG") (48.2) 
te t— q — iEn 


where P(q?) represents subtraction terms, which are, in general, polynomial in q?, with 
its degree depending on the convergence properties of the spectral function ImI1 y(t) for 
t — oo: 


Pig Y= athe 43 (48.3) 


t. is the hadronic threshold, which we shall take to be zero for simplifying the notation. The 
previous representation is a QCD spectral sum rule, which shows the duality between the 
LHS calculable theoretically in QCD, using the OPE, provided that —q? is much larger than 
A’, with the RHS, where the spectral function ImT y(t) can be measured experimentally. 
In the case of the electromagnetic current: 


2 1i- 1_ 
JS) = 3 Gy" ux) = 340v" d() = zy s) e (48.4) 


491 


492 X QCD spectral sum rules 


Jo J(0) 
Fig. 48.1. Hadronic spectral function of Eq. (48.6). 


Physical region 


Complex q2-plane 


Fig. 48.2. The complex q?-plane. 


the spectral function is related to the e* e^ — hadrons total cross-section og (1) through the 
optical theorem: 


4ra 1 
On (t) = -------- ImMMem(t) , (48.5) 
t 

with: 


~30(q)--ImTlen(t) = $ (OAOT TIIE O IO (27S — pr), (48.6) 
Lr 


where the sum runs over all possible physical states, and the integration over the corre- 
sponding phase space is understood. This is represented in Fig. 48.1. 

In this case, the lowest possible state is the two pions. Therefore, the function II(q?) is 
analytic in the complex q?-plane but for a cut near the real axis 4m2 < q? < oo shown in 
Fig. 48.2. 


48.2 Explicit derivation of the dispersion relation 
In so doing, we consider the lowest order two-point function: 
I" (g2) = if sentito (sy)! (0)|0) 


= —(g""q? — q”q° (q?) , (48.7) 
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shown in Fig. 8.31 but built from the electromagnetic current: 
Jy — ev y" vy , (48.8) 


where w is a massive quark field with mass m. We follow the same procedure as for the 
pseudoscalar current for evaluating this lowest-order diagram. It is easy to show that the 
renormalized two-point function subtracted at q? = 0 if we choose on-shell renormalization 
reads: 


2 


1 
IT. (4?) = I(q^) — H(0) = -2f dx 2x(1 — x) log (1 — x(1— ») . (48.9) 
0 


m2 — ie 


With the change of variables y — 1 — 2x, and using the fact that the resulting integral is 
symmetric when y — — y, we get: 


1 
nq?) = = ji aya -ioe [1 — a - y». (48.10) 
X Jo 4m? — ie 


Integrating by parts this equation using the identity: 1 — y? — 5; — i y?), one obtains 
the integral: 


1 2 
n»- * f dy 2y | y lys a (48.11) 
T Jo 3 j 4m? — q?(1 — y?) — ie 


With a new change of variables: t = 4m?/(1 — y?), we finally obtains the representation 
of the renormalized two-point function: 


IL(q) e ie dt 1 ee) i 4m? diuo 
f zu l 


q? T Jap t t—q?—ie3 t 


The reason why this representation is interesting is that it is in fact a dispersion relation. 
We have succeeded in rewriting the initial Feynman parametric representation in Eq. (48.9) 
as a dispersion relation by simple changes of variables. Using the identity: 


1 1 
—_____ = pp in 5(t —q^), 48.13 
PXUACE Tu EL q^) ( ) 


we immediately see that: 


1 al 2m? 4m? " 
—ImII(r) = 14 1 0(t — 4m’). (48.14) 
T m3 t t 


Equation (48.12) isa particular case of the general dispersion relation written in Eq. (48.2), 
when the arbitrary polynomial is just a constant, and we have got rid of the constant because 
the on-shell renormalized IT, is defined as: 


© dt q? 


1 
— —,—— —ImN(¢). (48.15) 
fob qe Se 30 


I1, (4?) = Tig?) - 110) = Í 
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It is perhaps worth insisting on the fact that asymptotically: 


1 al 
lim —ImII(t) => ——- ; (48.16) 

100 T mw 3 
i.e. the electromagnetic spectral function goes to a constant. In fact, it is this constant which 
fixes the value of the lowest-order contribution to the 6—function associated with the charge 


renormalization in QED. 


48.3 General proof of the dispersion relation 


We shall now sketch a proof of the dispersion relation property for two-point functions in 
full generality following [361]. The key of the proof lies in the definition of the time-ordered 
product implicit in Eq. (48.1): 


T (Ju(x)Ju (0)! = 6(x)Ju (x) Jn (0) + 0(—x) Jn 0)! Ju(x) , (48.17) 


and the use of translation invariance. The function 0(x) is the Heaviside function: 0(x) = 1 
if xo > 0 and 0(x) = 0 if xo < 0, which has the integral representation: 


1 +00 eivx 
0(x) = zl dw ; (48.18) 


27zi J o w-—ie 


First we insert a complete set of states » ^. |U)(L'| between the two currents in the 
T-product definition. This leads to matrix elements of the type (0|Jr (x)|l) to which we 
apply translation invariance: 


(0|J GO|D) = (OJUTU Jg GU! UT) , (48.19) 
where U is the unitary operator induced by translations in space-time: 
U(a)Jg(x)4 (a) = Jg(x +a) and U(a)|D) = e?r^|T) , (48.20) 


and pr denotes the sum of the energy-momenta of all the particles which define the state |). 
The choice a = —x factors out the x-dependence of the matrix element into an exponential: 


(OJH) = e77* (0|J5 (DIT) . (48.21) 


All the particles in the state |I) are on-shell. This constrains the total energy-momentum 
pr to be a time-like vector: De = t with t > 0. With these constraints on pr we can insert 
the identity: 


is ar f ap 0(p)&(p? — t)6(p — pr) = 1, (48.22) 
0 


inside the sum » ^. over the complete set of states. Interchanging the order of sum over T° 
and integration over f and p, there appears naturally the definition of the spectral function 
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associated with the J -operator 


0174 (OIE) (71450) ]0) (2218 (p — pr) = 2z0(p^) . (48.23) 
L 


The spectral function o( p?) is a scalar function of the Lorentz invariant p? and the masses 
of the particles in the states |) only. By construction it is a real function and non-negative: 


o(p* = p(p = 0. (48.24) 


We can now rewrite the two-point function in Eq. (48.1) as follows: 


Tala?) = Í d*x ei f Sandi 
0 


4 
«| al [i0(x) e?*O(p)5(p* — t) + iO(—x) e"*0(p)&(p? —1)). (48.25) 
2r} 


Here, one can recognize the familiar functions of free field theory: 


+ — dtp —ip:x PL 
A(x) = On) e 0Cp)ó(p t) (48.26) 
and: 
— dtp ip-x 2 
A~a) = / any P OP - 0 
EA dtp —ip:x 2 ; 
E Qa e '"*Q(—p)ó(p^ — t); (48.27) 


and therefore the Feynman propagator function: 


Ag(x;t) = i0(x)At (x;t) + 10(—x)A~ (x5 t) 
d^p eip x 


= 48.2 
Qrt- p —ie’ Sen 


where the last expression can be obtained using the representation in Eq. (48.18) of the 
0—function (see e.g. ref. [625]). The two-point function II(q?) appears then to be the Fourier 
transform of a scalar free-field propagating with an arbitrary mass squared t weighted by 
the spectral function density p(t) and integrated over all possible values of t: 


oo 
Myla’) = f d*x elt f dt p(t) Ag(x; t) . (48.29) 
0 
Integrating over x and p results finally in the wanted representation: 
i 1 
Ma (q?) = I dt p(t) ——;— —— . (48.30) 
0 [— q^ —1e€ 


With: 


II5(q?) = Reny (Q2) + ilmiya’) , (48.31) 
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and the use of the identity in Eq. (48.13), it follows that: 
1 
p(t) = —ImI g(t), (48.32) 
T 


which identifies the spectral function with the imaginary part of the two-point function. 
Notice that the formal manipulations above avoid the question of convergence of the 
principal value integral: 


d 1 1 
Relly (q^) = pp f dt ERG. — ImIIg(t) . (48.33) 
0 t—q^mx 


The convergence of the integral in the UV limit (t — oo) depends on the behaviour of 
the spectral function at large t-values. When doing above the exchange of sum over T 
and integrations we have implicitly assumed good convergence properties; but in general 
the product of the distributions 0(x) and Jo. dt p(t) A*(x;t) may not be a well-defined 
distribution. The ambiguity manifests by the presence of an arbitrary polynomial in q? in 
the RHS of the PP-integral: 


oo 1 d 
ReII(q?) = PP i dt r$ Imma) + P(q5. (48.34) 
4 — 


Notice that the coefficients of the arbitrary polynomial P (q?) have no discontinuities; in 
other words, the ambiguity of short-distance behaviour reflects only in the evaluation of the 
real part of the two-point function, not in the imaginary part. The physical meaning of these 
coefficients depends of course on the choice of the local operator Jj (x) in the two-point 
function. In some cases the coefficients in question are fixed by low-energy theorems; e.g. 
if I1(0) is known, we can trade the constant a in Eq. (48.34) for II(0): 


3 oo dt q? 
Rely (q^) = RelIg(0) + PP — $ 
o tt—q 


1 
—ImIIg(t) + bq? +---. (48.35) 
T 


while the constant b is related to its slope IT, (0). In other cases the constants can be absorbed 
by renormalization constants. In general, it is always possible to get rid of the polynomial 
terms by taking an appropriate number of derivatives with respect to q?. Various examples 
will be in the next chapter. 


48.4 The QCD side of the sum rules 


Using the SVZ expansion, one can express the two-point correlator in terms of the QCD 
condensates, where for large Euclidian q?, one obtains: 


1 
XO c96, m) (Ow), (48.36) 
O-D 


My = -—— 
D2 
E cer 


D=0,2,4,.. 
where p is an arbitrary scale that separates the long- and short-distance dynamics; C" are 
the Wilson coefficients calculable in perturbative QCD, while (O) are the non-perturbative 
quark and/or gluon condensates. The unit operator is the naive perturbative contribution. 
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Table 48.1. Values of perturbative QCD parameters used or obtained in the sum rules 
analysis (see chapter on o; and on quark masses) 


Perturbative QCD parameters Values Sources 

QCD coupling 

as(Mz) 0.118 + 0.002 [139,16] 

Quark running masses to o(a?) see Section 11.11 

Mal2 GeV) (3.6 0.6) MeV average from different channels 
ma4(2 GeV) (6.5 + 1.2) MeV 5 

m,(2 GeV) (117.4 + 23.4) MeV Á 

Me(me) (1.23 0.05) GeV average from the J/w and D, D* 
my(m,) (4.24 + 0.06) GeV average from the Y and B, B* 
Perturbative pole masses O(a?) see Section 11.12 

Me (1.43 0.04) GeV average from the J/w and D, D* 
M, (4.66 + 0.06) GeV average from the Y and B, B* 


One expects that, for enough large q? (usually of the order of 1-2 GeV?), the first two-three 
lowest dimension condensates can give a good approximation of the QCD correlator. In 
practice, one usually truncates the series until the dimension-six condensates, which are 
already small corrections in the analysis. The well-known condensate is the quark (Yy) 
condensate responsible for the spontaneous breaking of chiral symmetry and is related to 
the pion and decay amplitude squared through the GMOR relation: 


(m, + ma4)(üu + dd) = —2m? f? (48.37) 


with f, = 93.2 MeV. The other condensates are less known, and are not calculable from 
QCD first principles though one can determine them from phenomenological analysis. We 
summarize in Tables 48.1 and 48.2 the values of these QCD parameters which will be useful 
for the discussion in this part (Part X) of the book. 

We have already anticipated the discussions of the theoretical input of the sum rules 
analysis in the previous chapters: 


In Part III, we discussed the different ingredients for treating and evaluating, within the M S scheme 
and using the renormalization group equation, the perturbative contributions to the unit operator. 
We have also given there and in Part VI the value of the running QCD coupling and the light and 
heavy quark masses in Sections 11.7, 11.11 and 11.12, entering the QCD Lagrangian and useful in 
the sum rules analysis. 


In Part VII, we have discussed the different non-perturbative contributions: 

— In Chapter 27, we have studied the operator product expansion (OPE) and classified the conden- 
sates versus their dimensions. We have also constructed renormalization group invariant conden- 
sates and given the values of some of the condensates which have been determined mainly from 
the sum rules. 
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Table 48.2. Values of the non-perturbative QCD (NPQCD) parameters used or obtained 


in the sum rules analysis 


Dimension NPQCD parameters Values Sources 
2 (a, /1)4? —(0.06—0.07) GeV? Chapter 30 
3 i(u + dd)(2 GeV) —[(254 + 15) Mev} Chapter 27 
(Ss) / (uu) 0.75 + 0.12 non-normal ordered 
0.66 + 0.10 normal ordered 
4 (o, G?) (7 + 1)107? GeV* Chapter 27 
5 g(Vo,, 5 V G"") = Meal P (Jy) Mè = (0.80 + 0.02) GeV? » 
6 — gfu(G^G^G*) (1.2 GeV?)(a,G?) i 
pa, Qr? (5.8 + 0.9)107^ GeV$ É 


In Chapter 28, we discuss in details the evaluation of the Wilson coefficients in the OPE. In so 
doing, we give as an explicit example the evaluation of the light quark pseudoscalar two-point 
function including dimension-six condensates. We also discuss the evaluation of the heavy quark 
correlators. 

In Part VIII, we give a compilation of different QCD two-point functions including radiative 
corrections to the unit operator and the contributions of different condensates. 

In Chapter 29, we discuss the modifications of the OPE due to IR and UV renormalons. IR 
renormalons introduce perturbative contributions, which lead to some ambiguities for defining 
the condensates at higher order of perturbation theories, though such ambiguities can be absorbed 
by the Wilson coefficients when computing the Green’s functions. In practice, the IR renormalon 
effects are so tiny such that they do not affect in a significant way the phenomenology of the 
sum rules. UV renormalons have also been discussed so far, and affect the uncertainties of the 
PT series. Again, within the sum rules uncertainties, these effects are not quantifiable in the sum 
rules analysis. 

In Chapter 30, we have discussed the different scenarios beyond the SVZ expansion. In the 
following, we shall only discuss the modification due to the tachyonic gluon mass which modifies 
the OPE due to the presence of the new D = 2 ‘condensate’, not present in the original SVZ- 
expansion owing to the fact that one cannot form a D = 2 local gauge-invariant operator in QCD. 
We shall not discuss the effects of (direct) instantons which act like high-dimension operators 
and should be suppressed like other high-dimension condensates in the sum rule working region. 
However, some other schools expect that this contribution is dominant for the (pseudo)scalar 
channels but surprisingly are not there if one works with the longitudinal part of the axial-vector 
correlator, though the two are related to each others by Ward identity. However, the inclusion of 
the large instanton effects leads to inconsistencies in the scalar channel. Another confusion for 
the sum rule practitioners is the fact that the instanton liquid model does not use a novel OPE but 
provides an alternative way of parametrizing the condensates. However, the fact that the analysis 
is done in the coordinate rather than in the momentum space may probe a new region not explored 
in the momentum space. Interested readers may consult [386] where this method is explored in 
detail. 
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Survey of QCD spectral sum rules 


QCD spectral sum rules are different versions and/or improvments of the previous Hilbert 
representation in Eq. (48.2). For the purposes of more general discussions, let us forget 
QCD for the moment, namely the theoretical side Re II(q?), and we shall concentrate on 
the RHS spectral integral. 

In some channels such as e* e^ — hadrons or t — v,+ hadrons data, the spectral func- 
tion ImII(t) is known from the data, and the sum rules can be used for determining the 
QCD parameters given in Tables 48.1 and 48.2. In other channels, the sum rules are used 
for determining the properties of the hadrons for a guide to their experimental searches. 
In this case, one has to introduce a model for parametrizing the spectral function. For this 
purpose, the most common model used in the sum rule analysis is the so-called naive duality 
ansatz, where the spectral function reads: 


IMT) = f7 M7'5(t — Mz) + 6(t — t.)ImIocp() . (49.1) 


fu is the coupling having the dimension of mass of the lowest hadron ground state H to the 
hadronic current; d is the power of t in the asymptotic t-behaviour of the spectral function 
(d = 0 for the vector two-point function, ...); te is the ‘QCD continuum’ threshold above 
which the spectral function is approximated by the discontinuity ImIIocp(t) of the QCD 
diagram, which is expected to smear the contributions of the higher mass radial excitations. 
We shall test later on in some examples the accuracy of this simple duality ansatz for 
reproducing the measured spectral function. 

An alternative parametrization can be provided by approximating the spectral function 
with an infinite sum of narrow resonances: 


ImII() = X f2M3(r — M5). (49.2) 
H 


where the model is supported by the large N.-behaviour of QCD as discussed in the previous 
part of this book. 


49.1 Moment sum rules in QCD 


In QCD the number of derivatives required to obtain a well-defined two-point function is 
fixed by the asymptotic freedom property of the theory. For a gauge-invariant local operator 


499 


500 X QCD spectral sum rules 


Jg (x), the asymptotic behaviour of the associated two-point function is of the type: 


1 s(t 
lim —ImIM(t) ~ At" fı E PIE | ; (49.3) 
tooo NT TX 
with A and a, calculable coefficients, and d a known integer d = 0, 1, 2, ..., depending 


on the dimensions of the operator Jj (x). It is then sufficient to take d + 1 derivatives with 
respect to q? to get rid of the arbitrary polynomial and obtain a convergent integral. The 


functions defined by the moment integrals (Q? = —q?): 
(—1)" = nu 
qp. 8 7 2ym—d — " —— — 2 
II (O= Gd sui (Q^) oa" N(q") 
[mim -1)---(m—d) ( @? N" a 
al d eon (G n z) =mi, (49.4 


form > d + 1 are then well-defined functions calculable in perturbative QCD at sufficiently 
large Q?-values. To our knowledge, these sum rules were first discussed by Yndurain [631] 
in connection with the study of e*e^ — hadrons data and used later on for heavy-quark 
systems [632,1,434]. One can notice that for high-derivative moments, the róle of the ground 
state is enhanced in the sum rule. Therefore the sum rule in Eq. (49.4) is a good candidate 
for studying the low-energy properties of hadrons as we shall see later on. 

A classical example of moments sum rules is the D-function defined in Eq. (33.20), 
which is superconvergent and therefore obeys an homogeneous RGE. From Eq. (33.25), 
one can deduce for three massless flavours: 


d ? dt 1 
D(Q^) = —Q? — Tem 2i Qo int 
(Q^) 2 To (Q^) EOE (t) 
2 à, à, V à, V : 
= — |1+|—]4+1.64[—]) +6.37| — ] +---+non-— perturbative} . 
16x? T c T 
(49.5) 


However, when trying to confront this sum rule with experiment, there appears the prob- 
lem that the integrand in the RHS is only known experimentally from the threshold up 
to finite values of t. This brings in a question of matching whatever is known about the 
low-energy hadronic spectral function with its asymptotic behaviour as predicted by pQCD. 


49.2 Laplace sum rule (LSR) 


This type of sum rule is derived from the previous dispersion relation in Eq. (48.2) by 
applying to both sides the inverse Laplace operator [1]:! (Q? = —q? > 0): 


d : n (EY P 
c= um CD Dao” 


(49.6) 


! This sum rule was originally called the Borel sum rule by SVZ [1]. 
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where n/ Q? = r is fixed, which is the Laplace sum rule variable. It has been found in the 
study of the radiative corrections that sum rule expression of these radiative terms naturally 
have the properties of the Laplace transform [626], whilst later on [405], it has also been 
noticed that the operator £ is an algebraic form of the Laplace inversion operator. These 
observations led to simplifications in the derivation of the QCD expressions of the sum rules 
once one knows the expression of the two-point correlator I1(4?). Useful expressions are 
collected in Appendix G. Therefore, one gets the exponential form of the sum rule: 


oo 

A 1 

fn ef dt e —ImI1() . (49.7) 
0 94 


As can be seen in the derivation of the Laplace sum rule, one has to assume that various 
derivatives exist. For an approximate truncated series as in QCD improved by the renormal- 
ization group equation, this existence is satisfied as in the case of the moment sum rules. 
The advantages of ÉTI are two-fold: 


* First, the use of various derivatives helps to eliminate the subtraction terms in Eq. (48.2), which are 
often polynomials in q?. 

* Second, the exponential factor increases the role of the ground state into the spectral integral if the 
QSSR variable r is not too small, but still not too large for the perturbative calculation to make sense. 
In practice r is about the value of the hadronic scale. This fact is welcome for low-energy physics. 


49.3 Ratio of moments 
From Eq. (49.7), one can derive the ratio of moments [91—93]: 


d Pe esl 
R(t) = 21! dte '—Imll(t), (49.8) 
dt 0 T 


or the finite energy-like [1]: 


fo dt te Limo 
o dt et 1mI() ` 


R(t) = (49.9) 
Its non-relativistic version is obtained by transforming the variable t into the non- 
relativistic energy E and ty = 4m. In this way, the ratio becomes: 


d RAPERE] 
R(ty) = — 7,108 dE e ^ —ImI(), (49.10) 
0 


where Ty can be interpreted as the imaginary time variable. The advantage of the ratio of 
moments can be explicitly seen in the following way: 


* [f one uses the simple duality ansatz *one resonance' plus 'QCD continuum' for parametrizing the 
spectral function, one can see that the two sum rules in Eqs. (49.8) and (49.9) give an expression of 
the mass squared of the ground state. More precisely, for large t values, the RHS of the sum rule 
tends to the mass squared of the lowest resonance. 
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Fig. 49.1. Expected behaviour of R(T) at short and long distances. 


* For small t-values, the ratio of moments has the parton model behaviour: 
R(t) = (d + 1)t7![1 + QCD corrections] , (49.11) 


where d is the only reminiscence left from the number of subtractions needed in the dispersion 
relation for the initial two-point function. For large t values, the ratio of moments is dominated by 
the non-perturbative corrections. In the sum rule window compromise region, where the moments 
stabilize, these non-perturbative corrections are small though vital for stablizing the result. These 
features lead to the expected behaviour of R given in Fig. 49.1. 

* Because of the positivity property of a spectral function ImII(t) > 0, the function — log M(t) is a 
concave function of v; or in other words, the slope of the function R(t) must always be negative. 
This of course implies severe restrictions on the way that the two asymptotic regimes illustrated in 
Fig. 49.1 can be joined. The proof of this property is rather straightforward. It can be understood 
very simply by making an analogy with statistical mechanics: R(t) can be viewed as the equilibrium 
‘energy’ (f) of a system with variable ‘energy’ t in thermal equilibrium with a second system at 
‘temperature’ 1/r. In this analogy, ImI1(f) represents the ‘density of states’ with ‘energy’ t. Then 
the mean squared ‘energy fluctuation’ is given by: 


d 
-q4R0-(- MP = (0?) — (t)? = 0, (49.12) 


which by definition is a positive quantity. 

* In its non-relativistic version, the ratio of moments tends to the ground state energy Eo for large 
imaginary time ry — oo. In the corresponding theoretical perturbative expansion, the minimum of 
'R. gives an approximation of this ground state energy: 


minR(ry) = Eo, (49.13) 
and the mass of the ground state is given by: 


M —2m 4 R(t). (49.14) 
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Fig. 49.2. Contour integral in the complex q?-plane, with q? = — Q? exp(i0). 


49.4 Finite energy sum rule (FESR) 
Another version of QSSR is the FESR: 


Q? 1 Q? 1 
m= | dt "Timo = f dt t"—ImMep(t) : n=0,1,..., 
0 T 0 T 


(49.15) 


which was known a long time before QCD [627]. The previous FESR can be derived in 
many ways. One way to derive the FESR is the use of the Cauchy theorem on a finite radius 
contour in the complex q? plane (Fig. 49.2) à la Shankar [628]. 

Avoiding the cut along the real axis, it leads to [628,28,31]: 


1 
— f dzz'Il(z) — 0. (49.16) 
2zi 


If one neglects the contribution of the little circle around the origin which is safer if 
II(0) = 0, one deduces the moments: 


Q? 1 (Q?y-! Tx f 
M,(0°) = f dt t” —ImII(r) = com E] d0 ei tD T (Qei?) ; 
0 T 27 = 


(49.17) 


where the LHS can be measured from the data and comes from the paths above and below 
the real axis which pick up the discontinuity of I1(q?) and then its imaginary part. The RHS 
comes from the big circle of radius Q?, which can be computed in QCD provided it is large 
enough. The sum rule results from the matching of these two contributions. However, as 
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the FESR diverges for increasing n, the real axis is dominated by the high Q? region. For 
the RHS to reproduce this correctly, more information on the behaviour of the two-point 
correlator in the region of the big circle near the cut is needed. This means that more and 
more non-leading terms in the series expansion become important at large n and can destroy 
the convergences of the series. 


49.5 Features of FESR and an example 


Now, let us return to the FESR in Eq. (49.15). Contrary to the LSR in Eq. (49.7), where the 
role of the lowest ground state is enhanced by the exponential factor, the FESR is governed 
by the effects of high-mass resonances; that is it needs a good control of the continuum 
contributions to the sum rule. In some cases, where a stability in t, (continuum threshold) 
does not occur, this is a great disadvantage. 

Taking the example of the isovector part of the electromagnetic current (the o-meson 
channel), one can show that FESR can provide a useful way for a correct matching between 
the low-energy hadronic spectral function and the onset of QCD perturbative continuum. 
In this sense, it complements the analysis from the LSR. Using the naive duality ansatz for 
the hadronic spectral function, the spectral function reads: 


Ne 


2 ot — toll +], (49.18) 


1 M? 
—ImM(t);=) = —28(t — M? 
~ ( ) + F623 


4y? g 


where the p-meson coupling y, ~ 2.55 is normalized in Eq. (2.52). Using the n = 0 FESR 
moments, one can derive the constraint: 


M une 2 d: ] (49.19) 
4yl ~ 161? 3“ l 


Using the experimental values of the o-meson parameters, and adding QCD corrections, 
one obtains (see details in [405,3]): 


te > 1.7 GeV? , (49.20) 


which is reasonably high for pQCD calculation to make sense. It is worthwhile to notice 
that the FESR fixes both the lowest ground state parameters and the correlated value of 
the QCD continuum threshold t., as contrary to the LSR, the FESR is weighted by the 
high-energy region for positive values of the degree n of the moment. However in some 
cases, this property become a great inconvenience of the method. 

In general, this value of f, is slightly different from the phenomenological value of the 
first radial excitation mass. This might be not so surprising as the QCD model, which gives 
a smearing of the high-energy region, cannot take into account the complicated structure of 
the resonances in this region. 
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Fig. 49.3. Points in the complex q?-plane where the two-point function in Eq. (49.22) is evaluated. 


49.6 The Gaussian sum rules 


Another way of deriving the FESR which casts light upon the meaning of local duality is 
the Gaussian sum rule which reads [405,406]: 


G(s,o)= 


oa uu 1 
f dte ^ —ImIl(t), (49.21) 
4zo Jo UL 
for a Gaussian centred at s with a finite width resolution / 47ro . Let us discuss how to get 
the Gaussian transform from a generic two-point function like I1(g?) in Eq. (48.1). First, 
one evaluates TI(q?) at a complex point q? = s + i ^ (s and A are real positive variables) 
and at its complex conjugate q? = s — i ^ (see Fig. 49.3) and defines the combination, 
(one assumes for simplicity that the dispersion relation for I1(g?) requires at most one 
subtraction, but the argument can be easily generalized as in the case discussed for the 
Laplace transform): 


M(s+iA) IG-iA) f” 1 1 


iA —i^ T 
The integral in the RHS brings in the convolution with a Lorentz-like kernel which we 
can write as a Laplace transform 


1 F 2 2 
— ssa l we ee 49.23 
SIEN Í xe e ( ) 

Applying the techniques developed in the previous Section 49.2 to this integral repre- 
sentation allows us to construct the inverse Laplace transform operator which is needed to 
obtain the Gaussian transform in Eq. (49.21) from the Lorentz transform in Eq. (48.2). It is 
the operator: 


—pN aN 
L= lim lia ey) (A2)" (49.24) 
N,A2— oo |N (N — 1)! (8A2)" 
We then have the desired relation: 
1 Il(s+iA) ITI(s —iA) 
21L 49.25 
Via | iA’ iA | mee 
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et [oa ( Ez”) l mnie (49.26) 
—— exp | — —Im ; . 
Az Jo P 4r 1 
One can also note that Eq. (49.21) can be derived by applying the inverse Laplace operator: 
2)n n 
à — d 
ixi 3 (49.27) 
ne (n — 1)! (dt?) 
where n/t? = o is fixed, to the already Laplace-transformed quantity: 
ini 1 
F(ry=e tr! I dt e" —ImII(r) . (49.28) 
0 T 


One can already note from Eq. (49.21) that in limit o = 0, where the Gaussian kernel 
becomes a delta function, one has the strict local duality: 


1 
G(s, 0) = —ImII(s) . (49.29) 
m 
Also, Eq. (49.21) obeys the heat-evolution equation: 
9? ð 
(= E =) EG ZO: (49.30) 


with the initial condition in Eq. (49.29), where now s is the position, o the time evolution 
and Im) the temperature distribution in the region 0 < s < oo. The two boundary 
conditions for o. > 0: 


8G 
G(s20,0)20, —(s,o)|_)=0, (49.31) 
os sz 


lead to two independent solutions U^ (s, o) and U* (s, o) where G(s, o) = iU* TU) 
(s, o). These solutions can be expressed in terms of Hermite polynomials. The conservation 
of the total heat implies the duality relation: 


+00 oo oo. 
f ds G(s,o) = ' ds Limno) = f ds U'(s,o), (49.32) 
id 0 0 


oo 


where the last equality comes from the symmetry properties of U *(s, o). A relation in- 
volving higher moments of the spectral function can also be deduced using the generating 
function of Hermite polynomials and leads to the sum rules: 


[oa H ( d Jur ) f «^2 T(t) 
o s Hoy, | ——= $,0)— —Im , 
0 2/0 0 T 


oo oo 
gee ds Hon41 (zz) U-(s,0) = Í dt "+! mn) , (49.33) 
which only become useful once statements about the restriction to finite intervals can be 
made. In this case, Eq. (49.33) leads to the FESR in Eq. (49.15). 

In [405,361], the example of the p meson has been taken for illustrating the Gaussian 
sum rules and summarized in the following figures. Figure 49.4 shows the evolution in 
the pseudo-‘time’ variable o of the Gaussian transform of the spectral function ansatz 
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Fig. 49.4. The Gaussian transform of the spectral function in Eq. (49.18). 
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Fig. 49.5. The Gaussian transform of the spectral function in Eq. (49.35). 


in Eq. (49.18) with the onset of the continuum f, fixed by the finite energy sum rule in 
Eq. (49.19). 

In the ‘heat evolution’ analogy the spectral function in Eq. (49.18) corresponds to the 
initial ‘heat distribution’ in the s—axis. The picture shows the evolution in ‘time’ of this 
‘heat distribution’ in the interval 0.1 GeV^ < ø < 1 GeV‘. We observe that asymptotically 
in ‘time’, i.e. for o large, the spectral function evolves very well to the asymptotic ‘heat 
distribution’ predicted by pQCD i.e.: 


lim G(s, 0) = za (1 ert( ==) [Esos]; (49.34) 


where erf(x) denotes the error function erf(x) — A ie dye? z By contrast, Fig. 49.5 shows 
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the same evolution in the limit case of only a delta-function ansatz for the spectral function: 
1 2442 2 
; mI) = f;Mià(t — M.) , (49.35) 


with no continuum. 

Clearly the corresponding asymptotic ‘heat distribution’ fails to reproduce the shape 
predicted by pQCD. Global duality of a given hadronic spectral function ansatz with QCD 
is only obtained provided that the hadronic parameters are constrained to satisfy a system 
of finite-energy sum rules equations. 


49.7 FESR from the zeta prescription 


Finally, the last (but not the least) way of deriving Eq. (49.15) is simply to take the coefficient 
of the t variable in the two sides of the LSR in Eq. (49.7) [629,667]. This latter method 
can be formalized by using the zeta function prescription inspired from the non-relativistic 
approach [406]. In fact, if H is a Hamilton operator, the associated zeta-function can be 
written as: 


t(n) = ml dip Tet (49.36) 


which is equivalent, in field theory, to: 


Se tse eee 
Hcc Í dt e" —ImI(), (49.37) 


where the last integral is the familiar Laplace transform of ImI1(¢). If this Laplace-transform 
and its successive derivatives are a series in T, then, one can easily derive Eq. (49.15) by 
comparing the exact expression of ¢(m = 0) with its approximate form. 


49.8 Analytic continuation 


Various versions of this method have been discussed in the literature [630]. In most cases, 
the problem is formulated in terms of norm problems for the input errors and is quite similar 
to the standard x?—minimization used in numerical analysis. More explicity let us take a 
simple example. A polynomial in t is used for approximating the 1/(t — q?) term of Eq. 
(48.2) in the real axis [630]. Then, applying the Cauchy theorem to the finite Q? contour in 
the complex Q? plane, one arrives at the sum rule: 


2) _ 1 1 n 
m gy da (— ] "mo 
+ )A, = : um l ] t” | | ImII(7) (49.38) 
=> e - an m , 3 


where A, is the ‘fit error’ which should tend to zero, if the result is optimal. An important 
difference with the previous sum rules is that in the RHS the data enters only in A, whilst 
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the main part of I1(g?) is given by its theoretical side. However, it is difficult to appreciate 
the reliability of the results coming from the method due to: 


* The ad hoc uses of the polynomial parametrization (or in general of the kernels in the integrals) 
and to the strong dependence of the results on the values of the input errors. 

* [ts form in Eq. (49.38) where the dependence of the sum rule on the arbitrary subtraction scale is 
unclear. 

* The way of extrapolating the QCD information up to small q? which is model dependent. 


Due to these weak points, all the beautiful mathematical forms used to formulate the sum 
rule might lose their efficiency in its physical applications. More refinements and more phe- 
nomenological tests of this approach are needed before a definite claim about its superiority 
can be made. 


49.9 Summary 


We have given a brief general survey of spectral function sum rule methods which we believe 
can be applied for a general class of QCD-like theories. As one can see all the methods 
presented here have their own advantages and disadvantages. For the particular case of QCD 
where the theory has not yet been solved exactly, some questions, though important, such 
as the existence of high derivatives at high Q? as well as a correct and convincing way of 
estimating the true theoretical systematic errors in the sum rules analysis remain academic. 
We have checked in a QCD-like model such as the non-linear o model in two dimensions, 
as suggested by Gabriele Veneziano, that the high derivatives for a two-point correlator 
exist unambiguously. Also, one can always test a posteriori whether the assumptions used 
for the analysis make sense. 

In this review, we shall mainly concentrate on the uses of the LSR in Eq. (49.7) to 
Eq. (49.9) owing to their sensitivity with respect to the low-energy behaviour of the spectral 
functions. However, in most cases, we shall also discuss for a comparison, the constraints 
from FESR in Eq. (49.15) which complement the LSR results. 


49.10 Optimization criteria 


One can notice that the sum rule variables t (LSR variable) or n (finite number of deriva- 
tives) and the continuum threshold te are, in general, free parameters in the sum rule 
analysis. 


* [nthe original work of SVZ [1], the optimal result from the sum rule is obtained inside a window in 
t orn, where one has a balance between the QCD continuum and the non-perturbative condensates 
contributions in the sum rule. In QSSR1 [3], one has shown that this feature corresponds to the 
existence of a minimum in T orn, as can be illustrated by the example of three-dimensional harmonic 
oscillator in quantum mechanics and of the charmonium sum rules [91—93]. 
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49.10.1 The harmonic oscillator 


For this purpose, let consider the harmonic oscillator potential: 
| 2,2 
V(r)- jme r^, (49.39) 
and the 'correlation function' for the S-wave states: 
F(t)= S (pee Í n —0,2,4,..., (49.40) 


where R, is the radial wave function for zero angular momentum and E, the corresponding 
eigenvalue. t is the parameter which regulates the energy resolution of the sum rule and 
plays the role of an ‘imaginary time’ variable. The exact solution of the LHS for the harmonic 
oscillator potential V (r) reads: 


F(t) xe (—— ) (49.41) 
T Jexact = T , . 
i A/2z \sinhwt 


where one can see that, in the limit t — oco, the exact expression: 


d 
R(T exact m log F(t) (49.42) 
dt 
tends to the lowest eigenvalue: 
3 
Eo — 50. (49.43) 


At finite t and for a truncated series in t, one can write the approximate solution: 


1 Qt (wt) wry 
R(T approx = Eo + + sace 


49.44 
or 3 45 945 Meo) 


where the first term is the free motion, and the next ones are higher-order corrections in 
t to this term. One can notice that in this approximate solution, one cannot take formally 
the limit t — oo, as the asymptotic series will blow up. Therefore, a comparison of the 
exact and approximate solution can only be done in a compromise region where the series 
converge and where the S states contribution is dominant. This is exactly the situation which 
we shall encounter in the QCD sum rule analysis. The t behaviour of Rapprox(T) in shown 
in the Fig. 49.6, which one can compare with the eigenvalue Eo. One can notice that it 
stays above Ep as a consequence of the positivity of R. The agreement between Rapprox 
and Rexact increases if one adds more and more terms in the t expansion. The minimum of 
approx provides an upper bound to the value of Eo while the distance between Rapprox and 
Eo controls the strength of the continuum contribution to the sum rule. One can notice that 
the optimal information from PR approx is obtained at the minimum, where there is a balance 
between the higher order terms in the expansion and the higher states contributions. 

We shall see that this quantum mechanics example mimics quite well the case of QCD. 
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Fig. 49.6. The ratio of moments normalized to the ground-state energy versus the imaginary time for 
the case of the harmonic oscillator potential. (2) and (4): approximate series including the second and 
fourth order terms;— — — —exact solution. 


49.10.2 Non-relativistic charmonium sum rules 


Retaining the correction due to the gluon condensate, the QCD expression of the non- 
relativistic QCD moments is [91—93]: 


M(t) 


| dEe """ImII(E) 


4r 
288m 


= 3 4 m 3/2 1 4 1/2 
= oo, IT «ru Feu EMT y = 


8m 


e) , (49.45) 


where ry is the imaginary time variable, from which one can deduce the ratio of moments: 


3 2 —1/2 4r 2 
R(ty) = —— — -Asy TMT + —(a,G*)ty , 49.46 
(ty) = 5 — ges mmt + ggg SOTA (49.46) 
where m is the charm quark (pole) mass. Using the QCD parameters given in Tables 48.1 
and 48.2, one can show in Fig. 49.7 the ty behaviour of the ratio of moments. One can 
notice a strict ressemblence with the case of the harmonic oscillator. 


The moments have the following features: 


* The exact ratio reaches its limit Ey very quickly as shown in Fig. 49.7. 

* The theoretical curve which is a good approximation for small times stabilizes at medium time and 
blows up at large time indicating a breaking of the approximation for ty > vy. At the minimum, 
one has: 


minR(ty) = Ej" (49.47) 


within about 10% accuracy, indicating a good description of the ground state energy. This slight 


512 X QCD spectral sum rules 


uf 
x 
[tal 
OPE 
min R (t4) 
1 Exact 
Small times Stability ^ Breakdown TN 


all levels ground state of OPE 
contribute dominance 


Fig. 49.7. The ratio of moments normalized to the ground-state energy versus the imaginary time in 
the case of the charmonium sum rules. 


discrepancy can be reduced by including the contribution of the QCD continuum into the spectral 
function. 

* However, it is quite surprising that, for a clearly emerging level where one would expect a 
dominance of the confinement force, while the moment shows that there exists a window where 
perturbation theory still works but the individual energy levels clearly emerge. For this reason, 
Bell—Bertlmann called it magic moments. 


49.10.3 Implications for QCD 


* However, by working with a truncated series as in QCD, we do not often have, in some other 
channels, a nice minimum for approx. This minimum is replaced in some cases by an inflexion 
point where the optimal information on the resonance properties is obtained. 

* Moreover, we need also a similar optimization for the value of the QCD contimuum threshold f,, 
which, a priori, is also a free parameter. Optimal estimate can be obtained if the result presents 
stability in te. In various examples, this procedure can lead to an overestimate of the result, such 
that one can safely consider the result obtained in this way as an upper bound. On the contrary, a 
lower bound can be obtained at the value of t. where one starts to have a minimum or an infexion 
point with respect to the changes of the sum rule variables t or n. A further test of the t, value is its 
comparison with the one obtained from FESR constraints. 

* Weconclude from the previous analysis that the optimal and most conservative results from the sum 
rule discussed in this book will obey the r or n optimization criterion (SVZ window), but in addition 
the corresponding f, values are in the range where we start to have these t or n minimum until 
the one where we have a stability in t.. In many examples, the value of t, from a FESR constraint 
belongs to this range. In some cases, t, can be higher than the value intuitively expected around the 
mass of the radial excitation, which is not very surprising as the QCD continuum is an average of 
all the higher-state contributions. Finally, one can also test that at the optimal region, the OPE still 
makes sense as the QCD series converge quite well. 
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49.11 Modelling the ete~ — J = 1 hadrons data using a QCD-duality ansatz 


Due to the complexity and to the absence of the data in some channels, it appears necessary 
to introduce a simple model for parametrizing the spectral function. In the example of the 
p meson, we have used the parametrization: 

1 M; 2 

—ImII, (t) = — (t — M?) + O(t — te) ‘QCD continuum’ , (49.48) 

T Ay? 


p 

where the first term is the lowest resonance contribution, whilst the second one takes into 
account all discontinuities coming from the QCD diagrams. y, is the p-meson coupling to 
the vector current: 


1 - 

Vi = 5 Yu —dy,d), (49.49) 
and is normalized as in Eq. (2.52). We have also seen that the lowest FESR moment leads 
to the constraint: 

M? te 


Pw 
4y? 8m 


[1+ (=) +00@)] . (49.50) 
Um 
which, given the experimental value y, ~ 2.55, leads to: 


te > 1.7 GeV? (49.51) 


As first noticed in [405], this FESR constraint shows that the properties of the lowest 
ground state is correlated to the value of the QCD continuum threshold, and permits one 
to check the (in)consistencies of various predictions done in the early literature on the sum 
rules. 

We compare the prediction of this model with the available complete ete” > I = 1 
hadrons data for the ratio of moments R(t) as shown in Fig. 49.8.2 

We have used the et e~ total cross-section shown in Fig. 49.9. 

One can notice that the deviation of this naive and simple model (dashed curve) from the 
data (black points) is at most 1596,? and that is very good. One can also notice that the QCD 
duality ansatz prediction is below the complete data one, which can be understood because 
the QCD continuum might give an underestimate of the radial excitation contributions as 
it only gives a smearing of the higher-state effects and does not account for the complex 
resonance structure between 1 and 2 GeV. 


49.12 Test of the QCD-duality ansatz in the charmonium sum rules 


Let us now test the validity of the QCD-duality ansatz in the heavy quark sector. In so doing, 
we consider the charmonium family (J/w, w’,...), which couples to the charm current 


? More details discussions can be found in QSSR1 [3]. 
5 The continuous curve corresponds to another set: Yp = 2.2 and t, = 2.2 GeV?, which gives a worse prediction. 
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Fig. 49.8. Ratio of moments R(t) as function of the sum rule variable t in the o-meson channel for 
two values of t. and y,. The data points are e*e^ — I = 1 hadrons. 


o (e*e 5|-1)/ o (e*e Su*u) 


0 0.5 1.0 1.5 2.0 
Vv t[GeV] 


Fig. 49.9. Ratio of the ete~ — I = 1 hadrons over the ete~ — y*~ total cross-section as function 
of the c.o.m energy yt. 
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Fig. 49.10. Phenomenological side of the ratio of moments versus n. 
via: 
M? 
(OJey^c|yr ) = V2 —. e" , (49.52) 
2yy 


and the corresponding two-point correlator. The coupling y is normalized as in Eq. (1.51). 
The QCD continuum is simply approximated by the step function: 


“ImIy (Dco - = [1+ (=) [ec - 1. (49.53) 


which one can improve by including the available quark mass and higher-order radiative 
corrections. We show in Fig. 49.10 the ratio of the Q? = 0 moments: 


Mg 
Maya f 


by using the data for the different leptonic widths of the J/y family and by including 
the QCD continuum. One can notice that for larger value of n > 6, the ratio of moments 
is completely saturated by the lowest mass resonance, which shows that the QCD duality 
ansatz parametrization is a good approximation in the sum rule analysis of the heavy quark 
sector. 


Fg = 


(49.54) 


49.13 HQET sum rules 


QCD spectral sum rules are often used in the Heavy Quark Effective Theory (HQET) for 
the estimate of meson masses and decay constants [164]. One considers the correlation 


^ More detaileds discussions can be found in QSSRI [2]. 
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functions of quark currents, where the heavy quarks are represented by their effective fields 
h,(x), v being the heavy quark four-velocity. For this purpose, let's consider the two-point 
correlation function: 


Mw) =i f d*x e** (O|T {Jy ()J],(00))0) (49.55) 


where w = 2v - k and Jy(x) = h,(x)i ysq(x) is the interpolating current of the pseudoscalar 
heavy-light mesons in HQET. In HQET, the corresponding decay constant fg can be ex- 
pressed in terms of the parameter F as: 


fs = C(mp)F | es al (49.56) 
Mb m, 


where the coefficient C (m;) can be computed in perturbation theory. One can notice that due 
to the heavy quark spin symmetry, Ê can also be computed from the two-point correlation 
function of the vector currents Jy(x) — hy(x)Xyy. — v,)q(x) interpolating heavy-light 17 
mesons. Isolating the ground state contribution from the integral over the excited states and 
the continuum, one can write the dispersion relation: 


f? co ImII(£) f 
Ilo) = — + dE + subtractions . (49.57) 
2A — 0 Eo E 


The variable E is related to the usual t variable as: 
t=(E+m). (49.58) 


The parameter A ~ Mg — my represents the binding energy of the light degrees of free- 
dom in the heavy meson. Here m, represents the heavy quark pole mass. The dispersion 
relation, Eq. (49.57), is then matched with the QCD expression, obtained for negative w 
using the SVZ expansion: 

(Oa) 
Iw) = Mpent(@) + 3 Cie : (49.59) 

It is also convenient in the Laplace sum rule analysis to introduce the non-relativistic 
variable: 


TN =4mpt . (49.60) 


49.13.1 Decay constant, meson-quark mass gap, kinetic energy 
and chromomagnetic operator 


Different applications of this method to the two-point functions of heavy-light meson and 
baryon currents have been focused on the estimate of the decay constant, the hadron-quark 
mass gap A, the kinetic energy A; and the chromomagnetic interaction parameter A. 
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The value of the B meson decay constant obtained from the analysis is [164,166]: 


F = (0.4 + 0.06) GeV? , A = (0.9 4 0.2) GeV, (49.61) 


which one can compare with the result obtained from the full theory discussed later on in 
the chapter of quark masses and decay constants. 

The meson-quark mass gap A is in important input in HQET approach. Recall (see 
previous chapter on HQET) that it can be defined as [164,166]:° 


My, =Mmo +A + Ae: (49.62) 
Hormio 2mo : ; 
with: 
2 3 
Am = —21-2|J(J -1)— 2 À2, (49.63) 


J = j + 1/2 being the total spin of the hadron states. Taking, for definiteness, the case of 
the B meson, one has: 


1 
à = (B(v)|Oxin|B(v)) and M = gar; (BONO nsi EB QU) (49.64) 


2Mp Mpg 


which correspond respectively to the matrix elements of the kinetic and of the chromomag- 
netic operators: 


- ] <2 
Ou, 2 hüDYh and Omag = ghu Gh f (49.65) 


where h is the heavy quark field and G”” the gluon field strength tensor. 
The estimate of A from HQET-sum rules leads to [165]: 


A ~ (0.52 — 0.70) GeV , (49.66) 


in good agreement with the previous results [164,633], although less accurate as we have 
taken a larger range of variation for the continuum energy. An anologous sum rule in the 
full QCD theory leads to [634]: 


A = (0.6 — 0.80) GeV , (49.67) 


which combined together leads to the intersecting range of values [165]: 


A ~ (0.65 + 0.05) GeV . (49.68) 


The sum rule estimate of the kinetic energy gives [165]: 


ài œ —(0.5 + 0.2) GeV? (49.69) 


where the large error, compared with the previous result of [166], is due to the absence 
of the stability point with respect to the variation of the continuum energy threshold. By 


5 We are aware of the fact that in the lattice calculations, A defined in this way can be affected by renormalons [798]. 


518 X QCD spectral sum rules 


combining the previous estimates with the one of the chromomagnetic energy: 


m 2 n 3 
ho ~ 3(M$. — Mp) + O (1/mp) = 0.49 GeV? , (49.70) 


one deduces the value of the pole mass to two-loop accuracy: 


M, = m, = (4.61 £0.05) GeV , (49.71) 


in good agreement with the previous values from the sum rules in the full theory and (within 
the errors) with the HQET results in [164,633]. 


49.13.2 Isgur-Wise function 


This approach has been also extended to the three-point function for studying the Isgur- 
Wise function for the B — D® semi-leptonic transition [164]. Compared with the sum 
rule in the full theory, the HQET sum rules have a much simpler QCD expression because 
itis a series in 1/ M;. Therefore, the evaluation of radiative corrections like the one for the 
three-point function becomes feasible. We shall come back to this point in the chapter on 
B and D exclusive weak decays. 


49.14 Vertex sum rules and form factors 


The extension of QSSR two-point function sum rules into vertex or three-point function 
sum rules has been discussed by many authors [635—641] and in many reviews on sum rules 
[356-365], with the aim of estimating the three-hadron couplings and to study the q?- 
dependence of the hadron form factors. In most of these applications, the vertex is saturated 
by the lowest hadronic state plus a QCD continuum, while the QCD expressions are eval- 
uated in the Euclidian region using a configuration that is best suited to the processes 
considered. The mathematical validity of the spectral representation for the three-point 
function is not well established in general,° although one may expect that, in the case of 
narrow resonances, it simplifies, due to the disappearance of some anomalous thresholds." 
Among other choices, the symmetric configuration: 


pP=q=(pt+qr = > A’), (49.72) 


for the vertex depicted in Fig. 49.11 appears to be convenient for extracting the trilinear 
boson couplings, as we are only left with one variable in the sum rule analysis, while its 
QCD side is guaranteed to be safe from some eventual IR singularities. In this narrow-width 
approximation, one can write the duality diagrams between the two sides of the vertex sum 
rules (Fig. 49.12). 


© To our knowledge, the most serious attempts to study such a problem is in [640] within perturbation theory. 
7 Related discussions will be done in the next chapter, taking the example of the B, meson semi-leptonic decays. 
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p*q 


p q 
Fig. 49.11. Hadronic vertex. 


QCD RESONANCES 


Fig. 49.12. Duality between a QCD vertex and a hadronic vertex in a narrow width approximation. 


The discussions on the theoretical validity of the symmetric configuration method and 
its first phenomenological applications in QCD, for the case of trilinear mesons [637] and 
meson-baryon-baryon couplings, can be found in [636]. Some other applications of this 
method will be discussed later on in following chapters for the estimate of the decay widths 
of scalar mesons, gluonia and hybrids. The case of the heavy meson exclusive decays will 
be extensively discussed. 

The uses of vertex sum rules for studying the q?-dependence of different light and heavy 
hadron form factors have been also discussed extensively in the literature and will be 
discussed in later chapters. In connection to this, we shall also discuss light-cone sum rules 
that are an alternative to the vertex sum rules. 


49.14.1 Spectral representation 


The hadronic vertex in Fig. 49.11, can be represented by the spectral representation: 


ImZ7 (ti, f», t3) 
ti — Pb — q?Yt3 — (pq) - 


(49.73) 


2 2 2 1 
T(p^.q pta-- dt; dh dts 
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In the symmetric representation given in Eq. (49.72), it takes the simple form: 


ImT (ti, t», t3) 


2 1 1 oo 
T( EI xax | ay f dtidtodt ; 
9 7 Jo 0 5 0 "ie *[Q? + (ti — xy - (6 — t)x 4- t? 
(49.74) 


after a Feynmann parametrization of the propagators. In this form, it is trivial to apply the 
Laplace sum rule operator for improving the duality relation. One obtains: 


3 1 1 oo 
ape a | xdx I dy I dtydt)dt eUes IMT (t, t, t3), (49.75) 
7T Jo 0 0 


where the róle of the depressive factor is only manifest when the mass of the first ex- 
cited state is much higher than any of the lowest ground states involved in the three 
channels. 

An alternative choice of configurations often used in the literature is to take one of the 
three-moment fixed or small. In this case, one assumes the validity of the double-dispersion 
relation: 


i ^? — ImT(ti, 5, (p + q)) 
T(q’, p? af an f dt Fouis 49.76 
MPI Je eet are ET rM 


One can apply a double ‘Borel’ transformation for each variable p? and q? provided that 
the subtraction terms are not of the form [641]: 


zn AQ v[ A(t)dt eee 
wy f 233) or (q^) v Rp (49.77) 


which would induce non-controllable contributions to the sum rule. However, treating 
(p?, q?) as independent variables may not be justified, as the spectral representation should 
be done in a (q?, p?) plane along a straight-line which is a combination of the variables p? 
and q? [635]. 


49.14.2 Illustration from the evaluation of the 2, coupling 


The relevant three-point function is: 
Ta(p.d =i I dbx e ir glo TIPIT OIO) | 0) 
= euvop p" q* T(Q*, (p — 4). (49.78) 
where T is the invariant amplitude. The quark interpolating currents are normalized as: 


1 5 E 
J =: üy,d : "E 6 : iyutdy,d : J” = (m, + ma) :d(iysu : . 
(49.79) 
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Fig. 49.13. Duality between the QCD and hadronic vertices for g,,;: (a), (b) and (c) are respectively 
the QCD perturbative, quark condensate and mixed quark condensate contributions; (d) is the 2,5; 
coupling. 


The QCD expression of the vertex at the symmetric point can be evaluated from the 
diagrams depicted in Fig. 49.13 and gives [637]: 


] (m, 7 5 Mj 
T(p.q)— aote. + ma)Ix,y ma (1 += x) | . (49.80) 


We have parametrized the mixed quark condensate effects by introducing the scale Me e 
0.8 GeV?. L, y is a typical Feynman parameter integral: 


1 1—x 1 
bo -|/ ax [ dy = DAA, (49.81) 
i 0 0 x(1 — x) - y(1 — y) - xy 


Using a narrow width approximation (NWA) and retaining the lowest mass resonances, 


one obtains: 


2. 2 2 
X e m Igopnl - (49.82) 
m; Yo Yo 


Texp = 


We have used the usual normalization: 

M? M2 
(O|J7 |zx) = 2m? fx A (0| J? 1p) = V2 en ; (Ol J? |@) = mA . (49.83) 
Yo x 


[0] 


The hadronic coupling is normalized as: 


(o(p1, €) lo (pa, €T (p3)) = qgopzdleuvpo €1 €2 DT P3 - (49.84) 


Invoking quark-hadron duality and taking the Laplace transform, one obtains in the chiral 
limit and for y, ~ 3y,, M, ~ Mo: 


|opz] X 


2 i 
6y; (my + oma), ae. ( " 3 


2 
= ir) (49.85) 
M4 fam 36 
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One can eliminate the quark condensate contribution using the GMOR relation: 
(m, + ma4)(üu) = — fm? . (49.86) 


However, one should not take literally the fy dependence of the result as the fy depen- 
dence of t is not known. Using y, = 2, 55, it leads at the stability point t ~ 1.4 GeV? 
to: 


[2555] & 19 GeV! (49.87) 


in satisfactory agreement with the phenomenological determination of about 17 GeV ^! 
from w > 3z or œw > zy decay using the Gell-Sharp- Wagner model [642]. One should 
notice that even at these large t-values, the contribution of the mixed condensate is only 
about 15% indicating the convergence of the OPE. The effect of radial excitations have also 
been shown [637] to be negligible. 

Similar approaches have been used in some other channels [636,3] (see also forthcoming 
chapters). 


49.15 Light-cone sum rules 
49.15.1 Basics and illustration by the x? — y*y* process 


The method of light-cone sum rules (LCSR) [643] is an alternative to the vertex sum rules 
for studying hadronic form factors.? It combines the SVZ technique and the theory of hard 
exclusive processes [644]. The basic idea is to expand the products of currents near the light 
cone. It can be illustrated by the analysis of the pion form factor in the process 7° > yy 


for on-shell pion (p? = m? — 0) in the chiral limit. The corresponding amplitude, is: 


Taa = i 1 dx e7** (a (p) | T Jg" GJ?) | 0) 
Euvap D" q? F(Q’, (p — qy), (49.88) 


where p is the pion momentum, q and (p — q) are the photon momenta, Q? = —q°, J na 
is the quark electromagnetic current and F is the invariant amplitude. To derive the LCSR, 
one has to calculate the correlation function of Eq. (49.88) in QCD, in the region of large 
Q? and |(p — q)?| and to use a dispersion relation to match the result of this calculation 
with hadronic matrix elements: 


1 (© ImT,,(Q?, 
T. (p. q) = qj HR (49.89) 
masc SPH Gy 


The spectral function cn be saturated by the lowest masses p and œw mesons via: 


MA 
(V|J£"(0) | 0) = eva © V=p, 0. (49.90) 
V 


8 Various recent applications of this method are reviewed in [360]. 
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The correlation function in Eq. (49.88) can be calculated by expanding the T product of 
quark currents near the light cone x? = 0, which, for large Q? and |(p — q)?|, is expected 
to give the dominant contribution. This expansion is different from the local OPE as it 
no longer involves QCD vacuum condensates, but a summation of infinite series of local 
operators. It is convenient to introduce the DIS variables: 


v=p-q, E-QwQ. (49.91) 


The leading contribution to the amplitude can be obtained by contracting the quark fields 
w in Eq. (49.88), using the propagator of the free massless quark: 


E i 
iSo(x, 0) = (0| Z(V/(x)v(0) | 0) = zi (49.92) 
and transforming y, yay, > —i€uovoY" Ys + +++ . Then, one obtains: 
. Re ee N B 
TP.) e dés; f d'x— e DIDO). (49.93) 


Expanding the local operators around x = 0: 
" Ef rae ut. 
VGOy»ysV (0) = >> S1 OX D- xy yoysv (0, (49.94) 


the matrix elements of these operators have the following general decomposition: 


(x (py Dj, Duy ++ Ds Yoys W10) = (—iY Pa; Po; * * * Po, Po Ms 
+ (—i)" 20,0, Pos "TS Pa, Do M,, + dier! 
(49.95) 


where M,, M, are matrix elements coming respectively from twist-2 and twist-4 local 
operators. Substituting the decomposition Eq. (49.94) in Eq. (49.93), integrating over x and 
using the definitions Eq. (49.95) and Eq. (49.91) one obtains: 


2 2 lo 4 S i 
F(Q, parem. 5 MBA —— Mess (49.96) 
$2 wis 

Since the variable £ ~ 1 in a generic exclusive kinematics with p Z 0, all terms should 

be kept in each series in this expression. The second term containing M; and further similar 

terms are suppressed by powers of a small parameter 1/ Q? as compared with the first term 

containing M,. Keeping the lowest twist contribution, at x? = 0 (and p? = 0), the matrix 
element in Eq. (49.93) has the following parametrization (fx = 92.4 MeV): 


1 
Gr p) Goya ys W (010) o = -ipah f du e"?* o, (u, u), (49.97) 


where the function 9; (u, u) is the pion light-cone distribution amplitude of twist 2, nor- 
malized to unity: de x(u, u)du = 1. Furthermore, expanding both sides of Eq. (49.97) 
and comparing the LHS with the expansions, Eqs. (49.94) and (49.95), we find that the 


524 X QCD spectral sum rules 


moments of g,(u) are related to the matrix elements of local twist-2 operators: 


1 
M, = -ife f du u" o, (u, 4). (49.98) 
0 


The function g, (u), multiplied by f;, is a universal non-perturbative object encoding the 
long-distance dynamics of the pion. Together with the corresponding higher-twist distribu- 
tion amplitudes, g,(u) plays a similar role as the vacuum condensates play in SVZ sum 
rules. However, to our opinion, a connection between the distribution amplitude and the 
vacuum condensates has not been yet clarified and needs further investigation. Substituting 
the definition Eq. (49.97) in Eq. (49.93), integrating over x, restoring the electromagnetic 
charge factor and summing the u and d quark contributions, one obtains the correlation 
function in the twist 2 approximation: 


du x(u, u) 
aQ? —u(p —qy' 
where à = 1 — u. We are now in a position to obtain a sum rule from the dispersion relation, 


Eq. (49.89), matching it with the result of the light-cone expansion. We define the matrix 
element 


2 1 
FAQ, (p — a) = Shr Í (49.99) 


(t? (p) jz" op — q)) = F^" (Q?ym; eu vage q pP , (49.100) 


in terms of the transition form factor F^" ( Q^). We parametrize the higher state contributions 
by the QCD continuum ansatz from a threshold t- and write a dispersion relation for F®. 
It is easy to obtain, the duality relation, to leading twist-2 accuracy: 


/2M, F"(Q? [o Im F(Q?,s) 2f, f du qs (u) 
2y, mh —(p—gy nJ, SSH ge 3 Jo RQ'—wp-gy' 


(49.101) 
where y, is the coupling normalized as usual in this book: 
0 : (ü dy,d) 42M, (49.102) 
( 5 UYU = Yu |p) = Eu 2y, x 
Introducing the continuum threshold: 
u? = O° /(t, + Q^) (49.103) 


and taking the Laplace transform, one obtains the LCSR for the form factor of the y*p — x 
transition to twist-2 accuracy [645,360]: 


JE ! du 0 m? 
F(Q?) = sr» | PRA u) exp gs + P : (49.104) 
p Ju 
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p n form factor 


Another example of the application of LCSR is the calculation of the pion electromagnetic 
form factor defined as: 


GG" Im (p) = FQ? (p+ p). (49.105) 
where q = p' — p and j7" is the electromagnetic current: 
jn = eQyuuc eqdy,d . (49.106) 


The resulting LCSR, at zeroth order in a, and in the twist 2 approximation, reads [649]: 


1 = 72 2, / 0, M? tz 
FQ) = f du grlu, uep ( E PEU. Ji dsse-/V | (49.107) 


where 97.(0) = —97 (D), and u7 = Q^/(z + Q”, So is the duality threshold in the pion 
channel. The factorization scale u? = ii Q? + uM? corresponds to the average quark vir- 
tuality in the correlation function. At O(a), one recovers the leading ~ 1/ Q? asymptotic 
behaviour corresponding to the hard scattering mechanism. Including this contribution in 
the LCSR and retaining the first two terms of the sum rule expansion in powers of 1/ Q? 
one obtains [650]: 


2a, [59 " eal) ; s ds s e7s/M° Qs 
roD zl dse "wr du ——— «eof Qi +0 of) 


(49.108) 


The O(1/ Q?) term in Eq. (49.108) coincides with the well-known expression for the asymp- 
totics of the pion form factor [644]: 

8ra, f? T pa) |? 
du — 
9 Q 2 0 u 


obtained by the convolution of two twist-2 distribution amplitudes q; (u) of the initial and 
final pion with the O(o;) quark hard-scattering kernel. 


F,(Q°) = : (49.109) 


49.15.2 Distribution amplitudes 


The model dependence and main uncertainties of the LCSR approach is in the parametriza- 
tion of the distribution amplitude. It can be expanded using the conformal symmetry 
of massless QCD [360,646]. The conformal spin (partial wave) decomposition allows to 
represent each distribution amplitude as a sum of certain orthogonal polynomials in the 
variable u. The coefficients of these polynomials are multiplicatively renormalizable, and 
have growing anomalous dimensions, so that, at sufficiently large normalization scale m, 
only the first few terms in this expansion are relevant. The part of the distribution ampli- 
tude, which does not receive logarithmic renormalization is called asymptotic. Within this 
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expansion, one can write: 


x(u, |) = uit [ + a, (u)C; "^ (u — J : (49.110) 


n—244, ... 


where C; are the Gegenbauer polynomials (for a derivation, see, e.g., [167]). The coeffi- 
cients a, are multiplicatively renormalizable: 


Yn / Bo 
an(u) = as) (=) (49.111) 
and: 
2 n+l 1 
= Cr] 3 zx (i) (49.112) 


are the anomalous dimensions [647]. At u — oo, a, (gj) vanish, and the limit a, = 0 cor- 
responds to the asymptotic distribution amplitude 


o% (u) = 6uii . (49.113) 


The values of the non-asymptotic coefficients a, at a certain intermediate scale uo can 
be estimated from two-point sum rules [647,648,3] for the moments f u" qs (u, u)du at 
low n. This method is attractive because it employs non-perturbative information expressed 
in terms of quark and gluon condensates. However, in practice the two-point sum rule 
determination of a, is not very accurate, such that one should consider conservatively the 
large range spanned by a, from different analysis. 


50 
Weinberg and DMO sum rules 


As mentioned earlier in Subsection 2.2.7 of Part I, Weinberg and DMO sum rules are 
prototypes of QSSR, whilst their derivation is based on the asymptotic realization of chiral 
and flavour symmetries, or alternatively, in the world with massless quarks and without 
any interactions with external gluon fields. The convergence of these sum rules has been 
tested in QCD when the quark masses and non-perturbative power corrections are switched 
on [28,29,31,32]. The analysis has been reviewed in details in [30,3,34], where the QCD 
corrections to the WSR have been given explicitly. 

We shall follow the notations and conventions in Subsection 2.2.7 of Part I. We shall be 
concerned here with the two-point correlator: 


nts) ei f dix e tor teo x) o 
= -(g"q? — gq? nq?) + q"q" TIERA’); (50.1) 
built from the left- and right-handed components of the local weak current: 
Jf -üy"(»—yj)d, Jp 2uy"(0 + ys)d , (50.2) 


and/or using isospin rotation relating the neutral and charged weak currents. The indices 
(1) and (0) corresponds to the spins of the hadrons entering into the spectral function. In 
the chiral limit, the longitudinal part Hn (q?) of the two-point correlator vanishes, once the 
pion pole has been subtracted. The spectral function is normalized as: 


1 
(D _ 
—ImI1;p = 


mn (v—a), (50.3) 


1 
—ImIl; R = — 
Ir ARE ER 


where the last term is the notation in [193,199]. 


50.1 Sacrosanct Weinberg sum rules (WSR) in the chiral limit 


Here, we shall follow closely the discussions in [34]. 


521. 
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50.1.1 The sum rules 
The ‘sacrosanct’ Weinberg sum rules read in the chiral limit: 


9e 1 
lo = if ds —ImIlI;r = ys , 
0 2x 


9e 1 
nef ds s —ImIIpr =0, 
0 20 


“ds 1 
I4 = — —ImIIpr = —4L 0, 
0 s 20 
Sa s 1 4T a; 2 2 
len = ds |s log — ) Z—ImIlzg = —z—f; (mz. — mz), (50.4) 
0 pe } 2n 3a 


where f; lexp = (92.4 + 0.26) MeV is the experimental pion decay constant that should be 
used here as we shall use data from t-decays involving physical pions; mz+ — mzolexp ~ 
4.5936(5) MeV; Lio = f2(r2)/3 — Fa [where (r2) = (0.439 + 0.008) fm? is the mean 
pion radius and F4 = 0.0058 + 0.0008 is the axial-vector pion form factor for 7 — evy] 


is one of the low-energy constants of the effective chiral Lagrangian [498—502]. The last 


sum rule Zem is often called DMO sum rule and it governs the electro-magnetic mass shift 
of the pion. 

It has been shown that in the case of massless quarks, the SU (n); x SU(n)g chiral 
symmetry is not spontaneously broken by perturbative QCD radiative corrections in QCD to 
all orders of perturbation theory, in the framework where the Dirac matrix ys anti-commutes 
with the remaining ones [118]. Therefore the WSR remains valid in this case. 

Recent measurement of the difference between the vector and axial-vector spectral func- 
tion has been performed by ALEPH/OPAL using hadronic t-decay data [33] as shown in 
Fig. 25.7. This has permitted us to have a detailed analysis of the spectral part of the WSR. 
In order to exploit these sum rules using the ALEPH/OPAL data, we shall work with their 
finite energy sum rule (FESR) versions (see e.g. [28,325] for such a derivation). In the chiral 
limit (mg = 0 and (uu) = (dd) = ($5)), this is equivalent to truncate the LHS at t until 
which the data are available, while the RHS of the integral remains valid to leading order 
in the 1/f, expansion in the chiral limit, because, in this limit the breaking of these sum 
rules by higher dimension D — 6 condensates, which is of the order of 1/ t, is numerically 
negligible [29]. The analysis of these different sum rules using the t decay data is shown 
in Fig. 50.1. 


50.1.2 Matching between the low- and high-energy regions 


In order to fix the t- values which separate the low and high energy parts of the spectral 
functions, we require that the second Weinberg sum rule (WSR) J; should be satisfied by 
the present data. As shown in Fig. 50.1, this is obtained for two values of t,: 


te > (1.4 ~ 1.5) GeV? and (2.4 ~ 2.6) GeV? . (50.5) 
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Fig. 50.1. Measurements of the different WSR until an energy cut t, from t-decay data by OPAL [33]. 
A similar result has been obtained by ALEPH. The RHS of the sum rules is given by the straight line 
(+10) when two lines are present. 


Although the second value is interesting from the point of view of the QCD perturbative 
calculations (better convergence of the QCD series), its exact value is strongly affected by 
the inaccuracy of the data near the t-mass (with the low values of the ALEPH/OPAL data 
points, the second Weinberg sum rule is only satisfied at the former value of f,). 

After having these te solutions, we can improve the constraints by requiring that the first 
Weinberg sum rule Jp reproduces the experimental value of fy! within an accuracy that is 
twice the experimental error. This condition allows us to fix f, in a very narrow margin due 


! Although we are working here in the chiral limit, the data are obtained for physical pions, such that the corresponding value of 
fa should also correspond to the experimental one. 
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to the sensitivity of the result on the changes of t, values: 


te = (1.475 + 0.015) GeV? . (50.6) 


50.2 Lio, m+ — m,» and f; in the chiral limit 


Using the previous value of t, into the J_; sum rule, we deduce: 


Lio ~ —(6.26 + 0.04) x 107° , (50.7) 


which agrees quite well with more involved analysis including chiral symmetry breakings 
[651,33], and with the one using a lowest meson dominance (LMD) of the spectral integral 
[500]. 

Analogously, one obtains from the J¢,,(t¢) FESR: 


Am; = mas — myo c (4.84 £0.21) MeV. (50.8) 


This result is lo higher than the data 4.5936(5) MeV, but agrees within the errors with 
the more detailed analysis from t-decays [30,33] and with the LMD result of about 5 
MeV [500]. We have checked that moving the subtraction point u from 2 to 4 GeV slightly 
decreases the value of Am; by 3.796, which is relatively weak as expected. Indeed, in the 
chiral limit, the u dependence does not appear in the RHS of the Zem sum rule, and so it 
looks natural to choose: 


KRt, (50.9) 


because f, is the only external scale in the analysis. At this scale the result increases slightly 
by 2.5%. One can also notice that the prediction for Am is more stable when one changes 
the value of t, = u’. Therefore, the final predictions from the value of te in Eq. (50.6) fixed 
from the first and second Weinberg sum rules are: 


Am ~ (4.96 + 0.22) MeV , 
Lio ~ —(6.42 + 0.04) x 107°, (50.10) 


which we consider as our ‘best’ predictions. 
For some more conservative results, we also give the predictions obtained from the second 
t--value given in Eq. (50.5). In this way, one obtains: 


fa = (87 £4) MeV, 
Am ~ (3.4 0.3) MeV , 
Lio c —(5.91 £0.08) x 1073, (50.11) 


where one can notice that the results are systematically lower than those obtained in Eq. 
(50.10) from the first t, value given previously, which may disfavour a posteriori the second 
choice of t, values, although, in principle, we do not have a strong argument favouring one 


2 For the second set of t,-values in Eq. (50.5), one obtains a slightly lower value: f, = (84.1 + 4.4) MeV. 
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with respect to the other. However, approach based on 1/N, expansion and a saturation of 
the spectral function by the lowest state within a narrow width approximation (NWA) as 
discussed in Section 43.2 favours the former value of t, given in Eq. (50.6) [500]. A similar 
value of te is also obtained from the FESR constraint using the naive duality ansatz of the 
vector spectral function. Taking as a conservative value the largest range spanned by the 
two sets of results, one obtains: 


fr = (86.8 7.1) MeV, 
Am ~ (4.1 3 0.9) MeV , 
Lio ~ —(5.8 + 0.2) x 102, (50.12) 


which we found to be quite satisfactory in the chiral limit. The previous tests are very 
useful, as they will allow us to gauge the confidence level of the sum rule predictions in the 
following chapters. 


50.3 Masses and power corrections to the Weinberg sum rules 
It has been shown [28,29,31,32] that: 


* The SU (n); x SU(n)r chiral symmetry is broken by massive quarks. The first WSR is broken to 
order a, m, m butis still convergent, whereas the second WSR is not convergent in its mathematical 
sense. However, this non-convergence does not affect the success of the A; mass prediction from 
the second WSR, as phenomenologically the light running quark mass effects are small. 

* The SU (n), x SU (n)g chiral symmetry is broken spontaneously by the dimension-six four-quark 
condensate, which affects the WSR. However, the effect is relatively small and vanishes as 1/q*, 
where q? is the typical scale of the sum rule. 


Using the QCD expressions of the vector and axial-vector two-point correlators given in 
Part VIII from [325], it is easy to derive the different power corrections to the Weinberg 
sum rules. Introducing the running coupling à; and masses 7n; evaluated at Q?, one can 
deduce for the spin 1 + 0 combination: 


opa0203025 O 1 æ 
Q [I zR] = -52 mim; 


140)(D=4)__ 4 (ðs " - Bir ccr. Speen cz 
etnia? = (S morem ta = zr mont en 


Qi es Br (Z Juro rev 
— (Wi Vu ys Tapi (V ju ysTavi))] 
647 


~ -g Pes nu)? 


Q*[n(19] O™ ~ 8o, Mg (au)? , (50.13) 
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where p = 1 in the large N.-limit; Ta = A,/2 is the SU(3), matrix defined in Appendix B; 
Mo ~ 0.8 GeV? is the scale introduced in Chapter 27 in order to parametrize the mixed 
condensate. The D = 8 contribution comes from [652]. For the spin 0 component of the 
two-point function, one can also deduce from [325]: 


(=) 3 


Q? 


OT ,] ^7? = (m; — mp hit — Vj) (Oni + mpra + n) 
1 WENO A Ite - eet. ut 
+ gal - (E) [tm att an 


— [n; + mj][n? + m] 
S REM » Se. ects - 
- quz Pu jm; —mPt+ azn lini TR. (50.14) 
With these expressions, it is easy to derive the QCD expressions of the different WSR. 
The phenomenology of these FESR sum rules and especially their Laplace transform have 


been explictly discussed in [3], which the readers may also consult. 


50.4 DMO sum rules in QCD 


The DMO sum rule which controls the SU (n) flavour symmetry has been analyzed in QCD 
in [31], [32] and in [354]. Phenomenologically, it has been used to extract the value of the 
quark masses and to predict the splittings due to SU(3) breakings among the mesons. In 
particular, its t-like version has been used to extract the value of the running strange quark 
mass, which has the advantage to be model-independent. We shall come back to this point 
in the chapter on light quark masses. 


51 
The QCD coupling a, 


In this chapter, we shall outline the different determinations of the QCD coupling a, from 
t decay, e*e^ — I = 1 hadrons processes and heavy quark systems. This discussion has 
been already anticipated in Sections 25.5, 25.6 and Part VI and will not be repeated in detail 
here This chapter will complete these discussions. 


51.1 a, from ete~ — I = 1 hadrons and c-decays data 


These channels have the great advantage that the spectral functions are measured in a 
region where pQCD is applicable and therefore the analysis does not suffer from any 
model dependence in the parametrization of the spectral functions. The t decays and t-like 
decaysinete~ — I = 1 hadron processes (see previous Sections 25.5 and 25.6) are another 
prototype of QCD spectral sum rules like the Weinberg sum rules 


* The determinations of the QCD coupling from hadronic t-decays and e*e^ — I = 1 hadrons have 
been already discussed in details in Sections 25.5, 25.6 and are based on the approach proposed by 
BNP [325] for r-like decay processes. It relies on the fact that the non-perturbative contributions 
based on the ‘standard SVZ expansion’ give a tiny correction at the t mass. In addition, recent 
analysis [161] including the new D — 2 dimension tachyonic gluon mass term not considered in 
the analysis of [325] shows that this effect is small and does not affect in a significant way the 
determination carried out without this term. It tends to reduce slightly (about 10%) the central value 
of a, improving the agreement between the t-decay prediction and the world average at the Z° 
mass. However, this change is marginal as it is of similar size to the theoretical error in the a; 
determination from t-decay. 

* The previous original BNP approach [325] has been generalized to higher moments [333] that have 
been exploited by the different experimental groups [328,33] for extracting w,. The mean value 
coming from the different structure of pQCD series of the ALEPH/OPAL [33] measurements is: 


as(M,) = 0.323 + 0.005(exp) + 0.030(th) . (51.1) 
This rather modest accuracy runned until the Z° mass leads to the precise determinations: 
as(Mz0) = 0.1181 + 0.0007 (exp) + 0.0030(th) , (51.2) 


which is in excellent agreement with the different determinations summarized in Part VI. 
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* In [346,338,391] and [329] (reprinted in Section 52.10) e*e^ — I = 1 hadrons below 2 GeV and 
the sum of exclusive AS = 0 t-decay data have been also used to extract the value of a, as a 
cross-check of the value obtained from inclusive r-decay data. This result has been given in Section 
25.6. The most recent analysis in [329] gives: 


as(M,) = 0.33 + 0.03 , (51.3) 


which is in excellent agreement with the t-decay data result. 

* Stability of the previous determinations using lower t-mass values has been tested using ete~ > 
I = 1 hadrons below 2 GeV [346] and the inclusive distributions of t-decay [345,33]. This test is 
reassuring as it indicates that for reasonable values of M, larger than 1 GeV, pQCD still applies, 
while the OPE parametrized by the few lowest dimension condensates describes the data quite well. 
It also indicates that the contribution near the real axis where QCD does not apply is negligible 
due to the phase space double suppression factor (1 — s/ M2). It also indicates that quark-hadron 
duality which is the main idea behind this dispersion relation approach and then behind the QCD 
spectral sum rule approach is fulfilled by QCD. 


51.2 a, from heavy quarkonia mass-splittings 


Examining the pioneering SVZ charmonium sum rule [1] (as one can also see in details 
in [3] and in the next chapter) the QCD side of this sum rule contains three relevant QCD 
parameters, namely the charm quark mass, the perturbative radiative correction a, and the 
gluon condensate (o, G2). In order to extract more reliably one of these parameters, one has 
to find appropriate sum rules or their combinations which can disentangle these parameters. 


* [n [313] (Section 51.3), it is observed that a double ratio R p] /R D of Laplace sum rules for the P 
charmonium states can be used for extracting the value of a;: 
Ra Mp 


5v 1-40o,[AP t) = 0.014700] , 514 
Rp D + a. [ a (exact) 20041 ( ) 


where the gluon condensate effect vanishes to leading order. Using the experimental mass, one can 
deduce at the optimization point o ~ (0.6 + 0.1) GeV: 


a(o ^! = 1.3 GeV) = 0.647046 + 0.02 —> o,(Mz) = 0.127 + 0.009 + 0.002. (51.5) 


* The non-relativistic q? = 0 moments sum rules for the Y have also been used in [155] in order to 


extract œs. Recent improvements [156] of the previous analysis including the new o? corrections 
of the two-point correlator [447] leads to the value: 

a, (My) = 02335005. (51.6) 
which runned until Mz gives: 

ats(Mz) = 0.120*00/9 , (51.7) 


These results are less accurate than the determination from t-decay, e*e^ and LEP data 
but are still interesting for an independent determination of o. 
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51.3 Reprinted paper 


Heavy quarkonia mass-splittings in QCD: gluon condensate, 
a, and I/m-expansion 
S. Narison 


Reprinted from Physics Letters B, Volume 387, pp. 162-172, copyright (1996) with permission from Elsevier 
Science. 


1. The double ratio of moments 


QCD spectral sum rule (QSSR) after SVZ [1] (for a recent review, see, e.g. [2]) has shown 
since 15 years, its impressive ability for describing the complex phenomena of hadronic 
physics with the few universal “fundamental” parameters of the QCD Lagrangian (QCD 
coupling o, quark masses and vacuum condensates built from the quarks and/or gluon 
fields), without waiting for a complete understanding of the confinement problem. In the 
example of the two-point correlator: 


nog) =i f d* xe! (0|T Jo(x) Jo) 10) , (1) 


associated to the generic hadronic current: Jo(x) = OT Q(x) of the heavy Q-quark (T is a 
Dirac matrix which specifies the hadron quantum numbers), the SVZ-expansion reads: 


C(q?, Mo. U) LOW) 
Hoz Y) (a cae Q) 


D=0,2,... dim 0=D (Mo — 
where u is an arbitrary scale that separates the long- and short-distance dynamics; CC are 
the Wilson co-efficients calculable in perturbative QCD by means of Feynman diagrams 
techniques; (O) are the non-perturbative condensates of dimension D built from the quarks 
or/and gluon fields (D = 0 corresponds to the case of the naive perturbative contribution). 
Owing to gauge invariance, the lowest dimension condensates that can be formed are the 
D = 4 light quark m, (V) and gluon (o; G2) ones, where the former is fixed by the pion 
PCAC relation, whilst the latter is known to be (0.07 + 0.01) GeV‘ from more recent analy- 
sis of the light [3] quark systems [2]. The validity of the SVZ-expansion has been understood 
formally, using renormalon techniques (absorption of the IR renormalon ambiguity into the 
definitions of the condensates and absence of some extra 1/q?-terms not included in the 
OPE) [4,5] and/or by building renormalization-invariant combinations of the condensates 
(Appendix of [6] and references therein). The SVZ expansion is phenomenologically con- 
firmed from the unexpected accurate determination of the QCD coupling o, and from a 
measurement of the condensates from semi-inclusive t-decays [6-8]. 

The previous QCD information is transmitted to the data through the spectral function 
Im IIg(t) via the Kállen-Lehmann dispersion relation (global duality) obeyed by the 
hadronic correlators, which can be improved from the uses of different versions of the 
sum rules [1,9—11]. In this paper, we shall use the simple duality ansatz parametrization: 
“one narrow resonance’+“QCD continuum", from a threshold te, which gives a good 
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description of the spectral integral in the sum rule analysis, as has been tested successfully 
in the light-quark channel from the e* e^ — I = 1 hadron data and in the heavy-quark ones 
from the e*e^ — y or Y data. We shall work with the relativistic version of the Laplace 
or exponential sum rules where the QCD expression known to order a, is given in terms of 
the pole mass m(p? = m?) [11-14]:! 


f 1 
Lio, m?) = / dt exp(—to)— Im M9 (t) 
T 
4m? 
z (a,G 
= Am^ Ag (o) | + ogag (o) + zs ET buto) , 


Rilo) = 2 log Ly(o, m?) = Am? Fg(o) 
oO 
¿G? 
x | T ds Pu(o) + = we Quen] ; (3) 
where 
o=1/x= 4m?o (4) 


is a dimensionless variable, while o = c (notation used in the literature) is the exponen- 
tial Laplace sum rule variable; Fy, Py and Qy are complete QCD Whittaker functions 
compiled in [12-14]; H specifies the hadronic channel studied. In principle, the pair (o, te) 
are free external parameters in the analysis, so that the optimal result should be insensitive 
to their variations. Stability criteria, which are equivalent to the variational method, state 
that the best results should be obtained at the minimas or at the inflexion points in n or 
c, while stability in t, is useful to control the sensitivity of the result in the changes of 
t.- values. These stability criteria are satisfied in the heavy quark channels studied here, as 
the continuum effect is negligible and does not exceed 1% of the ground state contribution 
[2.12], such that at the minimum in o, one expects to a good approximation: 


min, R(c) > Mj, . (5) 


Moreover, one can a posteriori check that, at the stability point, where we have an equi- 
librium between the continuum and the non-perturbative contributions, which are both 
small, the OPE is still convergent such that the SVZ-expansion makes sense. The previous 
approximation can be improved by working with the double ratio of moments?: 


R M2 
Ryp) = = x 
Ry My 
/^ 4 ; 
= Age | + as ABE + S0, G*)o ^! Ai | ; (6) 


lFor consistency, we shall work with the two-loop order a, expression of the pole mass [15]. 
?This method has also been used in [16] for studying the mass splittings of the heavy-light quark systems. 
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provided that each ratio of moments stabilizes at about the same value of ø, as in this case, 
there is a cancellation of the different leading terms such as the heavy quark mass (and its 
ambiguous definition used in some previous literatures), the negligible continuum effect 
(which is already small in the ratio of moments), and each leading QCD corrections. We 
shall limit ourselves here to the a,-correction for the perturbative contribution and to the 
leading order one in a, for the gluon condensate effects. To the order we are working, the 
gluon condensate is well-defined as the ambiguity only comes from higher order terms 
in o4, which have, however, a smaller numerical effect than the one from the error of the 
phenomenological estimate of the condensate. 


2. Test of the 1 /m-expansion 


For this purpose, we use the complete horrible results expressed in terms of the pole 
mass to order œ, given by [12] and checked by various authors [2], which we expand with 
the help of the Mathematica program. We obtain for different channels the expressions 
given in Table 1. By comparing the complete and truncated series in 1/71, one can notice 
that, at the c and b mass scales, the convergence of the 1/m-expansion is quite bad due to 
the increases of the numerical coefficients with the power of 1/m and to the alternate signs 
of the 1/m series. 


3. Balmer-mass formula from the ratio of moments 


The Balmer formula derived from a non-relativistic approach (m — oo) of the 
Schródinger levels reads [17] (see also [18—20]). for the S: vector meson: 


2 T 
Ms; = 2m Pm ig% + KET y 


t.c (7) 


It is instructive to compare this result with the mass formula obtained from the ratio of 
moments within the 1/m-expansion. Using the different QCD corrections in Table 1, one 
obtains the mass formula at the minimum in o of R: 


3 
Ms: c JR(Omin) > 2m (1 + uz) 


l6m?o 
Jao) m 4 2 
x | e US + in? (a, G | E (8) 


In the case of the b-quark, where we expect the static approximation to be more reliable, 
the minimum of this quantity is obtained to leading order at: 


JJ Ocoul S ~ 0.85 GeV^!, (9) 


9 
A4mas/1 


538 


X QCD spectral sum rules 


Table 1. Expanded expressions of different QCD corrections in the case 


of the pole mass m(p? = m?) known to order as 


Vector $7 

wAy eur (1 — px + 32° nmt) 
ay -- (& + 0.040 + 1.952 /x — 1.539x —---), 
by u hart. wb 
Fy 1+ 3x — 3x? 4 5x3 e 
Py — 2 mx + 2.704x3/? — 10.093x57 + 52.93x7/? — ... 
Ov m c 

S-waves splitting 
AY? ic ap da gis 
ATP x? x3/? 4 1.539x? — 3.0258x5/? — 7.719x? + 26.307377? + + 
AG pL 3x + pt tgo) 

P-waves splittings 
ADI 1 
Aol —3.18x?(1 — 10.17x + 102.1x? +--+) 
AD Rz 12m 
AD 1.06x*(1 — 9.5x + 81.132 —---) 
AOT 1+- 23x34... 
AAT —0.1576x?? — 2.545x? + 3.9539? — ... 
AAT 6 4 31 8 y 5y? 4... 

P-versus S-waves splittings 
AVS 1— x + 5x? — 30x3 +--- 

VS 2 3/2 2, 5/2 3 

AY — nx — 0.336: + 4.244x? + 7.458x°? — 42.017x3 —--- 
AY. 3 2 4 + Ox 
NP AI 
AT —$ rx — 0.336x?? + 1.06x? + 7.458x5? — 9.6553? ... 
AVA A 4 3I + 187 y 
ALT 1—x-c6x?— 8x3 +... 
A —§/mx — 0.493x9/? — 1.484x? + 11.409x°/? + 18.248x3 — --- 
A E io X: Tg 16719 y2 don 


where we have used for 5 flavours): o,(o) c: 0.32 + 0.06 after evolving the value 


o, (M;) = 0.118 4 


- 0.006 from LEP [21] and t-decay data [6—8]. The inclusion of the gluon 


?In the approximation we are working, the effect of the number of flavours enters only through the f-function 
and therefore is not significant. 
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condensate correction shifts the value of Omin to: 


A/ Omin ~ 0.74 /Ocoul š (10) 


These previous values of o confirm the more involved numerical analysis in [12] and indicate 
the relevance of the gluon condensate in the analysis of the spectrum. By introducing the 
previous leading order expression of oc; into the sum rule, one obtains: 


T m | mimos (INB) oum j 
My = 2ms(1+ Za?) f (5e EG) aay eG I an 


where one can deduce by identification in the static limit (mp, — oo) that the Coulombic 
effect is exactly the same in the two approaches. The apparent factor 2/3 is due to the 
fact that we use here the approximate Schwinger interpolating formula for the two-point 
correlator. The gluon condensate coefficient is also about the same in the two approaches. 
This agreement indicates the consistency of the potential model and sum rule approach in 
the static limit, though a new extra a? correction due to the v? (finite mass) terms in the 
free part appears here (for some derivations of the relativistic correction in the potential 
approach see [22,23]), and tends to reduce the Coulombic interactions. On the other hand, at 
the b-quark mass scale, the dominance of the gluon condensate contribution indicates that the 
b-quark is not enough heavy for this system to be Coulombic rendering the non-relativistic 
potential approach to be a crude approximation at this scale. 


4. S? — Sl hyperfine and P — S-wave splittings 


In the non-relativistic approach used in [20], the hyperfine and S-P wave splittings are 
given to leading order by: 


(Cras) T 
M(S}) - M(Sl) = m £79 fi 4 3.255750], 
3 ios 3(C ræs}? 257 j 
MU) M Miss) a | 32 (Crma,)* wee e) 


where Cr — 4/3. Using the double ratio of moments and the QCD corrections given in 
Table 1, one obtains at ocu: 


M(S) - M($) | ,»(oV | 8( mos? 
M(S) (5) Eal 9 ) ** soe 
M(Pj))-M(S) 4x ,, 21 ,, 27 
MS) 8&^*gut 


(0,G?) +--+, 


2 
where the corrections are, respectively, relativistic, Coulombic and non-perturbative. By 
comparing the sum rules in Eqs. (8) and (13), one can realize that the leading x or 1/o- 
terms cancel in the hyperfine splitting, while the x-expansion is slowly convergent for the 
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a,-term at the b-mass. Comparing now this result with the one from the non-relativistic ap- 
proach, it is interesting to notice that both approaches lead to the same a,-behaviour of the 
Coulombic and gluon condensate contributions. A one to one correspondence of each QCD 
corrections is not very conclusive, and needs an evaluation of the correlator at the next-next- 
to-leading order for a better control of the a2x terms. However, as the Coulombic potential 
is a fundamental aspect of QCD, we shall, however, expect that, after the resummation of 
the higher order terms in a,, the coefficient of the o?-term in the hyperfine splitting will 
be the same in the two alternative approaches. In the case of the S — P wave splitting, the 
sum of the a? corrections agrees from the two methods, though one can also notice that the 
relativistic correction is larger than the Coulombic one. The discrepancy for the coefficients 
of the gluon condensate in the two approaches is more subtle and may reflect the difficulty of 
Bell-Bertlmann [19] to find a bridge between the field theory after SVZ (flavour-dependent 
confining potential) and the potential models (flavour-independence). Resolving the differ- 
ent puzzles encountered during this comparison is outside the scope of the present paper. 


5. Leptonic width and quarkonia wave function 


Using the sum rule £y and saturating it by the vector Si state, we obtain, to a good 
approximation, the sum rule: 
2ómMvyo ,.—3/2 8 4 
e o T 
— — x |1 4 z2Jzomo; — —(o,G^)mo?? | , 
7JA/m m | 3 S Ur 


Myľ y > ete- X (veg? 
(14) 


where eg is the quark charge in units of e; dm = My — 2m is the meson-quark mass gap. In 
the case of the b-quark, we use [15] 6m ~ 0.26 GeV, and the value of omin given in Eq. (10). 
Then: 


Urs?) e+e- x ].2keV, (15) 


in agreement with the value found from the data, 1.3 keV. However, one should remark from 
Eq. (14) that the œ, correction is huge and needs an evaluation of the higher order terms 
(the gluon condensate effect is negligible), while the exponential factor effect is large, such 
that one can reciprocally use the data on the width to fix either a, or/and the quark mass. 
Larger value of the heavy quark mass at the two-loop level (see, e.g. [26]) corresponding to 
a negative value of 6m, would imply a smaller value of the leptonic width in disagreement 
with the data. 

In the non-relativistic approach, one can express the quarkonia leptonic width in terms 
of its wave function V(0)9: 


16ra? , 2 as 
Dvee = eg IO» (1 - 405) , (16) 


where (see, e.g. [20]): 
2 as\ Sa 3 
167 |W(0)|5 (1 —4Crp—)c2(mmCpo,) © 15 GeV’. (17) 
T 
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In our approach, one can deduce: 


Q 1 My 
16z |w(0)2,| 1 —4Cg — | — BEM Op BAe 
7| oa( 23 mm ^ o 3i 


8 4 
x |: + a mem, — S es Ghme*?| ~ 18.3 GeV? . 
(18) 


Using the expression of dcou, one can find that, to leading order, the two approaches give 
a similar behaviour for V(0)g in œs and in m and about the same value of this quantity, 
though, one should notice that in the present approach, the QCD coupling a, is evaluated at 
the scale o as dictated by the renormalization group equation obeyed by the Laplace sum 
rule [27] but not at the resonance mass! 


6. Gluon condensate from M,(s:) — M, (si) 


The value of o, at which, the S-wave charmonium ratio of sum rules stabilize is [12]: 


o ~ (0.9 + 0.1) GeV. (19) 


Using the range of the charm quark pole mass to order a, accuracy [15]^: me ~ 1.2-1.5 GeV 
one can deduce the conservative value of x: 


o = 1/x~6.64£18. (20) 


The ratio of the mass squared of the vector V(S 2) and the pseudoscalar PS.) is controlled 
by the double ratio of moments given generically in Eq. (6), where the exact expressions of 
the corrections read: 


AU" 990510001, AVP ~ 0,0233720 , 
+8.86 
AV? ~ 9.774886, , ay 


where each terms lead to be about 0.5, 2 and 7% of the leading order one. One can understand 
from the approximate expressions in Table | that the leading x-corrections appearing in the 
ratio of moments cancel in the double ratio, while the remaining corrections are relatively 
small. However, the x-expansion is not convergent for the w,-term at the charm mass, which 
invalidates the use of the 1/m-expansion done in [28] in this channel. Using for 4 flavours 
[15]: (o) — 0.48* 017. and the experimental data [25]: Ryp = 1.082, one can deduce the 
value of the gluon condensate: 


(o, G?) ~ (0.10 0.04) GeV? . (22) 


We have estimated the error due to higher order effects by replacing the coefficient of œs 
with the one obtained from the effective Coulombic potential, which tends to reduce the 


^For a recent review on the heavy quark masses, see e.g. [24,25]. 
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estimate to 0.07 GeV^. We have tested the convergence of the QCD series in ø, by using the 
numerical estimate of the dimension-six gluon condensate g( f;,,G^ G^ G^) contributions 
given in [14]. This effect is about 0.1% of the zeroth order term and does not influence 
the previous estimate in Eq. (22), which also indicates the good convergence of the ratio of 
exponential moments already at the charm mass scale in contrast with the q? = 0 moments 
studied in [1,29]. We also expect that in the double ratio of moments used here, the radiative 
corrections to the gluon condensate effects (their expression for the two-point correlator is 
however available in the literature [30]) are much smaller than in the individual moments, 
such that they will give a negligible effect in the estimate of the gluon condensate. This 
value obtained at the same level of o/,-accuracy as previous sum rule results, confirm the 
ones of Bell-Bertlmann [11,12,14,30,2] from the ratio of exponential moments and from 
FESR-like sum rule for quarkonia [31,2] claiming that the SVZ value [1] has been under- 
estimated by about a factor 2 (see also [29,32]). Our value is also in agreement with the 
more recent estimate (0.07 + 0.01) GeV* from the r-like sum rules [3], and FESR [34] in 
e*e- — I = | hadrons. A more complete comparison of different determinations is done in 
Table 2. 


7. Charmonium P-wave splittings 


The analysis of the different ratios of moments for the P-wave charmonium shows [11— 
14] that they are optimized for: 


o ~ (0.6 0.1) GeV? , = a(o) = 0.4119, — 1/x = 4.5415. (23) 


In the case of the Scalar p -axial p? mass splitting, the different exact QCD coefficient 
corrections of the corresponding double ratio of moments read: 


AU —1, AU -—(0045,904), — A0 ~ — (7.754284) | (24) 


Using the correlated values of the different parameters, one obtains the mass-splitting 
AM i = Mp; — Mp; ~ (6055) MeV, where we have used the experimental value Mp; = 
3.51 GeV. Adding the (gG?) dimension-six condensate effect, which is about — 1.696 of the 
leading term in 7$9;, one can finally deduce the prediction in Table 2, which is in excellent 
agreement with the data. One should remark that the previous predictions indicate that, for 
the method to reproduce correctly the mass-splittings of the S and P-wave charmonium 
states, one needs both larger values of a, and (o G2) than the ones favoured in the early 
days of the sum rules. 

In the case of the Tensor pj -axial P? mass splitting, the different exact QCD corrections 
for the double ratio of the tensor over the axial meson moments read: 


AP = (0.98900),  aP-(o09.0»), AM = (22148), 05) 


from which, one can deduce the prediction in Table 2, which is slightly higher than the 
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Table 2. Predictions for the gluon condensate, for the different mass-splittings (in units of 
MeV) and for the leptonic widths (in units of keV). We use à,(Mz) = 0.118 + 0.006 from 
LEP and t-decay 


Observables Input Predictions Data/comments 
(a;G?)[GeV]* x 10? My — Mp: = 108 10+4 This work 
Me — M, = 440 6.5 € 2.5 - 
Average qb 2:5 Mass splittings 
Charmonium masses &4 SVZ-value [1] 
q? — 0-mom. 
- 5.3112 q?-mom. [9] 
- 10+2 exp. mom. [11,12] 
- 9.2 3 3.4 mom. [31] 
e*e- — I = 1 hadrons 4+1 ratio of mom. [33] 
- 1373 FESR [34] 
- 7+1 t-like decay [3] 
t-decay (axial) 6.9 + 2.6 [35] 
t-decay data 
ALEPH 7.5 + 3.1 [8] 
CLEO 2.0 + 3.8 [8] 
a,(1.3 GeV) Meçe) 7 Mycp?) 0.647076 +0.02 o (Mz) ~ 0.127 + 0.011 
Mycpi) — Mye(p3) a, from LEP/t-decay 10-1555 11.1 (c.o.m.) 
15.6 (data) 
M(p3) — My(P3) (e, G?)average 89538 95 
Men) - My(p) — - T 3p 
My — My, (a, G2)average 13:0. order or, 
63:5 coeff.a,: Coul. pot. 
M a(r?) — My = 47577 400 
Mys(py) — My = 485123 432 
Mys(p3) — My - 500 + 71 453 
Mys(pi) — My c.o.m. 49213% 440 
Mr — 2n, (o, G^)average —906 two-loop pole mass 
Mr — M, — 1.8 order a, 
93 coeff.a,: Coul. pot. 
M, — Mr - 1800 - 
Dy5ete - 1.2 1.32 
Ure = 0.16 E 


data of 50 MeV. This small discrepancy may be attributed to the unaccounted effects 
of the dimension-six condensate or/and to the (usual) increasing role of the contin- 
uum for state with higher spins. However, the prediction is quite satisfactory within our 


approximation. 
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8. a; from the Pl-P? axial mass splitting 


The corresponding double ratio of moments has the nice feature to be independent of 
the gluon condensate to leading order in o, and reads: 


~ 1+ o (AP (exact) = 0.0147 5.003) - (26) 


The recent experimental value M p= 3526.1 MeV of the P! state denoted by h,(1P) in 

PDG [25] almost coincides with the one of the center of mass energy: 

M$9m = 1 
P 09 


as expected from the short range nature of the spin-spin force [36]. Using this experimental 
value, one can deduce: 


[5Mp; +3Mp + Mps] = 3521.6 MeV (27) 


æs(o ^! ~ 1.3 GeV) ~ 0.647976 + 0.02 => o (Mz) ~ 0.127 + 0.009 + 0.002 . 


(28) 


The error is twice bigger than the one from LEP and t decay data, but its value is perfectly 
consistent with the latter. The theoretical error is mainly due to the uncertainty in Ag, while 
a naive exponential resummation of the higher order a, terms leads to the second error much 
smaller than the previous ones. This value of a, can be useful for an alternative derivation 
of this fundamental quantity at low energies and for testing its q?-evolution. Reciprocally, 
using the value of a, from LEP and t-decay data as input, one can deduce the prediction 
of the center of mass (c.o.m) of the P3 states given in Table 2. 


9. Y — n, mass splitting 


For the bottomium, the analysis of the ratios of moments for the S and P waves shows 
that they are optimized at the same value of c, namely [12]: 


o = (0.35 + 0.05) GeV? , (29) 


which implies for 5 flavours: a;(o0) = 0.32 + 0.06. Using the conservative values of the 
two-loop b-quark pole mass: mp, ~ 4.2—4.7 GeV, one can deduce: 


1/x ~28+7, (30) 


where one might (a priori) expect a good convergence of the 1/m expansion. 
The splitting between the vector Y(S 1) and the pseudoscalar nS) can be done in a 
similar way than the charmonium one. The double ratio of moments reads numerically: 
2 


Ryp > p ~ (0.9995*00002) x [1+ æs (2.4521) x 10? 
P 


+ (0.03 + 0.01) GeV *(o,G?)] , (31) 
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where we have used the exact expressions of the QCD corrections. This leads to the mass 
splitting in Table 2. To this order of perturbation theory, this result is in the range of the 
potential model estimates [36,37,20], with the exception of the one in [17,22], where in the 
latter it has been shown that the square of the quark velocity v? correction can cause a large 
value of about 100 MeV for the splitting. One should also notice that, to this approximation, 
the gluon condensate gives still the dominant effect at the b-mass scale (0.2% of the leading 
order) compared to the one 0.08% from the a,-term. However, the 1/m series of the QCD a, 
correction is badly convergent, showing that the static limit approximation is quantitatively 
inaccurate in the b-channel. Therefore, one expects that the corresponding prediction of 
(13.2 MeV is a very crude estimate. In order to control the effect of the unknown higher 
order terms, it is legitimate to introduce into the sum rule, the coefficient of the Coulombic 
effect from the QCD potential as given by the a?-term in Eq. (12)°. Therefore, we deduce 
the “improved” final estimate in Table 2: 


Mx — Ms, © (63731) MeV , (32) 


implying the possible observation of the 5; from the y radiative decay. 


10. Y — x, mass splittings and new estimate of the gluon condensate 


As the S and P wave ratios of moments are optimized at the same value of c, we can 
compare directly, with a good accuracy, the different P states with the Ys: one. As the 
coefficient of the a2 corrections, after inserting the expression of omin, are comparable with 
the one from the Coulombic potential, we expect that the prediction of this splitting is more 
accurate than in the case of the hyperfine. The different double ratios of moments read 
numerically for the values in Eqs. (28)-(29): 


M2 

Rs = TE = (0.9696 3008) x [1 — a, (0.071788) — (0.50241) GeV-*(,7)] . 
S 
M2 

Ry > T ~ (0.9696*00025) x [1 — œs (0.07476:013) — (0.544915) GeV ^ (o,G?)] , 
A 
M2 

Ryr = m ~ (0.970445 4) x [1 — œs (0.077,60 doe) — (0.574913) GeV ^ (o,G?)] , 
T 


(33) 


where V, S, A, T refer respectively to the y and to the different x; states Pj, p p Using 
the value of the gluon condensate obtained previously, these sum rules lead to the mass 
splittings in Table 2, which is in good agreement with the corresponding data, but definitely 
higher than the previous predictions of [39], where, among other effects, the values of a, 
and of the gluon condensate used there are too low. Reciprocally, one can use the data for 
re-extracting independently the value of the gluon condensate. As usually observed in the 


5In this case, the gluon condensate contribution is smaller than the Coulombic one as has been observed in [38]. 
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literature, the prediction is more accurate for the c.o.m., than for the individual mass. The 
corresponding numerical sum rule is: 


a ~ (1.531639) x 107? + (1.20495) x 107? + (0.2849 98)GeV ^ (o, G?) , 
(34) 

which leads to: 

(0G?) ~ (6.9 + 2.5) x 10? GeV". (35) 


We expect that this result is more reliable than the one obtained from the My — M,, as the 
latter can be more affected by the noncalculated next-next-to-leading perturbative radiative 
corrections than the former. An average of the two results from the yy — n. and Y — xp 
mass splittings leads to: 


(a,G*) œ~ (7.5 E 2.5) x 10? GeV* , (36) 


where we have retained the most precise error. 


11. Update average value of (v, G?) 


The previous result can be compared with different fits of the heavy and light quark 
channels given in Table 2, and which range from 4 (SVZ) to 14 in units of 107? GeV*. 
The most recent estimate from e*e^ — I = 1 hadrons data using t-like decay is (7 + 
1) x 107? GeV", where one should also notice that the different post-SVZ estimates favour 
higher values of the gluon condensate. If one considers this latter as the update of the light 
quark channel estimates and the former as an update of the heavy quark one, one can deduce 


the update average from the sum rule: 


(a,G*) ~ (7.12: 0.9) x 107? GeV? . (37) 


More accurate measurements of this quantity than the already available results from r-decay 
data [8] are needed for testing the previous phenomenological estimates. 


12. Toponium: illustration of the infinite mass limit 


Since only in the case of the toponium, the | /m-expansion is ideal, we have extended the 
previous analysis in this channel, though, we are aware that this application can be purely 
academic because of the eventual non-existence of the corresponding bound states. We 
use the top mass: m, ~ (173 + 14) GeV, obtained from the average of the CDF candidates 
(174 + 16) GeV and of the electroweak data (169 + 26) GeV as compiled by PDG [25]. 
We shall work with the ratio of moments in the vector channel for determining the mass of 
the S i state, and use with a good confidence the leading terms of the expressions given in 
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Table 1. Using the sum rules in Eqs. (8) and (11) and the value of the minimum o M? cm 
20 GeV from Eq. (9), we deduce the result for the meson-quark mass gap given in Table 2. 
For the splittings, we use the sum rules in Eqs. (12) and (13), while, for the leptonic width, 
we use the sum rule in Eq. (14). Our results are summarized in Table 2. 


13. Conclusions 


We have used new double ratios of exponential sum rules for directly extracting the mass- 
splittings of different heavy quarkonia states. Therefore, we have obtained from My — M,, 
and M,, — My a more precise estimate of the value of the gluon condensate given in Eq. 
(36), which combined with the one from t-like decay in ete~ — I = 1 hadrons data leads 
to the update average in Eq. (37) from the sum rule. We have also used M, (p, — M, (ps 
for an alternative extraction of a, at low energy (see Eq. (28)), with a value consistent with 
the one from LEP and t-decay. Our numerical results are summarized in Table 2, where a 
comparison with different estimates and experimental data is done. 

We have also attempted to connect the sum rules and the potential model approaches, 
using a 1/m-expansion. We found, that the Coulombic corrections, which are quite well 
understood in QCD, agree, in general, in the two approaches, except in the radiative cor- 
rections of the hyperfine splitting which requires the knowledge of the next-next-to-leading 
&/,-corrections. Relativistic corrections due to finite value of the quark mass have been in- 
cluded in our analysis. However, the coefficients of the gluon condensate disagree in the 
two approaches, which may be related to the difficulty encountered by Bell-Bertlmann in 
finding a bridge between a field theory after SVZ and potential models. 
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52 
The QCD condensates 


We anticipated this discussion in Chapter 27 when we discussed the anatomy of the SVZ 
expansion. Here, we shall review the different determinations of the QCD condensates from 
QSSR. 

Indeed, a good control of the values of the QCD condensates is necessary in the phe- 
nomenological applications of QSSR. The non-vanishing value of the light quark conden- 
sate, which we shall discuss in the next section, is intimately related to the GMOR realization 
of chiral symmetry, as can be inferred from the PCAC relation. SVZ [1,654] have also pos- 
tulated that QCD is spontaneously broken by the gluon condensate, which they confirm 
from their analysis of the charmonium sum rule. The non-vanishing value of the gluon 
condensate and the gluon correlation length has been also checked on the lattice [402]. 
Since the pioneering work of SVZ, [1] a lot of effort has been devoted to this issue as can 
be found in the long list of published papers in this subject (for reviews see e.g. [3],[51,46], 
[356-363]). The condensates have been extracted from the light mesons [403—409], [325], 
[33,328], [341,387], and in [329] (Section 52.10), from the baryons [424—430], from the 
heavy quarkonia [433,434], and [313] (Section 51.3), and from the heavy-light mesons 
[401]. 

The ete~ — hadrons and t-decays data have been always used as a laboratory for testing 
the perturbative and non-perturbative structure of QCD [1,3,325], [403-409], [346,338,341] 
and [329,161] (Sections 19.4 and 52.10). As already mentioned, these channels have the 
great advantage that the spectral functions are measured in a region where pQCD is ap- 
plicable and therefore the analysis does not suffer from any model dependence in the 
parametrization of the spectral functions. Therefore, one expects that the determinations 
from these channels are model-independent. 


52.1 Dimension-two tachyonic gluon mass 


e ete” — I = 1 hadrons below 2 GeV has been also used for extracting the hypothetical dimension- 
two term beyond the SVZ expansion which has been interpreted in [161] as the effect due to a 
tachyonic gluon mass. In [341,329], ratios of Laplace sum rules and t-like sum rules which can 
disentangle the leading radiative perturbative corrections from the non-perturbative contributions 


have been used. As a result, one is able to extract the tiny contribution due to the dimension-two 
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terms. The outcome of the analysis is: 
as 
d, = —1.05 (=) A? œ (0.03 ~ 0.07) GeV? . (52.1) 
T 
This is not the case of other attempts (see e.g. [653]), where in these approaches the œ, contribution 
masks the one of the tachyonic gluon mass. 
* [n [161], an alternative estimate of this quantity has been produced in the pseudoscalar channel 
where one can notice that the size of this contribution is about four times the one in the p-meson 
channel, such that its effect is more sizeable. At the optimization scale of the sum rule, one obtains: 


(=) a2 œ —(0.12 + 0.06) GeV? , (52.2) 
T 


which is more precise than the etimate using e*e~ data but still inaccurate. 
¢ The value quoted in Table 48.2 corresponds to the intersection of these two estimates which we 
take to be: 


(=) a2 —(0.06 ~ 0.07) GeV? . (52.3) 
T 


52.2 Dimension-three quark condensate 


The derivation of the (yy) condensate from the sum rules will be discussed in the chapter 
on light quark masses and light baryons. 


52.3 Dimension-four gluon condensate 


* The estimate of the gluon condensate from t-decays [328,33] is not very conclusive, which one can 
understand from [325] because its contribution has an extra œ, correction in the QCD expression of 
the t width. In this case, the analysis of ete~ data from the usual QSSR (in particular the Laplace 
sum rule) is superior. Most recent results using e*e^ data have been obtained in the Section 52.10. 
It reads: 


(a,G?) c (7.12: 0.7) x 10? GeV* , (52.4) 


showing that the original SVZ result has been underestimated by a factor of about 2. An analogous 
result has been already obtained in the past by Bell-Bertlmann [91—93] using Laplace sum rules for 
heavy quark systems and adding a quantum mechanics argument for supporting their result. Similar 
conclusions have been reached in [655—658], while the validity of the SVZ value has been also ques- 
tioned in [659]. Analogously [405,406] use high moments in n of FESR in e*e^ — I = 1 hadrons 
and have found larger values of the different condensates but the results were not very convincing 
due to the large sensitivity of the moments on the high-energy tails of the spectral functions. 

* [n [3], we have reworked in detail the different estimates of the gluon condensate from charmonium 
systems and come to the conclusions that using the standard sum rules of SVZ, one cannot 
extract an accurate value of the gluon condensate from the charmonium sum rules because of the 
uncertainties induced by the correlated value and definition of the charm quark mass. The emerging 
value from different heavy quark sum rules analysis is [3]: 


(0G?) c (4 ~ 6) x 10? GeV* . (52.5) 
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* However, working with sum rules which can disentangle these different contributions, one can 
extract a more precise result. In Section 51.3, one has observed after examining the different QCD 
contributions in various quarkonia sum rules that the ones for the J/ v — n. and Y — n, mass 
splittings is quite sensitive to the value of the gluon condensate, which one can disentangle from 
the quark mass and leading o; corrections. In the case of the J/w-n-, the sum rule reads: 


M2 4r 
Ree M AVP | +a,(o)Ay? + cor 


«array? | ; (52.6) 
My. 


where o ~ (0.940.1) GeV~*; 1/x =4M?o ~ (6.6 + 1.8) if one uses the conservative value 
of the charm pole mass M, ~ (1.2 ~ 1.5) GeV, while numerically, the complete non-expanded 
expressions in the quark mass read: 


AGS es 9050 AY? = 0.0233700 AV? = 29.771009 > (52.7) 


which leads, respectively, to a correction of about 0.5, 2 and 7% of the leading order term for 
a typical value of the QCD parameters. It is informative to give the expression of these terms in 
the limit where the quark mass is large. In this way, one obtains to leading order in x from the 
table in Section 51.3 


2 5 4 
AL, =1— 3 AYP = VE an + 1.539x? Av = (: — =) ; (52.8) 


Os 


which shows, in particular, that the x dependence appearing in the gluon condensate correction is 
partially compensated by the 1/x behaviour of AY”. Using the experimental value Ry> = 1.082 
and o, (0) = 0.48*1, for four flavours, one obtains: 


(æ G?) = (10 + 4)10? GeV*. (52.9) 


A similar analysis for the Y- x, mass-splitting gives a much more accurate result as we work 
at higher scales. Numerically, the sum rule reads [313]: 


com __ 
Mr, My 


» ~ (1.53025) x 107? + (1.2000) x 107? + (0.28308) GeV-*(o,G?) , (52.10) 
Y 


where M7?" is the centre of mass energy: 
c.o.m 1 
Me™ = 9M» *3Mp + Mps], (52.11) 


with Pj, P? and Pj refer respectively to the scalar, axial vector and tensor x; states. Using the 
experimental value of these mass-splittings, the analysis leads to: 


(a,G?) = (6.9 + 2.510? GeV‘ , (52.12) 
The two channels give the average: 
(a,G?) = (7.5 + 2.510? GeV‘ , (52.13) 


in good agreement with the previous value from ete~ — I = 1 hadrons data, although less precise. 
* The average of these results from different sources reads: 


(a,G?) = (7.1 + 0.910? GeV‘ , (52.14) 
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which we consider as a final estimate from the sum rules compiled in Table 48.2. Lattice 
calculations support the above phenomenological estimate [402]. 


We then conclude from the previous analysis that the gluon condensate also breaks sponta- 
neously QCD in a similar way that the quark condensate does for chiral symmetry. A more 
physical intuitive picture of the non-vanishing value of the gluon condensate is given in 
[654]. 


52.4 Dimension-five mixed quark-gluon condensate 


* As discussed previously in Chapter 27, the mixed condensate can be parametrized as: 
aye - 
Ü XesGry) = Moa! P ry), (52.15) 


where yy = 1/3 is the anomalous dimension. Due to its important róle in the baryon sum rules 
analysis of odd dimension F part of the correlator, the size of the mixed condensate has been 
initially obtained from this channel [424—430], where the result also appears to be independent of 
the choice of the nucleon interpolating currents. It reads: 


Mè ~ 0.8 GeV’ . (52.16) 


Alternatively, the mixed condensate has been also obtained from the heavy-light quark systems 
[401], as it has been noticed that the B and B* masses are quite sensitive to this quantity, which 
acts in opposing directions. A priori, this latter method is more reliable than the previous baryon 
sum rules, due to the smaller complication of this meson channel. It gives a result that is consistent 
with the one from the baryon sum rules, and extraordinarily accurate: 


M2 = (0.80 + 0.01) GeV? , (52.17) 


to the order we have used. 
* From these two completely independent analyses, we deduce the value given in Table 48.2: 


Mà = (0.8 + 0.1) GeV? , (52.18) 


where we have estimated the error to be about 10% typical of the sum rule analysis. This result is 
in agreement, with the quenched lattice estimate [660], and with the one from an effective quark 
interaction model [661]. The result from an instanton liquid model [662] appears to be too high. 
The analysis of [663] also indicates that the mixed condensate shows a SU(3) breaking analogous 
to the one of the quark condensate. However, this result is opposite with the one from baryon sum 
rules [426]. The discrepancy of these two results needs clarification. 


52.5 Dimension-six four-quark condensates 


In Section 52.10 the e*e^ — I = 1 hadrons data have been used for estimating the non- 
perturbative condensates. The result obtained in [329] after using different forms of the sum 
rules and the last iteration of different steps is quoted in Table 48.2. It reads: 


5 ~= (3.7 £ 0.6) x 10? (52.19) 
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Fig. 52.1. Dimension-six condensate contributions to R; y;4. 


which is normalized as in Eq. (25.49): 


7 2565? z 
MÉE 4 = ‘ee 7s (Hw)? , (52.20) 


where o — 1 if one uses vacuum saturation for the estimate of the four-quark operators. 
For a comparison, Fig. 52.1 (figure taken from ALEPH) shows the different estimates from 
t-decay in the vector (V) and axial-vector (A) channels. The ALEPH result is [33]: 


8 ~ sÉ = (2.940.4)x 107, 8%, =-0.1+40.4)x 10. (5221) 


The BNP [325] result shown in Fig. 52.1 is based on the vacuum saturation assumption 
for the ratio of the axial-vector over the vector channel contributions. One should, however, 
notice that the result of Section 52.10 quoted by ALEPH in this figure corresponds to the 
first iteration result in the section. The improved result obtained in Section 52.10 and quoted 
in Table 48.2 has a central value slightly higher and more precise than the one quoted in 
Fig. 52.1. It corresponds to the value quoted in Eq. (52.19) which is more precise and in 
excellent agreement with the ALEPH result. 

We conclude from the previous analysis that the vacuum saturation or equivalently the 
leading 1/N, is a very crude estimate of the four-quark condensate values. In most cases, 
the real value is two to three times the vacuum saturation value. These recent results confirm 
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earlier estimates from e+e data using the ratio of moments [404] and from baryon sum 
rules [424]. 


52.6 Dimension-six gluon condensates 


These condensates have already been discussed in Chapter 27. To my knowledge, there 
are no sum rules estimates of these quantities. Therefore, we have nothing to add to the 
discussions in the previous chapter. We shall use the value given in Table 48.2 coming from 
a conservative range from lattice [402] and DIGA model. 


52.7 Dimension-eight condensates 


In Section 52.10, the analysis has been pursued for fixing the size of the dimension-eight 
condensates appearing in the OPE of the vector channel. The final result quoted there is: 


dgy = M98 ~ —(1.5 + 0.6) GeV? , (52.22) 


normalized in the same way as in Eq. (25.49), although a value of —(0.85 + 0.18) GeV? 
has also been obtained in the first stage of the iteration. This result is consistent with the 
one about —0.95 GeV? in [346] and the one from ALEPH [33]: 


dgy = —(0.9 + 0.1) GeV? (52.23) 


and of OPAL [33]: 


ds. y = —(0.8 + 0.1) GeV? (52.24) 


from t-decay data. We can consider as a final result from the different estimates the 
(arithmetic) average value: 


dg y = M85® ~ —(1.1 0.3) GeV? (52.25) 


The axial-vector channel is only accessible from t-decay data. The results from 
ALEPH is: 


dg A = (0.8 + 0.1) GeV? , (52.26) 
and from OPAL: 


ds, A = (0.4 + 0.2) GeV? , (52.27) 


where the two central values differ almost by a factor 2. We adopt the average of the two 
results as a final estimate: 


dg a = M38? ~ (0.6 + 0.2) GeV? . (52.28) 
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These estimates are about one order of magnitude bigger than the rough estimate coming 
from the vacuum saturation [325]:! 


39 
dg. y © dg, A © -ig" ec =~ 0.01 GeV? . (52.29) 


A fit of the (pseudo)scalar channel [394] also shows that the size of the D = 8 condensates 
needed to reproduce the lattice data [393] at large x is also much bigger than the one from 
the vacuum saturation estimate of these operators. 


52.8 Instanton like-contributions 


In Section 52.10 an attempt has been made to estimate the contributions of the dimension- 
nine operators which can mimic the instanton-like effects to the vector correlator [382—387]. 
The result of the analysis is: 


(9) TR 4 f 1.78 3 
ôy = ôy“ = —(7.0 + 26.5)107 pr E (52.30) 
which is completely negligible in the sum rule working region. This result confirms the 
alternative phenomenological estimate [387]: 


855 273 x 1073, (52.31) 
and theoretical estimate [385]: 
855 a 2 x 105 (52.32) 


at the t mass. In [384], one also expects a further cancellation for the sum of the vector and 
axial-vector channels: 


bya © T : (52.33) 

Although there is a concensus over the negligible effect of small size instantons in 
the V/A channels, the situation in the (pseudo)scalar channel is more controversial. In 
[385], one also expects that the instanton effect is negligible at the sum rule working scale 
of about 1 GeV, while in [383] one expects that it breaks completely the OPE in this 
channel. 

In the remaining part of the discussions of this book, we shall adopt the pragmatic attitude 
that the usual OPE describes the (pseudo)scalar channel and the inclusion of the quadratic 
term restores the discrepancy between the scales in the p and x meson sum rules [161]. This 
attitude is supported by the lattice result for the (pseudo)scalar two-point function [393], 
which can be fitted quite well until large x by the OPE including quadratic A? term and the 
dimension-eight condensate. 


! A missprint of a factor 1/7? has been corrected in the BNP formula. 
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52.9 Sum of non-perturbative contributions to e*e^ — I = 1 hadrons 
and t decays 


A fit of the sum of the different non-perturbative terms entering in the QCD expression of 
t decays has been also done by ALEPH and OPAL [33,328]. Using the normalization in 
Section 25.5, ALEPH obtains: 


ônp.v =0.02040.017,  ônp a = —0.027 + 0.009,  dyp.v44 = —0.003 + 0.005, 
(52.34) 


while OPAL obtains for different structures of the perturbative QCD series: 


ônp,v = 0.016 + 0.004, | óyp,4 = —0.023 + 0.004, ônp,v+a = —0.0035 + 0.0035 . 

(52.35) 
In Section 52.10, the sum of the different non-perturbative contributions including the 
dimension-nine condensates from et e~ data is found to be: 


ônp,v = 0.024 + 0.009 (52.36) 


in good agreement with the former results from t-decays. 


52.10 Reprinted paper 
OCD tests from ete~ — I = 1 hadrons data and implication 
on the value of as from t-decays 
S. Narison 


Reprinted from Physics Letters B, Volume 361. pp. 121—130, Copyright (1995) with permission from Elsevier 
Science. 


1. Introduction 


Measurements of the QCD scale A and of the q?-evolution of the QCD coupling are 
one of the most important tests of perturbative QCD. At present LEP and r-decay data 
[1-7] indicate that the value of o; is systematically higher than the one extracted from 
deep-inelastic low-energy data! . The existing estimate of œ, from QCD spectral sum rules 
[9] Ala SVZ [10] in e* e^ data [11,12] apparently favours a low value of o;,, a result, which 
is, however, in contradiction with the recent CVC-test performed by [13] using et e7 data. It 
is therefore essential to test the reliability of the low-energy predictions before speculating 
on the phenomenological consequences implied by the previous discrepancy. 

Deep-inelastic scattering processes need a better control of the parton distributions and of 
the power corrections in order to be competitive with the LEP and tau-decay measurements. 
In addition, perturbative corrections in these processes should be pushed so far such that the 
remaining uncertainties will only be due to the re-summation of the perturbative series at 
large order. Indeed, the t-decay rate has been calculated including the a?-term [3], while an 


'However, new results of jet studies in deep-inelastic ep-scattering at HERA for photon momentum transfer 
10 < Q? [GeV] < 4000 give a value of a, [8] compatible with the LEP-average. 
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estimate [14] and a measurement [15] of the a? coefficient is done. Moreover, a resummation 
of the (6,a,)” of the perturbative series is now available [16]. 

The QCD spectral sum rule (QSSR) [9] à la SVZ [10] applied to the 7 — 1 part of the 
e*e- — hadrons total cross-section has a QCD expression very similar to the t-decay 
inclusive width, such that on a theoretical basis, one can also have a good control of it. 

In a previous paper [17], we have derived in a model-independent way the running 
mass of the strange quark from the difference between the J = 1 and J = 0 parts of the 
*e- — hadrons total cross-section. In this paper, we pursue this analysis by re-examining 
the estimate of a, and of the condensates including the instanton-like and the marginal 
D = 2-like operators obtained from the J = 1 channel of the e*e^ data. In so doing, we 
re-examine the exponential Laplace sum rule used by [11] in et e^ , which is a generalization 
of the o-meson sum rule studied originally by SVZ [10]. We also expect that the Laplace 
sum rule gives a more reliable result than the FESR due to the presence of the exponential 
weight factor which suppresses the effects of higher meson masses in the sum rule. This 
is important in the particular channel studied here as the data are very inaccurate above 
1.4-1.8 GeV, where, at this energy, the optimal result from FESR satisfies the so-called 
heat evolution test [12,18,19]. That makes the FESR prediction strongly dependent on the 
way the data in this region are parametrized, a feature which we have examined [13,20] for 
criticizing the work of [21]. We also test the existing and controversial estimates [18,19] of 
the D — 2-type operator obtained from QSSR. Combining our different non-perturbative 
results with the recent resummed perturbative series [16], we re-estimate and confirm the 
value of a, from r-decays. 


e 


2. a, from e*e^ — I = 1 hadrons data 


Existing estimates of a, or A from different aspects of QSSR fore*e^ — I = 1 hadrons 
data [11,12] lead to values much smaller than the present LEP and r-decay measurements 
[3-7]. However, such results contradict the stability-test on the extraction of a, from t-like 
inclusive decay [13] obtained using CVC in e*e^ [22] for different values of the t-mass. 
In the following, we shall re-examine the reliability of these sum rule results. 

We shall not reconsider the result from FESR [12] due to the drawbacks of this method 
mentioned previously, and also, because the FESR-analysis has been re-used recently 
[18,19] in the determination of the D —2-type operator, which we shall come back later on. 

A3 and the condensates have been extracted in [11] from the Laplace sum rule: 


2 oo 

£s tf ds e R'="(s) (1) 
3 4m2 

and from its t = 1/ M? derivative: 
2 oo 

m sof ds s e~** RI-M(s), (2) 
3 4m? 

where: 


z _ o(ete~ — I hadrons) 
R= - P 3) 
o(ete- > wtp) 
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In the chiral limit m, = mg = 0, the QCD expressions of the sum rule can be written as: 


Li=1+ $ aP. (4) 


D=0,2.4,... 
The perturbative corrections can be deduced from the ones of R/=! obtained to order o: 
I=1 3 2 3 4 
R () = 5 {1 tas Fia; + Faa; + O(a;)} , (5) 


where, for 3 flavours: F4 = 1.623 [23], F4 = 6.370 [24]; the expression of the running cou- 
pling to three-loop accuracy is: 


(9) = a [1 — «P jog og 
as(v) =a, a, By og log AZ 
£i 2 5 f v? 
+ ey log — — — log log — 
er) Bi A? Of A? 
2 
-B+2l+o(@), (6) 
1 
with: 
1 
PLI E (7) 
—filog(v/A) 


and fj; are the O(a') coefficients of the B-function in the MS scheme for n; flavours: 


b= 11 E 
JE d cie 
51 | 19 
Bo E + 12"f 
1 5033 325 
= — | —2857 + =n; — — |. 8 
Ps al Sg v) 
For three flavours, we have: 
By —9/2, p» = —8, B3 = —20.1198 . (9) 


In the chiral limit, the D = 2-contribution vanishes. It has also been proved recently [16] 
that renormalon-type contributions induced by the resummation of the QCD series at large 
order cannot induce such a term. 

In the chiral limit, the D = 4 non-perturbative corrections read [10,3]: 


AC = —A®, (10) 
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The D — 6 non-perturbative corrections read [10]: 


4487? 
AP =- D p(üu)? 


A® = —2A(9 | (11) 


We shall use, in the first iteration of the analysis, the conservative values of the condensates 
[9,3]: 


(a,G*) = (0.06 + 0.03) GeV’, 
p(üu)) = (3.8 + 2.0)107^ GeV$, (12) 


and high values of A from LEP and tau-decay data [1—4] for 3 flavours: 


A3 = 375* 15 MeV, (13) 


corresponding to a,(Mz) = 0.118 + 0.06. 

The phenomenological side of the sum rule has been parametrized using analogous data 
as [11] and updated using the data used in [13]. The confrontation of the QCD and the 
phenomenological sides of the sum rules is done in Fig. la and in Fig. 2a for a giving 
value of A4 = 375 MeV and varying the condensates in the range given previously. One 
can conclude that one has a good agreement between the two sides of £; for M > 0.8 GeV 
and of £5 for M > 1.0 ~ 1.2 GeV. The effects of the condensates are important below 1 
GeV for £; and below 1.3 GeV for £2. In Fig. 1b and Fig. 2b, we fix the condensates at 
their central values and we vary A5 in the range given above. One can notice that a value of 
A3 as high as 525 MeV is still allowed by the data, while the shape of the QCD curve for 
£ changes drastically for a high value of A5. This phenomena is not informative as, below 
1 GeV, higher dimension condensates can already show up and may break the Operator 
Product Expansion (OPE). 

By comparing these results with the ones of [11], one can notice that our QCD prediction 
for £ corresponding to the previous set of parameters is as good as the one of [11] obtained 
from a different set of the QCD parameters, while for that of £2, the agreement between the 
two sides of the sum rule is obtained here at a slightly larger value of M for high values of A5. 

One can clearly conclude from our analysis is that the exponential Laplace sum rules 
applied to e*e^ — I = 1 hadrons data do not exclude values of ^4 obtained from LEP 
and t-decay data. Contrary to some claims in the literature, the sum rules cannot also give 
a precise information on the real value of A; if the condensates are allowed to move inside 
the conservative range of values given in Eq. (12). It is also important and reassuring, that 
our analysis supports the value of A4 obtained from t-decay and used in e*e^ via CVC 
[22] for the stability-test of the prediction for different values of the t-mass [13] as we shall 
see also below. 
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Fig. 1. (a) The Laplace sum rule £; versus the sum rule parameter M. The dashed curves correspond to 
the experimental data. The full curves correspond to the QCD prediction for A4 = 375 MeV, (a, G°) = 
0.06 + 0.03 GeV* and po, (iu)? = (3.8 + 2.0)107* GeV. (b) The same as Fig. la but for different 
values of A4 and for (a,G?) = 0.06 GeV* and pa, (ñu)? = 3.8 107* GeV$. 


3. The condensates from r-like decays 


In so doing, we shall work with the vector component of the t decay-like quantity 
deduced from CVC [22]: 


2 
3 cos? 0, : gx 2sN S 
Ram Sew x f ds (1-3) (oi) an eerie (14) 
0 


where Sgw = 1.0194 is the electroweak correction from the summation of the leading-log 
contributions [25]. 
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Fig. 2. (a) The same as Fig. la but for £2. (b) The same as Fig. 1b but for £2. 
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Fig. 3. Experimental value of the ratio of Laplace sum rules R(t) versus the sum rule variable 
t = 1/M?. 
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This quantity has been used in [13] in order to test the stability of the a,-prediction 
obtained at the t-mass of 1.78 GeV. It has also been used to test CVC for different exclusive 
channels [13,26]. Here, we shall again exploit this quantity in order to deduce model- 
independent informations on the values of the QCD condensates. The QCD expression of 
R,,1 reads: 


3 
Ry.) = > cos” 6,Sgw x (1+ êw tO M 8), (15) 
2 D=2,4.... 
where ógw = 0.0010 is the electroweak correction coming from the constant term [27]; the 
perturbative corrections read [3]: 


S M, 
30 (a S at) 4 5.2023a? + 26.36603 4--.. , (16) 


The a? coefficient has also been estimated to be about 103 [14,15], though we shall use 
(78 + 25) a? where the error reflects the uncalculated higher order terms of the D-function, 
while the first term is induced by the lower order coefficients after the use of the Cauchy 
integration. 

In the chiral limit m; = 0, the quadratic mass-corrections contributing to aO vanish. 
Moreover, it has been proved [16] that the summation of the perturbative series cannot 
induce such a term, while the one induced eventually by the freezing mechanism is safely 
negligible [28,18]. Therefore, we shall neglect this term in the first step of our analysis. We 
shall test, later on, the internal consistency of the approach if a such term is included into 
the OPE. 

In the chiral limit m; = 0, the D = 4 contributions read [3]: 


11. 5(o0,G?) 
Ta 


475 Ma 


aP = ; (17) 


which, due to the Cauchy integral and to the particular s-structure of the inclusive rate, the 
gluon condensate starts at O(a2). This is a great advantage compared with the ordinary sum 
rule discussed previously. The D — 6 contributions read [3]: 


2562? pas (Jii)? 
6 S iYi 
8&8 —7 


; 18 
27 M$ (18) 
The contribution of the D = 8 operators in the chiral limit reads [3]: 
39 2 ,G? 2 
jg c WC (19) 


162  M$ 


The phenomenological parametrization of R,,; has been done using the same data input as 
in [18,13]. We give in Table 1 its value for different values of the tau-mass. Neglecting the 
D = 4-contribution which is of the order a2, we perform a two-parameter fit of the data 
for each value of A5 corresponding to the world average value of a,(Mz) = 0.118 + 0.006 
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Table 1. Phenomenological 
estimate of R; ı 


M,[GeV] Ria 
1.0 1.608 + 0.064 
1.2 1.900 + 0.075 
1.4 1.853 + 0.072 
1.6 1.793 + 0.070 
1.8 1.790 + 0.081 
2.0 1.818 + 0.097 


Table 2. Estimates of dg and dg from R, for different 
values of A3 


A3 [MeV] ds [GeV] —ds [GeV*] 
480 —0.07 + 0.43 1.15 0.40 
375 0.27 + 0.34 0.69 + 0.31 
290 0.58 + 0.29 0.83 + 0.27 


[1.2] and by letting the D — 6 and D — 8 condensates as free-parameters. We show the 
results of the fitting procedure in Table 2 for different values of A5. 

The errors take into account the effects of the t-mass moved from 1.6 to 2.0 GeV, which 
is a negligible effect, and the one due to the data. One can notice that the estimate of the 
D — 8 condensates is quite accurate, while the one of the D — 6 is not very conclusive 
for A5 > 350 MeV. Indeed, only below this value, one sees that the D = 6 contribution is 
clearly positive as expected from the vacuum saturation estimate. This fact also explains 
the anomalous low value of —dg around this transition region. Using the average value of 
A3 in Eq. (13), we can deduce the result: 


dg = M88 = —(0.85 + 0.18) GeV? 
ds = M°S = (0.34 + 0.20) GeV$ , (20) 


which we shall improve again later on once we succeed to fix the value of dg. 


4. The condensates from the ratio of the Laplace sum rules 


Let us now improve the estimate of the D = 6 condensates. In so doing, one can remark 
that, though there are large discrepancies in the estimate of the absolute values of the 
condensates from different approaches, there is a consensus in the estimate of the ratio of 
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the D = 4 over the D = 6 condensates:” 


(ots G?) 


ras [GeV 7] = z = 94.80 + 23 [29] 


por (uu) 
96.20 + 35 [12] 
114.6 + 16 [30] 


92.50 + 50 [32]. (21) 


from which we deduce the average: 


rag = (105.9 + 11.9) GeV? . Q2) 


We use the previous informations on dg and r46 for fitting the value of the D = 4 condensates 
from the ratio of the Laplace sum rules: 


Ly 
R()scr7—, 23 

(T) L (23) 
used previously by [29] for a simultaneous estimate of the D = 4 and D = 6 condensates. 
We recall that the advantage of this quantity is its less sensitivity to the leading order 
perturbative corrections. The phenomenological value of R(t) is given in Fig. 2. Using a 
one-parameter fit, we deduce: 


(æ, G?) = (6.1 + 0.7) 107? GeV? . (24) 


Then, we re-inject this value of the gluon condensate into the tau-like width in Eq. (14), 
from which we re-deduce the value of the D — 8 condensate. After a re-iteration of this 
procedure, we deduce our final results: 


(eG?) = (7.12 0.7) 10? GeV* , 
dg = —(1.5 0.6) GeV? . (25) 


Using the mean value of r46, we also obtain: 


pa, (üu)? = (5.8 + 0.9) 1074 GeV$ . (26) 


We consider these results as an improvement and a confirmation of the previous result in 
Eq. (12). It is also informative to compare these results with the ALEPH and CLEO II 
measurements of these condensates from the moments distributions of the t-decay width. 
The most accurate measurement leads to [5]: 


(0.,G^) = (7.8 43.1) 10? GeV* , (27) 


while the one of dg has the same absolute value as previously but comes with the wrong sign. 
Our value of dg is in good agreement with the one dg ~ —0.95 GeV? in [13,6] obtained from 


?We have multiplied the original error given by [30] by a factor 10. The constraint obtained in [31] is not very 


conclusive as it leads to rag < 110 GeV~2 and does not exclude negative values of the condensates which are 
forbidden from positivity arguments. 
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the same quantity, but it is about one order of magnitude higher than the vacuum saturation 
estimate proposed by [33] and about a factor 5 higher than the CLEO II measurement. 
However, it is lower by a factor 2~3 than the FESR result from the vector channel [32]. 
The discrepancy with the vacuum saturation indicates that this approximation is very crude, 
while the one with the FESR is not very surprising, as the FESR approach done in the 
vector and axial-vector channels [12,32] tends always to overestimate the values of the 
QCD condensates. The discrepancy with the CLEO II measurement can be understood 
from the wrong sign of the D = 6 condensate obtained there and to its correlation with the 
D = 8 one. 


5. Instanton contribution 


Let us now extract the size of the instanton-like contribution by assuming that it acts 
like a D > 9 operator. A good place for doing it is R+, as, in the Laplace sum rules, this 
contribution is suppressed by a 8! factor implying a weaker constraint. Using the previous 
values of the D = 6 and D = 8 condensates, we deduce: 


8? = at — —(7.0 + 26.5) 1074(1.78/M;} , (28) 


which, though inaccurate indicates that the instanton contribution is negligible for the vector 
current and has been overestimated in [34] (sinst x 0.03 ~ 0.05). Our result supports the 
negligible effects found from an alternative phenomenological [35] (sinst ~ 3 x 107?) and 
theoretical [36] of 7: 2 x 1075) analysis. Further cancellations in the sum of the vector 
and axial-vector components of the tau widths are however expected [34,35] (6 inst ay 359 Du 


6. Test of the size of the 1/M?-term 


Let us now study the size of the 1/M2-term. From the QCD point of view, its possible 
existence from the resummation of the PTS due to renormalon contributions [28] has not 
been confirmed [16], while some other arguments [28,37] advocating its existence are 
not convincing and seems to be a pure speculation. Postulating its existence (whatever its 
origin!), [18] has estimated the strength of this term by using FESR and the ratio of moments 
R(t). As already mentioned earlier, the advantage in working with the ratio of moments is 
that the leading order perturbative corrections disappear such that in a compromise region 
where the high-dimension condensates are still negligible, there is a possibility to pick up 
the 1/M. 2-contribution. Indeed, using usual stability criteria and allowing a large range of 
values around the optimal result, [18] has obtained the conservative value: 


dy = Cy = 81M? ~ (0.03 ~ 0.08) GeV? , (29) 


?In the normalization of [32], our value of dg translates into Cg(Og) = (0.18 + 0.04) GeV$. 
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Table 3. Estimates of (o, G?) from R(x) for different 
values of dz 


dy [GeVF [18] —d; [GeV]? [19] (a,G2) 10? [GeV^] 
0.03 7840.5 
0.05 8.1 +0.5 
0.07 8.6 +0.5 
0.09 9.10.5 
0.2 3.2 + 0.29 
0.3 1.2 +0.29 
0.4 —0.7 + 0.6 


while the estimate of [18] from FESR applied to the vector current has not been very 
conclusive, as it leads to the inaccurate value: 


d; ~ (0.02 £0.12) GeV? . (30) 


However, the recent FESR analysis from the axial-vector current [19] obtained at about 
the same value of the continuum threshold ¢, satisfying the so-called evolution test [12], 
disagrees in sign and magnitude with our previous estimate from the ratio of moments and 
is surprisingly very precise compared with the result in Eq. (30) obtained from the same 
method for the vector current. If one assumes like [19] a quadratic dependence in A5, the 
result of [19] becomes for the value of A5 in Eq. (13): 


d; ~ —(0.3 + 0.1) GeV? , (31) 


We test the reliability of this result, by remarking that d» (if it exists!) is strongly correlated 
to d4 in the analysis of the ratio of Laplace sum rules Rœ), while this is not the case between 
d» or d4 with dg and dg. Using our previous values of dg and ds, one can study the variation 
of d4 given the value of d». The results given in Table 3 indicate that the present value of 
the gluon condensate excludes the value of d» in Eq. (31) and can only permit a negligible 
fluctuation around zero of this contribution, which should not exceed the value 0.03 ^ 0.05. 
This result rules out the possibility to have a sizeable 1/ M2-term [28,37] and justifies its 
neglect in the analysis of the t-width. More precise measurement of the gluon condensate 
or more statistics in the t-decay data will improve this constraint. 


7. Sum of the non-perturbative corrections to R, 


Using our previous estimates, it is also informative to deduce the sum of the non- 
perturbative contributions to the decay widths of the observed heavy lepton of mass 1.78 
GeV. In so doing, we add the contributions of operators of dimensions D — 4to D — 9 and 
we neglect the expected small 8O)-contribution. 
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Table 4. QCD predictions for R, using the contour 
coupling-expansion 


3 


6 


o, (M:) a; a; a; as 
0.26 3.364 + 0.022 3.370 3.380 + 0.019 3.381 
0.28 3.402 + 0.024 3.411 3.426 + 0.019 3.426 
0.30 3.442 + 0.026 3.453 3.474 + 0.021 3.472 
0.32 3.484 + 0.030 3.498 3.526 + 0.023 3.520 
0.34 3.526 + 0.033 3.546 3.582 + 0.031 3.568 
0.36 3.571 + 0.040 3.594 3.640 + 0.045 3.613 
0.38 3.616 + 0.040 3.645 3.706 + 0.069 3.655 
0.40 3.664 + 0.040 3.700 3.775 + 0.108 3.685 
For the vector component of the tau hadronic width, we obtain:^ 
y= 2» (P = (2.38 + 0.89)10 7 , (32) 


while using the expression of the corrections for the axial-vector component given in [3], 
we deduce: 


XP = —(7.95 + 1.12)10°? , (33) 
and then: 

1 
BNP = 5 (Sy) + 84°) 0793062107, (34) 


Our result confirms the smallness of the non-perturbative corrections measured by the 
ALEPH and CLEO II groups [5]: 


5NP = (0.3  0.5)107? , (35) 


exp 


though the exact size of the experimental number is not yet very conclusive. 


8. Implication on the value of a, from R, 


Before combining the previous non-perturbative results with the perturbative correction 
to R;, letus test the accuracy of the resummed (o; 6; )” perturbative result of [16]. In so doing, 
we fix o, (M; ) to be equal to 0.32 and we compare the resummed value of 5 including the 
82-corrections with the one where the coefficients have been calculated in the MS scheme 
[23]. We consider the two cases where R, is expanded in terms of the usual coupling a, or 
in terms of the contour coupling [4]. In both cases, one can notice that the approximation 


^We have used, for M, — 1.78 GeV, the conservative values: 8 a x 80) ~ 
1/2080? [34]. 


—(0.7 + 2.7)107? and 5% ~ 
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used in the resummation technique tends to overestimate the perturbative correction by 
about 10%. Therefore, we shall reduce systematically by 10%, the prediction from this 
method from the o? to o? contributions. We shall use the coefficient 27.46 of a4 estimated 
in [14,15]. Noting that, to the order where the perturbative series (PTS) is estimated, one 
has alternate signs in the PTS, which is an indication for reaching the asymptotic regime. 
Therefore, we can consider, as the best estimate of the resummed PTS, its value at the 
minimum. That is reached, either for truncating the PTS by including the a$ or the as 
contributions. The corresponding value of R, including our non-perturbative contributions 
in Eq. (34) is given in Table 4. We show for comparison the value of R, including the 
o? -term, where we have used the perturbative estimate in [6] (the small difference with the 
previous papers [4,13,6,7,20] comes from the different non-perturbative term used here), 


while the error quoted there comes from the naive estimate +50aź. However, one can see 
that the estimate of this perturbative error has taken properly the inclusion of the higher 
order terms, while the truncation of the series at œ? already gives a quite good evaluation of 
the PTS. One can also notice that there is negligible difference between the PTS to order o/ 
and a’ for small values of o, while the difference increases for larger values. We consider, 
as a final perturbative estimate of R;, the one given by the PTS including the o/-term at 
which we encounter the first minimum. The error given in this column is the sum of the 
non-perturbative one from Eq. (34) with the perturbative conservative uncertainty, which 
we have estimated like the effect due to the last term i.e +34.53(— B1a;/ 2»? at which the 
minimum is reached, which is a legitimate procedure for asymptotic series [38]. We have 
also added to the latter the one due to the small fluctuation of the minimum of the PTS from 
the inclusion of the œf or o?-terms. One can notice that for a; < 0.32, the error in R, is 


dominated by the non-perturbative one, while for larger value of o;;, it is mainly due to the 
one from the PTS. Using the value of R, in Table 4, we deduce: 


o (M;) = 0.33 + 0.030, (36) 


where we have used the experimental average [2]: 


R, = 3.56 + 0.03. (37) 


Our result from the optimized resummed PTS is in good agreement with the most recent 
estimate obtained to order a3 [6,5,7]: 


a;(M,) = 0.33 + 0.030. (38) 


9. Conclusion 


Our analysis of the isovector component of the e* e^ — hadrons data has shown that 
there is a consistent picture on the extraction of a, from high-energy LEP and low-energy 
t and ete™ data. 
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It has also been shown that the values of the condensates obtained from QCD spectral 
sum rules based on stability criteria are reproduced and improved by fitting the t-like decay 
widths and the ratio of the Laplace sum rules. Our estimates are in good agreement with the 
determination of the condensates from the t-hadronic width moment-distributions [5], 
which needs to be improved from accurate measurements of the e*e^ data or/and for more 
data sample of the t-decay widths which can be reached at the t-charm factory machine. 

Finally, our consistency test of the effect of the 1/ M?-term, whatever its origin, does 
not support the recent estimate of this quantity from FESR axial-vector channel [19] and 
only permits a small fluctuation around zero due to its strong correlation with the D = 4 
condensate effects in the ratio of Laplace sum rules analysis, indicating that it cannot affect 
in a sensible way the accuracy of the determination of a, from tau decays. 

As a by-product, we have reconsidered the estimate of a,(M_,) from the t-widths taking 
into account the recent resummed result of the perturbative series. Our result in Eq. (36) is 
a further support of the existing estimates. 
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Light and heavy quark masses, chiral condensates 
and weak leptonic decay constants 


We review the present status for the determinations of the light and heavy quark masses, the 
light quark chiral condensate and the decay constants of light and heavy-light (pseudo)scalar 
mesons from QCD spectral sum rules (QSSR). Bounds on the light quark running masses at 
2 GeV are found to be (see Tables 53.1 and 53.2): 6 MeV < (mg + m,)(2) < 11 MeV and 
71 MeV« m,(2) « 148 MeV. The agreement of the ratio m;/(m,, + mq) = 24.2 in 
Eq. (53.45) from pseudoscalar sum rules with the one (24.4 + 1.5) from ChPT indicates 
the consistency of the pseudoscalar sum rule approach. QSSR predictions from different 
channels for the light quark running masses lead to (see Section 53.9.3): m,(2) = (117.4 + 
23.4) MeV, (Mma + m,)(2) = (10.1 + 1.8) MeV, (Mma — m,)(2) = (2.8 + 0.6) MeV with the 
corresponding values of the RG invariant masses. The different QSSR predictions for the 
heavy quark masses lead to the running masss values: m,(m,) = (1.23 + 0.05) GeV and 
my(mpy) = (4.24 + 0.06) GeV (see Tables 53.5 and 53.6), from which one can extract the 
scale independent ratio m; /m, = 48.8 + 9.8. Runned until Mz, the b-quark mass becomes: 
mp(Mz) = (2.83 + 0.04) GeV in good agreement with the average of direct measurements 
(2.82 + 0.63) GeV from three-jet heavy quark production at LEP, and then supports the 
QCD running predictions based on the renormalization group equation. As a result, we 
have updated our old predictions of the weak decay constants fz(13), fK’(1.46)> fao(0.98) 
and fx*(1.43) [see Eqs. (53.75) and (53.77)]. We obtain from a global fit of the light 
(pseudo)scalar and B, mesons, the flavour breakings of the normal ordered chiral con- 
densate ratio: ($5)/(uu) = 0.66 + 0.10 [see Eq. (53.100)]. The last section is dedicated to 
the QSSR determinations of fp, and fs. 


53.1 Introduction 


One of the most important parameters of the standard model and chiral symmetry is the light 
and heavy quark masses. Light quark masses and chiral condensates are useful for a much 
better understanding of the realizations of chiral symmetry breaking [55—57] and for some 
eventual explanation of the origin of quark masses in unified models of interactions [664]. 
Within some popular parametrizations of the hadronic matrix elements [665], the strange 
quark mass can also largely influence the Standard Model prediction of the CP violating 
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parameters e'/e, which have been measured recently [599]. However, contrary to the QED 
case where leptons are observed, and then the physical masses can be identified with the pole 
of the propagator (on-shell mass value),! the quark masses are difficult to define because of 
confinement which does not allow us to observe free quarks. However, despite this difficulty, 
one can consistently treat the quark masses in perturbation theory like the QCD coupling 
constant.They obey a differential equation, where its boundary condition can be identified 
with the renormalized mass of the QCD Lagrangian. The corresponding solution is the 
running mass, which is gauge invariant but renormalization scheme and scale dependent, 
and the associated renormalization group-invariant mass. To our knowledge, these notions 
have been introduced for the first time in [28]. In practice, these masses are conveniently 
defined within the standard MS scheme discussed in previous chapters. In addition to the 
determination of the ratios of light quark masses (which are scale independent) from current 
algebra [55], and from chiral perturbation theory (ChPT), its modern version [498—502], 
a lot of effort reflected in the literature [16] has been put into extracting directly from the 
data the running quark masses using the SVZ [1] QCD spectral sum rules (QSSR) [3], LEP 
experiments and lattice simulations. The content of these notes is: 


* areview of the light and heavy quark mass determinations from the different QCD approaches; 

* a review of the direct determinations of the quark vacuum condensate using QSSR and an update 
of the analysis of its flavour breakings using a global fit of the meson systems; 

* an update of the determinations of the light (pseudo)scalar decay constants, which, in particular, 
are useful for understanding the gq contents of the light scalar mesons; and 

* areview of the determinations of the weak leptonic decay of the heavy-light pseudoscalar mesons 
D and Bw). 


This review develops and updates the review papers [54,364] and some parts of the book 
[3]. It also updates previous results from original works. 


53.2 Quark mass definitions and ratios of light quark masses 


Let us remind ourselves of the meaning of quark masses in QCD. One starts from the mass 
term of the QCD Lagrangian: 


Lm = mi Piti , (53.1) 


where m; and v; are respectively the quark mass and field. The renormalized mass will 
be improved by the uses of the RGE leading to the running mass, for which a definition is 
given in Section 11.11. We shall also use the short-distance pole masses defined in Section 
11.12 and the alternative definition in Section 11.13. Finally, we often use the value of the 
ratios of quark masses from ChPT given in Eq. (42.5.4). 


! For a first explicit definition of the perturbative quark pole mass in the MS scheme, see [147,133] (renormalization-scheme 
invariance) and [148] (regularization-scheme invariance). 
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53.3 Bounds on the light quark masses 


In QSSR, the estimate and lower bounds of the sum of the light quark masses from the 
pseudoscalar sum rule were first found in [167,626], while a bound on the quark mass 
difference was first derived in [666]. The literature in this subject of light quark masses 
increases with time.? However, it is in some sense quite disappointing that in most of the 
published papers no noticeable progress has been made since the early pioneering studies. 
The most impressive progress comes from the QCD side of the sum rules where new 
calculations have become available both on the perturbative radiative corrections known 
to order o? [167,667,442] and on the non-perturbative corrections [1,3]? Another new 
contribution is due to the inclusion of the tachyonic gluon mass as a manifestation of the 
resummation of the pQCD series [162,161,394]. Alas, no sharp result is available on the 
exact size of direct instanton contributions advocated to be important in this channel [383], 
while [385] claims the opposite. Though the instanton situation remains controversial, recent 
analysis [668,669] using the results of [670] based on the Instanton Liquid Model (ILM) of 
[386] indicates that this effect is negligible justifying the neglect of this effect in different 
analysis of this channel. However, it might happen that adding together the effect of the 
tachyonic gluon to that of the direct instanton might also lead to a double counting in a 
sense that there can be two alternative ways for parametrizing the non-perturbative vacuum 
[394]. In the absence of precise control of the origin and size of these effects, we shall 
consider them as new sources of errors in the sum rule analysis. 


53.3.1 Bounds on the sum of light quark masses from pseudoscalar channels 


Lower bounds for (m, + m4) based on moments inequalities and the positivity of the 
spectral functions have been obtained, for the first time, in [167,626]. These bounds have 
been rederived recently in [671,672] to order œs. As checked in [54] for the lowest moment 
and redone in [669] for higher moments, the inclusion of the o? term decrease by about 10 
to 1596 the strength of these bounds, which is within the expected accuracy of the result. 

For definiteness, we shall discuss in details the pseudoscalar two-point function in the 
iis channel. The analysis in the 4d channel is equivalent. It is convenient to start from the 
second derivative of the two-point function which is superficially convergent: 


lins) (53.2) 


o= Pa 
Jo | 6 G+ OPP 


The bounds follow from the restriction of the sum over all possible hadronic states which 
can contribute to the spectral function to the state(s) with the lowest invariant mass. The 
lowest hadronic state which contributes to the corresponding spectral function is the K —pole. 


2 Previous works are reviewed in [54,3]. 
3 See also Part VIII on two-point functions where more references to original works are given. 
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From Eq. (53.2) we then have: 


H" 2 2 244 3 2 L 
K 0 


where to = (My + 2m,,) is the threshold of the hadronic continuum. 
It is convenient to introduce the moments Xy(Q?) of the hadronic continuum integral: 


v'i 


A ie: 2 to + Q? 
uy(Q*) = Í dt G+ 08 x (5 Fo ) z ns) ? (53.4) 


One is then confronted with a typical moment problem (see e.g. [673].) The positivity 
of the continuum spectral function +ImWs (t) constrains the moments £y (Q?) and hence 
the LHS of Eq. (53.3) where the light quark masses appear. The most general constraints 
among the first three moments for N = 0, 1, 2 are: 


X«Q^)-20, xX(Q)20, x9»)20; (53.5) 
Xo((Q?-X(Q9?)z0, X(Q9»-xx9»)2z0; (53.6) 
Eo(Q*)E2(Q") — ((9Q^y = 0. (53.7) 


The inequalities in Eq. (53.6) are in fact trivial unless 2Q? < to, which constrains the 
region in Q? to too small values for pQCD to be applicable. The other inequalities lead 
however to interesting bounds which we next discuss. 

The inequality Xo(Q?) > 0 results in a first bound on the running masses: 


162 2 fe Mg 1 1 


x 2 ’ 
pe Es a 


[m,(Q?) + m,(Q?)P => (53.8) 


where the dots represent higher order terms which have been calculated up to O(@?), as 
well as non-perturbative power corrections of O(1/ Q^) and strange quark mass corrections 
of O(m? / Q^) and O(m? / Q^) including Ó(o,) terms. Notice that this bound is non-trivial 
in the large-N, limit ( he ~ O(N,)) and in the chiral limit (ms ~ M2). The bound is of 
course a function of the choice of the Euclidean Q-value at which the RHS in Eq. (53.8) is 
evaluated. For the bound to be meaningful, the choice of Q has to be made sufficiently large. 
In [671] itis shown that Q > 1.4 GeV is already a safe choice to trust the pQCD corrections 
as such. The lower bound which follows from Eq. (53.8) for m, + m, at a renormalization 
scale u? = 4 GeV? results in the solid curves shown in Fig. 53.1. 
The resulting value of the bound at Q — 1.4 GeV is: 


(ms +m,)(2) > 80 MeV => (m, +mg)(2) = 6.6 MeV, (53.9) 


if one uses either ChPT and the previous SR analysis for the mass ratios. Radiative cor- 
rections tend to decrease the strengths of these bounds. Their contributions to the second 
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Fig. 53.1. Lower bound in MeV to order a, for (m, + m,)(2) versus Q in GeV from Eq. (53.8) for 
A35 = 290 MeV (upper curve) and 380 MeV (lower curve). 
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Fig. 53.2. The same curves as those in Fig. 53.1 but from the quadratic inequality to order o. 


moment of the two-point function are (see previous part of the book): 


DNE 3 (Mu m,» 11 (a, a, V) a, V) 
rer T 1+—>(—)+14.179( =) +77.368(—) |. 63.10) 


At this scale, the PT series converges quite well and behaves as: 


Parton[1 + 0.45 + 0.22 + 0.15] . (53.11) 


Including these higher order corrections, the bounds become: 


(ms + mu) (2) > (71.4£3.7)MeV => (m, m4) QQ) > (5.9: 0.3) MeV, (53.12) 


The bound will be saturated in the extreme limit where the continuum contribution to the 
spectral function is neglected. 


The quadratic inequality in Eq. (53.7) results in improved lower bounds for the quark 
masses which we show in Fig. 53.2. 
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Fig. 53.3. Lower bound in MeV for (ma + m,)(2) from the quadratic inequality to order s. 


The quadratic bound is saturated for a ó—like spectral function representation of the 
hadronic continuum of states at an arbitrary position and with an arbitrary weight. This is 
certainly less restrictive than the extreme limit with the full hadronic continuum neglected, 
and it is therefore not surprising that the quadratic bound happens to be better than those 
from Xy(Q?) for N = 0, 1, and 2. Notice however that the quadratic bound in Fig. 53.2 
is plotted at higher Q-values than the bound in Fig. 53.1. This is due to the fact that the 
coefficients of the perturbative series in æ, (Q7) become larger for the higher moments. In 
[671] itis shown that for the evaluation of the quadratic bound Q > 2 GeV is already a safe 
choice. 

Similar bounds can be obtained for (m, + m4) when one considers the two-point function 
associated with the divergence of the axial current: 


3 A" (x) = (mg + m.) :d(x)i ysu(x) . (53.13) 


The method to derive the bounds is exactly the same as the one discussed above and 
therefore we only show, in Fig. 53.3 below, the results for the corresponding lower bounds 
which one obtains from the quadratic inequality. At Q — 2 GeV, one can deduce the lower 
bounds from the quadratic inequality: 


(ms + m,)2) > 105 MeV , (m, + m4)2) > 7 MeV. (53.14) 


The convergence of the QCD series is less good here than in the lowest moment. It behaves 


as [669]: 
A we) 23 
25 ( ds As Os 
Pan 1 + >() + 61.79( =) + s17.15( =) | ; (53.15) 
3 \a T T 


which numerically reads: 


Parton[1 + 0.83 + 0.61 + 0.51]. (53.16) 
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Table 53.1. Lower bounds on Mu, a,s(2) in MeV 


Observables Sources Authors 

m, + ma 

6 T LRT97 [671], Y97 [672] (updated here to ordera?) 
6.8 (wv) + GMOR DN98 [423] (leading order) 

m, — Mu 

1.1 Kr Y97 [672] (updated here to ordera?) 

m; 

71.4 K LRT97 [671] (updated here to ordera?) 

90 (wy) + ChPT DN98 [423] (leading order) 


This leads to the radiatively corrected lower bound to order a: 


(ms +m,) (2) > (82.74 13.3)MeV, — (m,4- m4)Q) > (6E 1) MeV, (53.17) 


where the error is induced by the truncation of the QCD series which we have estimated to be 
about the contribution of the last known a? term of the series.^ From the previous analysis, 
and taking into account the uncertainties induced by the higher order QCD corrections, the 
best lower bound comes from the lowest inequality and is given in Eq. (53.12). The result 
is summarized in Table 53.1. 


53.3.2 Lower bound on the light quark mass difference from the scalar sum rule 


As in [666], one can extract lower bound on the light quark mass difference (m,, — m4) and 
(m, — ms) working with the two-point function associated to the divergence of the vector 
current: 


9, Vig = (m, — mo) : Vu): . (53.18) 


The most recent analysis has been done in [672]. We have updated the result by including 
the o?-term. It is given in Table 53.1. 


53.3.3 Bounds on the sum of light quark masses from the quark condensate and 


ete — I = 0 hadrons data. 


Among the different results in [423], we shall use the range of the chiral (Jr) = (au) ~ 
(dd) condensate from the vector form factor of D — K*lv. Using three-point function sum 


4 In [668], alternative bound has been derived using a Holder type inequality. The lower bound obtained from this method, which 
is about 4.2 MeV is weaker than the one obtained previously. 
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rules, the form factor reads to leading order: 


m(mp + my) 


HO AE lm nija mien eum 
5 2 Ti m? 2 2m? — m.m; 
«b -reni( ea 23 
3 
-T asp) (Bion -er 
2m? — mm, 2 —m, , 2m, , 2 4% 
Tj) T+ 9 Ti + 9 d imun S) 


36 
2 
encn $20 e 
pe I ds f dsy py(51, $2)e 51179? 
wy) 9 524-m2 


witho,(s;, $2) — [ms (Gi + s(si =m?) — 25152) 


4n? (s1 — 52) 


+ me((s1 + s2)s2 — 2s2(s1 — m;))] - (53.20) 


The factor p ~ 2 ~ 3 expresses the uncertainty in the factorization of the four quark con- 
densate. In our numerical analysis, we start from standard values of the QCD parameters and 
use fx» = 0.15 GeV (fr = 93.3 MeV). The value of fp ~ (1.35 + 0.07) f, is consistently 
determined by a two-point function sum rule including radiative corrections as we shall see 
in the next chapter, where the sum rule expression can, for example, be found in [3]. The fol- 
lowing parameters enter only marginally: m;(1 GeV) = (0.15 ~ 0.19) GeV, sio = (5 ~ 7) 
GeV?, s2 = (1.5 ~ 2) GeV’. Using the conservative range of the charm quark mass: 
m-(pole) between 1.29 and 1.55 GeV (the lower limit comes from the estimate in [3] and 
the upper limit is one-half of the J/ mass), one can deduce the running condensate value 
at 1 GeV [423]: 


0.6 < (Ww) /[—225 MeV < L5. (53.21) 
This result has been confirmed by the lattice [674]. Using the GMOR relation: 
2m? f2 = —(m, + ma)(ūu + dd) + O(m?) . (53.22) 


one can translate the upper bound into a lower bound on the sum of light quark masses. The 
lower bound on the chiral condensate can be used in conjunction with the positivity of the m; 
correction in order to give an upper bound to the quark mass value. In this way, one obtains: 


6.8 MeV < (m, + ma4)(2 GeV) < 11.4 MeV . (53.23) 


The resulting values are quoted in Tables 53.1 and 53.2. We expect that these bounds are 
satisfied within the typical 1096 accuracy of the sum rule approach. 

We also show in Table 53.2 the upper bound obtained in [354] by using the positivity 
of the spectral function from the analysis of the e*e^ — I = 0 hadrons data where the 
determination will be discussed in the next section. 
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Table 53.2. Upper bounds on m, 4, (2) in MeV 


Observables Sources Authors 

m, + Ma 

11.4 (ww) +GMOR  DN98 [423] (leading order) 
Ms 

148 (wy) + ChPT DN98 [423] (leading order) 


147+ 21 ete” +t-decay SN99 [354] (to ordera?) 


53.4 Sum of light quark masses from pseudoscalar sum rules 
53.4.1 The (pseudo)scalar Laplace sum rules 


The Laplace sum rule for the (pseudo)scalar two-point correlator reads (see [3,167,376, 
400,582]: 


te 1 3 i 
Í dt exp (IT) ZIMY (E) ~ iy E may gat E — pı) (1+ 8®) + Ys ; 
(53.24) 


where the indices 5 and + refer to the pseudoscalar current. Here, r is the Laplace sum rule 
variable, f. is the QCD continuum threshold and 7n; is the running mass to three loops: 


pı = (1 + tt) exp(-tT) . (53.25) 


Using the results compiled in the previous chapter, the perturbative QCD corrections read 
for n flavours: 


y [n o- (E-ko), 

(1 DIE fi)-+2r] 
«(m Gyr 2 t; Qn s| 

5 = -z| | E (Ser + wo] (n? + m?) 


I | + (8). (7+ wo] svn, : (53.26) 
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where Cr = 4/3 and yg = 0.5772 ...isthe Euler constant; yı, y» and £1, f» are respec- 
tively the mass-anomalous dimensions and f-function coefficients defined in a previous 
chapter. For three colours and three flavours, they read: 


y 2, y»-291/12, Bi =-9/2, f&—-8. (53.27) 


In practice, the perturbative correction to the sum rule simplifies as: 


52) —4.82a, + 21.984? --53.14aà2 + Oat) : a= (=) . (53.28) 
T 


Introducing the RGI condensates defined in the previous chapter, the non-perturbative 
contributions are [325]: 


à 4? 2 1 Qs 2 n (&) ECET Is 1 -4 
=r EE a s) 2c mbi - ga gy 2. 


i i 


As 11 3 = - 
+ | 4 ($)e. (+ + 223] (qm jV j vj) + (Imivivi) 


F E ($)e. (7+ vo] (mi jV ;) + (m Vivi) 


3 1 Rn de e curs 
Ot | A EBD la, ENTE EJ m 


1 1 eee 3 222 
= a E | = 1d = 20 | (m; Tm) 7 5-2 jm 


pie e od Lü Cr(1+3 
+ ol Ha Unit Ecc c OFA pit »o| 


T d (min; + mim;) | : 


8m? | 1 AM OMEN xs Cen 
i-e [r IN +m; (¥ 0" EIC] 


2 


- zona vj)? + (rivi) F ovim ; (53.29) 


Beyond the SVZ expansion, one can have two contributions: 


* The direct instanton contribution can be obtained from [386] and reads: 
2 
git = P exp Cor) Ko) + Ki] (53.30) 
with: re = 02 /(2T); p. © 1/600 MeV^! being the instanton radius; K; is the MacDonald func- 
tion. However, one should notice that analogous contribution in the scalar channel leads to some 
contradictions ([386] and private communication from Valya Zakharov). 
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* The tachyon gluon mass contribution can be deduced from [161]: 

ptach — (Sy (53.31) 
az T 


where (a, /7)A? ~ —0.06 GeV? [161], 


which completes the different QCD contributions to the two-point correlator. 


53.4.2 The iid channel 


From the experimental side, we do not still have a complete measurement of the pseudoscalar 
spectral function. In the past [3], one has introduced the radial excitation z/ of the pion 
using a NWA where the decay constant has been fixed from chiral symmetry argument [57] 
and from the pseudoscalar sum rule analysis itself [422,675,3], through the quantity: 

Mj fr 
mete 


Below the QCD continuum f,, the spectral function is usually saturated by the pion pole 


(53.32) 


ry = 


and its first radial excitation and reads: 


n 
f dt exp(—fr)—Im¥s() ~ 2m? f? exp (—m2t)[1 + rz exp [ (m2. — M?) tall i 
0 
(53.33) 


The theoretical estimate of the spectral function enters through the not yet measured ratio 
rx. Detailed discussions of the sum rule analysis can be found in [3,420,422]. However, 
this channel is quite peculiar due to the Goldstone nature of the pion, where the value of the 
sum rule scale (1/t for Laplace and t, for FESR) is relatively large, being about 2 GeV?, 
compared with the pion mass where the duality between QCD and the pion is lost. Hopefully, 
this paradox can be cured by the presence of the new 1/4? [162,161,394] due to the tachyonic 
gluon mass, which enlarges the duality region to lower scale and then minimizes the role of 
the higher states into the sum rule. This naive NWA parametrization has been improved in 
[676] by the introduction of threshold effect and finite width corrections. Within the advent 
of ChPT, one has been able to improve the previous parametrization by imposing constraints 
consistent with the chiral symmetry of QCD [677]. In this way, the spectral function reads: 


Timus) x~ 2m4 f? K — m2) +0 (t — 9m2) (53.34) 


1 p? 
(16x T 18^ © 


io du n 3 i 4m2 
pus i Pu = x ay 
ad mè)? +5 Ls à e y ion J 


jb mi)-t- i] ; (53.35) 


with: 
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where A(a, b, c) = a? + b? + c? — 2ab — 2bc — 2ca is the usual phase space factor. Based 
on this parametrization but including finite width corrections, a recent re-analysis of this 
sum rule has been given to order o2 [677]. Result from the LSR is, in general, expected 
to be more reliable than the one from the FESR due to the presence of the exponential 
factor which suppresses the high-energy tail of the spectral function, although the two 
analysis are complementary. In [677], FESR has been used for matching by duality the 
phenomenological and theoretical parts of the sum rule. This matching has been achieved 
in the energy region around 2 GeV”, where the optimal value of m, + mg has been extracted. 
In [54], the LSR analysis has been updated by including the œ? correction obtained in [442]. 
In this way, we get: 


(my, + m3) GeV) = (9.3 + 1.8) MeV , (53.36) 


where we have converted the original result obtained at the traditional 1 GeV to the lattice 
choice of scale of 2 GeV through: 


mj;(l1 GeV) ~ (1.38 + 0.06) m;(2 GeV), (53.37) 


for running, to order a, the results from 1 to 2 GeV. This number corresponds to the average 
value of the QCD scale A3 ~ (375 + 50) MeV from PDG [16] and [139]. Analogous value 
of (9.8 + 1.9) MeV for the quark mass has also been obtained in [678] to order o? as an 
update of the [677] result. We take as a final result the average from [54] and [678]: 


(m, + m4). GeV) = (9.6 + 1.8) MeV . (53.38) 


The inclusion of the tachyonic gluon mass term reduces this value to [161]: 
AP G5, + ma)(2 GeV) ~ —0.5 MeV . (53.39) 


As already mentioned, adding to this effect the one of direct instanton might lead to a 
double counting in a sense that they can be alternative ways for parametrizing the non- 
perturbative QCD vacuum. Considering this contribution as another source of errors, it 
gives: 


Am, + ma) GeV) ~ —0.5 MeV . (53.40) 


Therefore, adding different sources of errors, we deduce from the analysis: 


(Mu + m4)(2 GeV) = (9.6 + 1.8 + 0.4 + 0.5 + 0.5) MeV , (53.41) 


leading to the conservative result for the sum of light quark masses: 


(m, + m4) GeV) = (9.6 + 2.0) MeV . (53.42) 


The first error comes from the SR analysis, the second one comes from the running mass 
evolution and the two last errors come, respectively, from the (eventual) tachyonic gluon 
and direct instanton contributions. This result is in agreement with previous determinations 
[3.419—423,679,680], although we expect that the errors given there have been underesti- 
mated. One can understand that the new result is lower than the old result [3,420] obtained 
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Table 53.3. QSSR determinations of m, (2) in MeV to order oj. Some older results have 
been updated by the inclusion of the higher-order terms. The error contains the evolution 
from 1 to 2 GeV. In addition, the errors in the (pseudo)scalar channels contain those due 

to the small size instanton and tachyonic gluon mass. Their quadratic sum increases the 

original errors by 8.9%. The estimated error in the average comes from an arithmetic 
average of the different errors 


Channels m; (2) Comments Authors 
Pion SR + ChPT 117.14 25.4 O (o?) SN99 [54]Eq. (53.43) 
(wy) + ChPT 129.3423.2 N, B — B* (10)  DN98 [423] Eq. (53.52) 
117.1249.0 — D— K*lv (lo) DN98 [423] Eq. (53.53) 
Kaon SR 119.63-18.4 updated to O (o?) — SN89 [420,3] 
112.3 + 232 O (o?) DPS99[681] 
116+ 12.8 i KM01 [669] 
Scalar SR 148.9 + 19.2 O (o?) CPS97 [443] 
103.6 + 15.4 * CFNP97 [682] 
115.9 + 24.0 " J98 [683] 
115.2 + 13.0 * M99 [684] 
99 + 18.3 S JOPOI [685] 
t-like $ SR: e*-e^ + t-decay — 129.2 + 25.6 average: O (œ?)  SN99[354] 
AS = —1 part of t-decay 169.54467 O (a?) ALEPH99* [348] 
144.9 + 38.4 2 CKP98 [349] 
114+ 23 i PP99 [350] 
125.7 + 25.4 v KKP00 [351] 
115321 ii KMO1 [352] 
1151 ‘3 CDGHKK01[353] 
Average 117.4 + 23.4 


* Not included in the average. 


without the o2 and o? terms as both corrections enter with a positive sign in the LSR anal- 
ysis. However, it is easy to check that the QCD perturbative series converge quite well in 
the region where the optimal result from LSR is obtained. Combining the previous value in 
Eq. (53.42) with the ChPT mass ratio, one can also deduce: 


m,Q GeV) = (117.1 + 25.4) MeV . (53.43) 


53.4.3 The iis channel and QSSR prediction for the ratio m; /(m, + ma) 


Doing analogous analysis for the kaon channel, one can also derive the value of the sum 
(m, + ms). The results obtained from [420] updated to order a? and from [681] are shown 
in Table 53.3 given in [54] but updated. We add to the original errors the one from the 
tachyonic gluon (5.5%), from the direct instanton (5.5%) and the one due to the evolution 
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from | to 2 GeV (4.4%), which altogether increases the original errors by 8.9%. Therefore, 
we deduce the (arithmetic) average from the kaon channel: 


itts(2 GeV) = (116.0 + 18.1) MeV, (53.44) 


One should notice here that, unlike the case of the pion, the result is less sensitive to 
the contribution of the higher states continuum due to the relatively higher value of Mx, 
although the parametrization of the spectral function still gives larger errors than the QCD 
series. It is interesting to deduce from Eqs. (53.42) and (53.44), the sum rule prediction for 
the scale invariant quark mass ratios: 

2m, 
r3 = —— x 242, (53.45) 
m, + mg 
where we expect that the ratio is more precise than the absolute values due to the cancellation 
of the systematics ofthe SR method. This ratio compares quite well with the ChPT ratio [57]: 


r(^ —244 € 1,5, (53.46) 


and confirms the self-consistency of the pseudoscalar SR approach. This is a non-trivial 
test of the SR method used in this channel and may confirm a posteriori the neglect of less 
controlled contributions like direct instantons for example. 


53.5 Direct extraction of the chiral condensate (uu) 


As mentioned in previous section, the chiral iu condensate can be extracted directly from 
the nucleon, B*-B splitting and vector form factor of D — K*lv, which are particularly 
sensitive to it and to the mixed condensate (Wot Q4/2)G* n) = Mè (WW) [423]. We have 
already used the result from the D — K*Iv form factor in order to derive upper and lower 
bounds on (m, + mq). Here, we shall use information from the nucleon and from the B*- B 
splitting in order to give a more accurate estimate. In the nucleon sum rules [424—430,3], 
which seem, at first sight, a very good place for determining (Vv), we have two form 
factors for which spectral sum rules can be constructed, namely the form factor F; which 
is proportional to the Dirac matrix y p and F5 which is proportional to the unit matrix. In 
F| the four quark condensates play an important role, but these are not chiral symmetry 
breaking and are related to the condensate (yy) only by the factorization hypothesis [1] 
which is known to be violated by a factor of two to three [424,404,3]. The form factor Fz 
is dominated by the condensate (yy) and the mixed condensate (Yo Gy), such that the 
baryon mass is essentially determined by the ratio Me of the two condensates: 


Mg = (o Gy)/(ry). (53.47) 


Therefore, from the nucleon sum rules one gets quite a reliable determination of Me 
[430,426]: 


Mọ = (.8 + .1) GeV’. (53.48) 
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A sum rule based on the ratio F2/ F; would in principle be ideally suited for a determi- 
nation of (yy) but this sum rule is completely unstable [426] due to fact that odd parity 
baryonic excitations contribute with different signs to the spectral functions of F; and F>. In 
the correlators of heavy mesons (B, B* and D, D*) the chiral condensate gives a significant 
direct contribution in contrast to the light meson sum rules [3], since, here, it is multiplied 
by the heavy quark mass. However, the dominant contribution to the meson mass comes 
from the heavy quark mass and therefore a change of a factor two in the value of (yy) 
leads only to a negligible shift of the mass. However, from the B-B* splitting one gets a 
precise determination of the mixed condensate (Yo Gy) with the value [401]: 


(Vo Gy) 2 -— (9 1) x 10? GeV? , (53.49) 


which combined with the value of Me given in Eq. (53.48) gives our first result for the value 
of (yy) at the nucleon scale: 


(Wry)(My) = — [Q25 + 9 + 9) Mev} , (53.50) 


where the last error is our estimate of the systematics and higher-order contributions. Using 
the GMOR relation, one can translate the previous result into a prediction on the sum of 
light quark masses. The resulting value is [423]: 


(m, + m4YQ2 GeV) = (10.6 + 1.8 + 0.5) MeV , (53.51) 


where we have added the second error due to the quark mass evolution. Combining this 
value with the ChPT mass ratio, one obtains: 


m,(2 GeV) ~ 129.3 23.2 MeV . (53.52) 


Alternatively, one can use the central value of the range given in Eq. (53.21) in order to 
deduce the estimate: 


(my, + ma)(2 GeV) = (9.6: 4-E0.4) MeV. = > m,Q GeV) (117.1 + 49.0) MeV. 
(53.53) 


The results for m; are shown in Table 53.3. 


53.6 Final estimate of (m, + m4) from QSSR and consequences on m,, ma and m; 


One can also notice the impressive agreement of the previous results from pseudoscalar and 
from the other channels. As the two results in Eqs. (53.42), (53.51) and (53.53) come from 
completely independent analysis, we can take their geometric average and deduce the final 
value from QSSR: 


(m, + m4). GeV) = (10.1 + 1.3 + 1.3) MeV, (53.54) 
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where the last error is our estimate of the systematics. One can combine this result with the 
one for the light quark mass ratios from ChPT [57]: 


roA =" _9.55340.043, rSA4=—"* = 244415. (53.55) 


Therefore, one can deduce the running masses at 2 GeV: 


im, (2) = (3.6£0.6) MeV, Mal) = (6.5£1.2) MeV, m,Q)- (123.2 £ 23.2) MeV . 
(53.56) 


Alternatively, we can use the relation between the invariant mass ñiq and running mass 
iq (2) to order o? in order to get: 


fj, = (1.14 + 0.05) m,Q), (53.57) 


for A4 = (375 + 50) MeV. Therefore, one can deduce the invariant masses: 


fi, = (4.12: 0.7) MeV , fi, = (1.4 1.4) MeV, fi, = (140.4 + 26.4) MeV . 
(53.58) 


53.7 Light quark mass from the scalar sum rules 


As can be seen from Eq. (53.24), one can also (in principle) use the isovector-scalar sum 
rule for extracting the quark mass-differences (ma — m,) and (m; — m,), and the isoscalar- 
scalar sum rules for extracting the sum (mg + mu). 


53.7.1 The scalar iid channel 


In the isovector channel, the analysis relies heavily on the less controlled nature of the 
ao(980) [3,420,422,666], which has been speculated to be a four-quark state [73]. However, 
it appears that its gq nature is favoured by the present data [690], and further tests are 
needed for confirming its real qq assignment. 

In the J = 0 channel, the situation of the z-z continuum is much more involved due to 
the possible gluonium nature of the low mass and wide o meson [686,687,689,688,690], 
which couples strongly to m- and then can be missed in the quenched lattice calculation 
of scalar gluonia states. 

Assuming that these previous states are quarkonia states, bounds on the quark mass 
difference and sum of quark masses have been derived in [666,671,672], while an estimate 
of the sum of the quark masses has been recently derived in [691]. However, in view of 
the hadronic uncertainties, we expect that the results from the pseudoscalar channels are 
much more reliable than the ones obtained from the scalar channel. Instead, we think that 
it is more useful to use these sum rules the other way around. Using the values of the quark 
masses from the pseudoscalar sum rules and their ratio from ChPT, one can extract their 
decay constants, which are useful for testing the gq nature of the scalar resonances [3,688] 
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(we shall come back to this point in the next section). The agreement of the values of the 
quark masses from the isovector scalar channel with the ones from the pseudoscalar channel 
can be interpreted as a strong indication for the gq nature of the ag(980). In the isoscalar 
channel, the value of the sum of light quark masses obtained recently in [691], although 
slightly lower, agrees within the errors with that from the pseudoscalar channel. This result 
supports the maximal quarkonium-gluonium scheme for the broad low mass o and narrow 
fo(980) meson: the narrowness of the fo is due to a destructive interference, while the broad 
nature of the o is due to a contructive interference allowing its strong coupling with zr-7. 
These features are very important for the scalar meson phenomenology, and need to be 
tested further. 


53.7.2 The scalar iis channel 


Here, the analysis is mostly affected by the parametrization of the Kz phase shift data, 
which strongly affects the resulting value of the strange quark mass as can be seen from the 
different determinations given in Table 53.3. 


53.8 Light quark mass difference from (Mg+ — Mxo)acp 
The mass difference (mg — m,) can be related to the QCD part of the kaon mass difference 
(Mx+ — Myo)ocp from the current algebra relation [57]: 
2 2 E 
CA _ (mg — m,) = m? (Mico a Mis )ocn m? —m 
2 7 (ng + my) M; Mz. — m2 (m, + ma)? 


2 


= (0.52 + 0.05)10-3(r? — 1), 


(53.59) 
where 27/1 = m, + ma; the QCD part of the K+ — K ? mass difference comes from the 
estimate of the electromagnetic term using the Dashen theorem including next-to-leading 
chiral corrections [677]. Using the sum rule prediction of r3 from the ratio of (m, + ma) 
in Eq. (53.54) with the average value of m; in Table 53.3 or the ChPT ratio given in the 
previous section, one can deduce to order o7: 


(Mma — m,) Q GeV) = (2.8 + 0.6) MeV . (53.60) 


An analogous result has been obtained from the heavy-light meson mass-differences 
[692]. We shall come back to the values of these masses at the end of this chapter. 


53.9 The strange quark mass from e*e^ and x decays 
53.9.1 e*e- — I = 0 hadrons data and the ¢-meson channel 


Its extraction from the vector channel has been done in [693,3] and more recently in 
[354], while its estimate from an improved Gell-Mann-Okubo mass formula, including 
the quadratic mass corrections, has been done in [32,399,3]. More recently, the vector 
channel has been re-analysed in [354] using a c-like inclusive decay sum rule in a modern 
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version of the Das-Mathur-Okubo (DMO) sum rule [27] discussed in a previous chapter. 
The analysis in this vector channel is interesting as we have complete data from ete~ in 
this channel, which is not the case of (pseudo) scalar channels where some theoretical in- 
puts related to the realization of chiral symmetry have to be used in the parametrization of 
spectral function. One can combine the e* e^ — I = 0, 1 hadrons and the rotated recent 
AS = 0 component of the r-decay data in order to extract ms. Unlike previous sum rules, 
one has the advantage to have a complete measurement of the spectral function in the region 
covered by the analysis. We shall work with: 


NEL w eG 2s\ s 
Reo = rsj ds(1- us) C+ apes 


T T 


and the SU (3)-breaking combinations [354]: 


Aig = Rui — Ro, A10 = Rz1— 3 Rr 0, (53.61) 


which vanish in the SU(3) symmetry limit; Ajo involves the difference of the isoscalar 
(R9) and isovector (R, ;) sum rules à la DMO. The PT series converges quite well at the 
optimization scale of about 1.6 GeV [354]. For example, normalized to m?, one has: 


n? 13 
Aig 7 —12—. {! Pig duh 30.4a? + (173.4 + 10923] 


(m,Ss — madd) 
M: 


+36— — 36a? (53.62) 


The different combinations A;g and Ajo have the advantage to be free (to leading order) 
from flavour-blind combinations like the tachyonic gluon mass and instanton contributions. 
We have checked using the result in [161] that, to non-leading in m2, the tachyonic gluon 
contribution is also negligible. It has been argued in [355] that Ajo can be affected by large 
SU(2) breakings. This claim has been tested using some other sum rules not affected by 
these terms [354] but has not been confirmed. The average from different combinations is 
given in Table 53.3. An upper bound deduced from the positivity of R,,g is also given in 
Table 53.2. 


53.9.2 Tau decays 


As in the case of ete~, one can use tau decays for extracting the value of m,. However, 
data from t decays are more accurate than those from e* e^ . A suitable combination of sum 
rules that are sensitive to leading order to the SU (3) breaking parameter is needed. It is easy 
to construct such a combination which is very similar to the one for e* e^. One can work 
with the DMO-like sum rule involving the difference between the AS = 0 and AS = —1 
processes [348-353]: 

RK RH 


kl _ “*t,V+A ES kl(D) kI(D) 
u= = 3Srw Y là cA. (53.63) 
| Vaal? |Vusl? D-2 
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where the moments are defined as: 


gu "ai s Y (5 Y dne (53.64) 
T= J, M2) (M2) ds’ i 


with R® = R, is the usual t-hadronic width. The QCD expression reads: 


-2 - J 
m (msSs — madd) 4 
SR" ~ 24Sgw | AD — 27° AD E (53.65) 
' M Mi 
where AU are perturbative coefficients known to order o2: 
1 
(D) _ (D) (D) 
AL ms glAn lart Ag l} (53.66) 


where the indices T and L refer to the tranverse and longitudinal parts of the spectral 
functions. For D = 2, the L part converges quite badly while the L + T converge quite 
well such that the combination can still have an acceptable convergence. For the lowest 
moments, one has: 


AQ =0.973 + 0.481 + 0.372 + 0.337 +-+- 
Ajo = 1.039 + 0.558 + 0.482 + 0.477 +-+- 
Asp = 1.115 + 0.643 + 0.608 + 0.647 +--- (53.67) 


The authors advocate that although the convergence is quite bad, the behaviour of the series 
is typical for an asymptotic series close to their point of minimum sensistivity. Therefore, 
the mathematical procedure for doing a reasonable estimate of the series is to truncate the 
expansion where the terms reach their minimum value. However, the estimate of the errors 
is still arbitrary. The authors assume that the error is given by the last term of the series. 
The result of the analysis is given in Table 53.3. The different numbers given in the table 
reflects the difference of methods used to get m, but the results are consistent with each 
other within the errors. As in the case of the e* e^ DMO-like sum rule, the combination used 
here is not affected to leading order by flavour-blind contribution like the tachyonic gluon 
and instanton contribution. We have checked [161] that the contribution of the tachyonic 
gluon to order mash? / M2 gives a tiny correction and does not affect the estimate done 
without the inclusion of this term. 


53.9.3 Summary for the estimate of light quark masses 


Here, we summarize the results from the previous analysis: 


* The sum (71, + Ma) of the running up and down quark masses from the pion sum rules is given in 
Eq. (53.42), while the one of the strange quark mass from the kaon channel is given in Eq. (53.44). 
Their values lead to the pseudoscalar sum rules prediction for the mass ratio in Eq. (53.45) which 
agrees nicely with the ChPT mass ratio. 
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* The sum (Mu, + Ma) of the running up and down quark masses averaged from the pseudoscalar 
sum rule and from a direct extraction of the chiral condensate (uu) obtained from a global fit of 
the nucleon, B*-B mass-splitting and the vector part of the D* — K*/v form factor is given in Eq. 
(53.51) and reads for A4 = (375 + 50) MeV: 


(m, + m4)(2 GeV) = (10.1 + 1.8) MeV , (53.68) 
implying with the help of the ChPT mass ratio m, / m4, the value: 
m,(2 GeV) = (3.6 + 0.6) MeV , ma(2 GeV) = (6.5 + 1.2) MeV , (53.69) 
which leads to the invariant mass in Eq. (53.58): 
my, = (4.1 + 0.7) MeV , Ma = (7.44 1.4) MeV, (53.70) 


* We have combined the result in Eq. (53.54) with the sum rule prediction for m,/(m, + m4) in 
order to deduce the quark mass difference (ma — m,) from the QCD part of the K? — K+ mass 
difference. We obtain the result in Eq. (53.60): 


(mg —m,)(2 GeV) = (2.8 + 0.6) MeV . (53.71) 


This result indeed agrees with the one taking the difference of the mass given previously. The 
fact that (m, + m4) 4 (Mma — m,) does not favour the possibility of having m, = 0. 

* We give in Table 53.3 the different sum rules determinations of m,. The results from the pion SR 
and (yy) come from the determination of (m, + m4) to which we have added the ChPT contraint 
on m, /(m,, + ma). One can see from this table that different determinations are in good agreement 
with each others. Doing an average of these different results, we obtain: 


m,Q GeV) = (117.42 23.4) MeV. = > ñ, = (133.8 27.3) MeV. (53.72) 


Aware on the possible correlations between these estimates, we have estimated the error as an 
arithmetic average which is about 10% as generally expected for the systematics of the SR approach. 


Itis informative to compare the above results with the average of different quenched and 
unquenched lattice values [694]: 


1 
Mua(2 GeV) © 7 Gn, + may GeV) = (4.5 + 0.6 + 0.8) MeV , 
m,(2 GeV) = (110 + 15 + 20) MeV, (53.73) 


where the last error is an estimate of the quenching error. We show in Table 53.4 a com- 
pilation of the lattice unquenched results including comments on the lattice characterisitcs 
(action, lattice spacing a, 8). Also shown is the ratio over m;/m,q and quenched (quen) 
over unquenched (unq) results. 


53.10 Decay constants of light (pseudo)scalar mesons 
53.10.1 Pseudoscalar mesons 


Due to the Goldstone nature of the pion and kaon, we have seen that their radial excitations 
play an essential rôle in the sum rule. This unusual property allows a determination of 
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Table 53.4. Simulation details and physical results of unquenched lattice calculations of 
light-quark masses from [694], where original references are quoted 


Action ^ a-![GeV] fg Zm m,Q) Meo Br 
SESAMO8 Wilson 2.3 4 PT 151(30) (mx) 55(12) 1.1024) 
. 11311) (mg) 
MIL Fatlink 1. 1 PT 22(4) 1.0801 
C 99 atlin 9 12509) (ng) (4) 08(13) 
112(15) — (my) 
APE 00 Wil 2.6 2  NP-RI 26(2) 1.0920 
ilson 108(26) (tts) (2) (20) 
88*1 (mx) 
CP-PACS 00 MF-Cloer a—0 12 PT m 26) 12507) 
9071, (mọ) 
94(2) 
JLQCD 00 NP-Clover 2.0 5 PT 886)! VUE — = 
109(4)! oe 
1026»! n 
QCDSF + 
UE HOD NP-Clover 2.0 6 PT 90(5) (mg) 26(2) = 


* From vector WI; ? from axial WI. The errors on the ratios ms /my,4 and ms 


based on the original data. 


2 
9.25 tc [GeV*] 


9.00 6.5 
8.75 
8.50 
8.25 
8.00 
7.75 


(m, * m,) [4 GeV? 


q 


mn" [ms ^ are estimates 


Fig. 53.4. LSR analysis of the ratio r, = Mż, f?,/M3 f2. For a given value r, = 9.5, we show the 
value of (Mma + m,)(2) for two values of the QCD continuum te. 


the radial excitation parameters. In the strange quark channels, an update of the results in 


[354,422,420,3,675] gives: 


rg = Me fo lMsfz9.55X25cr,, 


(53.74) 


where ry has been defined previously. The optimal value has been obtained at the LSR scale 
t © 0.5 GeV-? and t, ~ 4.5 — 6.5 GeV? as shown in Fig. 53.4. This result implies for 


7'(1.3) and K'(1.46): 


fy c 3.3 + 0.6) MeV , 


fy c: (39.8 + 7.0) MeV . 


(53.75) 
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Fig. 53.5. LSR analysis of the decay constant fa, of the a9(.98) meson normalized as f, = 92.4 MeV. 
We use (m4 — m,)(2) = 2.8 MeV. 
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Fig. 53.6. LSR analysis of the decay constant fx,, of the Kj(1.43) meson normalized as f, = 
92.4 MeV. We use m,(2) — 117.4 MeV. 


It is easy to see that the result satisfies the relation: 


(MÀ 3 
fe ME y (53.76) 


fa’ m? ma 


as expected from chiral symmetry arguments. 


53.10.2 Scalar mesons 


We expect that the scalar channel is more useful for giving the decay constants of the 
mesons which are not well known rather than predicting the value of the quark masses. 
Such a programme has been initiated in [420,422,3]. Since then, the estimate of the de- 
cay constants has not mainly changed. The analysis is shown in Figs. 53.5 and 53.6. 
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A recent estimate gives [354]: 


fay =(1.6 +0.15 +0.35 0.25) MeV, — fg; = (46.342.545+45)MeV, (53.77) 


where the errors are due respectively to the choice of te from 4.5 to 8 GeV’, the value of 
the quark mass difference obtained previously and the one of A5. The decay constants are 
normalized as: 


(018, V^ (x)1ao) = V2 f, M2 , (53.78) 


corresponding to fy = 92.4 MeV. We have used the experimental masses 0.98 and 1.43 GeV 
in our analysis.? It is also interesting to notice that the ratio of the decay constants are: 


FR apon iu ag (53.79) 


J ao Mg — m, 


as naively expected. We are aware that the values of these decay constants might have been 
overestimated due to the eventual proliferations of nearby radial excitations. Therefore, 
it will be interesting to have a direct measurement of these decay constants for testing 
these predictions. The values of these decay constants will be given like other meson decay 
constants in Table 54.1 in the next chapter. 


53.11 Flavour breaking of the quark condensates 
53.11.1 SU(3) corrections to kaon PCAC 


Let us remind ourselves that the (pseudo)scalar two-point function obeys the twice- 
subtracted dispersion relation: 


m dt 
V(s (q^) = Ws (0) + q?ws (0 yi ———————— ImW(t). (53.80 
64°) 60) +4 YO+ q ME mW). ( ) 


The deviation from kaon PCAC was first studied in [400] using the once-subtracted 
pseudoscalar sum rule of the quantity: 


Yola’) — Yo (0) 
q? 
sensitive to the value of the value of the correlator at q? = 0.6 The Ward identity obeyed 
by the (pseudo)scalar two-point function leads to the low-energy theorem: 
V(3(0) = —(m; + mj)(iVi + PY), (53.82) 


in terms of the normal ordered condensates. However, as emphasized in different papers 
[167,399,444,442], Ws)(0) contains a perturbative piece which cancels the mass singu- 
larities appearing in the OPE evaluation of V5 (q?). This leads to the fact that the quark 


(53.81) 


5 The masses of the ay and Kj are also nicely reproduced by the ratio of moments [357,3]. 
6 This sum rule has also been used in [260,261,265] for estimating the U(1)4 topological suceptibility and its slope. The result 
has been confirmed on the lattice [266]. 
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Fig. 53.7. LSR analysis of the subtraction constant V5(0). We use m,(2) = 117.4 MeV, rg = 9.5 and 
te = 6 GeV?. The curves correspond to different truncations of the PT series: to O(a; ): dotted-dashed; 
to O(a): dashed; to O(o): continuous. 


condensate entering in Eq. 53.82 are defined as a non-normal ordered condensate, which 
has a slight dependence on the scale and renormalization scheme. This mass correction 
effect is only quantitatively relevant for the iis channel but not for the zd one. To order o? 


for the perturbative term and to leading order for the condensates, the (pseudo)scalar sum 
rule for the 4s channel reads, by neglecting the up quark mass: 


t dt 1 
/ |— exp (—tT)- -ImW5)(t) = Ws) (0) 
0 t T 


uanga am [ree eme) m2) | 
+ Gn, E ms)? >T} (1 — po) | 1 +6.82( -= J--5855| 7 | +537.6( -= 
8x T T T 
+3.15m2r | + 63] 
T 
2 pe 
= E = ie |(m- a) (uu) + (u EIE 


+ i 2F9) (x) Pose] (53.83) 


where we have neglected the SU (3) breaking for the four-quark condensates. This assump- 
tion does not, however, affect the analysis due to the small contribution of this operator at 
the optimization scale. The analysis is shown in Fig. 53.7. Examining the different curves, 
on can notice that they deviate notably from the kaon PCAC prediction: 


V5(0) ~ 2M; f? , (53.84) 


therefore confirming the early findings in [400]. The LSR indicates a slight stability point 
at t ~ (0.50 ~ 0.75) GeV, where: 


W5(0) ~ (0.5 + 0.2)22M$ fg . (53.85) 
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However, at this scale, PT series has a bad convergence: 


Pert = Parton x {1 + 2.17a + 5.93? + 17.347] 
~ Parton x {1 + 0.86 + 0.92 + 1.06} , (53.86) 


which might not be of concern if one considers that an asymptotic series close to its point 
of minimum sensitivity can be truncated when its reaches the extremum value and the 
last term added as a truncation error.’ This convergence might a priori be improved if 
one works with the combination of sum rules which is less sensitive to the high-energy 
behaviour of the spectral function (and then to the perturbative contribution) than the former 
[675,680,420,3,354]. The modified sum rule reads [3].° 


© dt 1 = DEC i 
exp(—ft) (1 — tt) —ImWsy(r) > Yo (0) + (m, +m) GT 
0 t T T 


x (2) f + 18.3( =) + 2422(%) | SEES (2) 


2 
+2 E = TR. LZ F je] Tb žo +9) (=) moasa) ; 


(53.87) 


The analysis also leads to a similar result. The LSR has been also studied recently 
in [695], by including threshold effects and higher mass resonances, which enlarge the 
region of stability in the LSR variable. Within the previous hadronic parametrization, one 
obtains: 


V5(0) > (0.56 + 0.04 + 0.15)2M? fz , (53.88) 


where we have added the error due to our estimate of the truncation of the QCD PT series 
as deduced from Fig. 53.7. An alternative estimate is obtained with the use of FESR [679]. 
Parametrizing the subtraction constant as: 


V5(0)! = 2M% fR — bx), (53.89) 


one has the sum rule [679]: 


3 mt, 23 My \? 
bk > ccs i A Ola) he SEN A 53.90 
K X D zz | + 34 =F («)| re ( ) ( ) 


which gives, after using the correlated values of the input parameters [420,3,354]: 
= +0.23 
8x = 0.344023 , (53.91) 
7 A similar argument has been used for the extraction of the strange quark mass from t-decay data discussed in the previous 


section, where the QCD series has also quite bad behaviour. 
8 Notice that we have not yet introduced the QCD continuum into the LHS of the sum rule. 
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Fig. 53.8. LSR analysis of the subtraction constant V(0). We use m,(2) = 117.4 MeV, fri, = 46 MeV 
and te = 6.5 GeV’. The curves correspond to different truncations of the PT series: to O(a,): dotted- 
dashed; to O(o): dashed; to O(o): continuous. 


leading to: 


V5(0) > (0.66 + 0.202 M? fz . (53.92) 


confirming the large violation of kaon PCAC obtained from LSR. 


53.11.2 Subtraction constant from the scalar sum rule 


One can do a similar analysis for the scalar channel. The analysis from LSR is shown in 
Fig. 53.8. One can also see that there is a slight stability for t ~ (0.50 ~ 0.75) GeV, 
which gives: 


V(0) ~ 107? GeV^ , (53.93) 


in agreement with previous results [3,420,422,675]. In [695], using LSR, a similar result 
but from a larger range of LSR stability, has been obtained within an Omnés representation 
for relating the scalar form factor to the Kz phase shift data: 


V (0) ~ —(1.06 0.21 + 0.20)10? GeV? , (53.94) 


where the last term is our estimate of the error due to the truncation of the QCD series. We 
show the analysis in Fig. 53.9. 
One can use an alternative approach by working with FESR: 
3 


23 
vO) = 2M. fk; = 1g ite fı + 34 + o(«)| 5 (53.95) 
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Fig. 53.9. LSR analysis of the subtraction constant V(0) versus the sum rule scale using Kz phase 
shift data, from [695]. 
which gives [354]: 
v(0)! = — (7.853) 10-4 GeV*. (53.96) 


53.11.3 (ss)/(uu) from the (pseudo)scalar sum rules 
We take the arithmetic average of the previous determinations for our final estimate: 


W5(0) > (0.57 + 0.19)2Mz fz,  W(0) = —(0.92 + 0.35)10 ? GeV^, (53.97) 


Taking the ratio of the scalar over the pseudoscalar subtraction constants expressed in terms 
of the normal-ordered condensates, one can deduce: 


(5s) /(a@u) = 0.57 + 0.12. (53.98) 


53.11.4 (ss)/(uu) from the B, meson 


One can also extract the flavour breakings of the condensates from a sum rule analysis of 
the B, and B7 masses, which are sensitive to the chiral condensate as it enters like m, ($5) 
in the OPE of the heavy-light meson (see next section). The masses of the mesons are found 
to decrease linearly with the value of the chiral condensate. Using the observed value of the 
B, meson mass Mg, — 5.375 GeV, one can deduce from Fig. 3 of [401]: 


($5)/(üu) ~ 0.75 + 0.08 , (53.99) 


where the error is the expected typical sum rule estimate. The effect of the strange quark 
mass is less important than the one here, such that the result given in [401] remains valid 
although obtained with slightly different values of m, and As. This estimate is expected to 
be more reliable than the one from the (pseudo)scalar light mesons, which are affected by 
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the bad convergence of the PT QCD series. Using this value of ratio of the condensates in 
the (old) curve of the B7 mass, leads to a value higher than the measured one, which needs 
to be clarified. 


53.11.5 Final sum rule estimate of (Ss) / (uu) 


Using the previous results, one can deduce that the sum rules from the light (pseudo)scalar 
and from the B, meson predict for the normal ordered condensate ratio: 


($5)/ (uu) ~ 0.66 + 0.10 , (53.100) 


confirming earlier findings [675,3,420,354] on the large flavour breaking of the chiral con- 
densate. This number comes from the arithmetic average of the two values in Eqs. (53.98) 
and (53.99). If one instead works with the non-normal ordered condensate, one should add 
to the expression in Eq. (53.82) a small perturbative part first obtained by Becchi et al. [167] 
(see also [3,399,441 ]): 


" , 3 2/1 gay e 
(Ss)gg = (55) zz x)" (53.101) 


This leads to the ratio of the non-normal ordered condensates: 


(85)/(Ru)|grg = 0.75 + 0.12. (53.102) 


The previous estimates are in good agreement with those from chiral perturbation theory 
[57] (see also [696]). They are also in fair agreement with the one from the baryonic sum 
rules [424—430], although we expect that the result from the latter is less accurate due to the 
complexity of the analysis in this channel (choice of the interpolating operators, eventual 
large effects of the continuum due to the nearby Roper resonances, . . . ). 


53.11.6 SU (2) breaking of the quark condensate 


The SU (2) breaking of the quark condensate has been studied for the first time in [680] and 
in [679,3]. Using similar approaches, the estimate is [3,420]: 


(dd) /(iu) c 1 —9 x 107°. (53.103) 


The previous estimate is in good agreement with the one from FESR [679]. 


53.12 Heavy quark masses 


In the previous part of this book, we have already discussed the different definitions of the 
heavy quark masses and given their values. Contrary to the light quark masses, the definition 
of pole quark masses p? — M? can (in principle) be introduced perturbatively for heavy 
quarks [147,133,148], similarly to that of the electron, as here the quark mass is much 
heavier than the QCD scale A such that the perturbative approach makes sense. However, a 
complication arises due to the resummation of the QCD series [154] such that the pole mass 
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definition has an intrinsic ambiguity, which can be an obstacle to its improved accuracy 
determination, although the effect is relatively small. Alternative definitions that are free 
from such ambiguities have been proposed in the literature [157,159]. In this section, we 
shall discuss the determinations of the perturbative running quark masses which do not have 
such problems. 


53.12.1 The quarkonia channel 


Charmonium and bottomium are the standard channels for extracting the charm and bottom 
quark masses. Most of the sum rule analysis are based on the Q? = 0 moments (MOM) 
originally introduced by SVZ for the study of the charmonium systems: 


1 d \" 
Mom sois) n 


but convenient for the bottomium systems due to a much better convergence of the OPE. 
In [357], the Q? 4 0 moments have been introduced for improving the convergence of the 
QCD series: 


? dt 1 
-| E —ImII(ft), (53.104) 
Q?-0 4m? PEE TE 


T dt 1 
= — pm me), (53.105) 
Q?=0} 4m? (t + Qi) T 

The spectral function can be related to the e* e^ — Q Ọ total cross-section via the optical 
theorem: 
1 o(e*e- > OO) 


ImII(t + ie) = , 
(spe) 127 Q% o(ete- > utp) 


(53.106) 


Qg is the heavy quark charge in units of e. The contribution to the spectral function is as 
usual saturated by the lowest few resonances plus the QCD continuum above the threshold te: 


3 1 
ImIIo(r) = ia? OF ) rMib(t — M?) + e(t — t.)ImIIQ-P()), — (53.107) 
Q i 


where T; is the electronic width of the resonances with the value given in PDG [16]. 
Retaining the observed resonances, the value of 4/t. fixed from stability analysis is about 
(11 ^ 12) GeV for the Y-and about 5 GeV for the J/ V-families. However, the result will 
be practically independent from this choice of t. due to the almost complete dominance 
of the lowest ground state to the spectral function at the stability point. An alternative 
approach that is used in [148,149] is the LSR: 


[oe] 

1 

L(t) x dt exp '* —ImII(f) . (53.108) 
4m? T 

This sum rule is particularly convenient for the analysis of the charmonium systems as 

the corresponding OPE converges faster than the moment sum rules. It has been noted in 

[149] that the ratios of sum rules (and their finite energy sum rule (FESR) variants) are 
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more appropriate for the estimate of the quark mass as these ratios equate directly the mass 
squared of ground state to that of the quark: 

Mo 
Mor 


They also eliminate, to leading order, some artefact dependence due to the sum rules (expo- 


d 
R,= and R, = ae log £, (53.109) 


nential weight factor or number of derivatives) and some other systematic errors appearing 
in each of the individual moments. For the perturbative part, we shall use (without expanding 
in 1/M) the Schwinger interpolating formula to two loops: 


2 
ImIP*"(r) ~ 3 y 30 fig SQ (53.110) 
9 127 2 3 


where: 


3+ 3 
vo = J1— 4M/t, ftv) = x eG =) (53.111) 


are respectively the quark velocity and the Schwinger function [319]. We express this 
spectral function in terms of the running mass by using the two-loops relation given in a 
previous chapter and including the a, log(t/M Q)-term appearing for off-shell quark. We 
shall add to this perturbative expression the lowest dimension (œ, G?) non-perturbative 
effect (it has been explained in a previous part of this book that, for a heavy-heavy quark 
correlator, the heavy-quark condensate contribution is already absorbed into the gluon 
one), which among the available higher-dimension condensate terms can only give a non- 
negligible contribution. The gluon condensate contribution to the moments MM) and so to 
Rn can be copied from the original work of SVZ [1] and reads: 


m) (n) (n + 3)! 4r (o,G?) 
Mog = —Mpen (= DOn +5) 9 (4m2) ; 


(53.112) 


where Me, is the lowest perturbative expression of the moments. The one to the Laplace 
ratio R, can be also copied from the original work of Bertlmann [93], which has been 
expanded recently in 1/Mg by [697]. It reads: 


2 4 5 
Ru s (42) = (a, G^ye? ( + —— ) (53.113) 


where w = 4M ots The results of the analysis from the ratios of moments and Laplace sum 


rules give the values of the running masses to order œs:° 


Me(Me) = (1.23 + 0.03 + 0.03) GeV , my(my) = (4.23 + 0.04 + 0.02) GeV , 
(53.114) 


where the errors are respectively due to a,(Mz) = 0.118 + 0.006 and (o, G?) = (0.06 + 
0.03) GeV‘ used in the original work. These running masses can be converted into the pole 


? The inclusion of the œ? correction is under study. 
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Table 53.5. QSSR direct determinations of m,(m.) in MS scheme and of the pole mass Me 
from J / V -family, e+ e— data and D-meson and comparisons with lattice results. 
Determinations from some other sources are quoted in PDG [16]. The results are given in 
units of GeV. The estimated error in the SR average comes from an arithmetic average of 
the different errors. The average for the pole masses is given at NLO. The one of the 
running masses is almost unchanged from NLO to NNLO determinations. <= means that 
the perturbative relations between the different mass definitions have been used to get the 
quoted values 


Sources mo(m.) M. Comments Authors 
J/ V-family 
MOM and LSR at NLO (1.27 + 0.02) <= (1.45 £0.05) «——m (—m?) SN89 [148] 
= (1.26 + 0.02) 
Ratio of LSR at NLO (1.23 + 0.04) => (1.42 + 0.03) SN94 [149] 
NRSR at NLO (1.23 + 0.04) <= (1.45 + 0.04) SN94 [149] 
SR at NLO (1.22 + 0.06) <= (1.46 0.04) DGP94 [697] 
NRSR at NNLO (1.23 + 0.09) (1.70 + 0.13)* EJO1 [699] 
ete data 
FESR at NLO (1.37 + 0.09) PS01 [700] 
MOM at NNLO (1.30 + 0.03) KSO1 [701] 
NLO (1.04 + 0.04) <= 1.33— 1.4 M01 [702] 
D meson 
Ratio of LSR at NNLO (1.1 + 0.04) (1.47 + 0.04) SNO1 [150] 
SR average (1.23 + 0.05) (1.43 + 0.04) 
Quenched lattice 
(1.33 + 0.08) FNAL98 [703] 
(1.20 + 0.23) NRQCD99 [704] 
(1.26 + 0.13) APEO1 [705] 


* Not included in the average. 


masses at this order. Non-relativistic versions of these sum rules (NRSR) introduced by 
[155] have also been used in [148,149] for determining the b quark mass. These NRSR 
approaches have been improved by the inclusion of higher-order QCD corrections and 
resummation of the Coulomb corrections from ladder gluonic exchanges. Some recent 
different determinations are given in Tables 53.5 and 53.6. 


53.12.2 The heavy-light D and B meson channels 


Heavy quark masses can also be extracted from the heavy-light quark channels because 
the corresponding correlators are sensitive to leading order to the values of these masses 
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Table 53.6. The same as in Table 53.5 but for the b-quark 


Sources my(mp) Mp Comments Authors 
Y-family 
MOM and LSR (4.24 + 0.05) (4.67 + 0.10) mp ( m?) SN89 [148] 

at NLO = (4.23 + 0.05) 
Ratio of LSR at NLO (4.23 + 0.04) (4.62 + 0.02) SN94 [149] 
NRSR at NLO (4.29 + 0.04) (4.69 + 0.03) SN94 [149] 
FESR at NLO (4.22 + 0.05) (4.67 + 0.05) SN95 [149] 

(4.14 + 0.04) (4.75 + 0.04) KPP98 [706] 

NRSR at NNLO (4.20 + 0.10) PP99, MY99 [707] 
MOM at NNLO (4.19 + 0.06) JP99 [708] 
NR at NNNLO (4.45 + 0.04) PY00, LS00 [94,709] 
NR at NNNLO (4.21 + 0.09) P01 [602] 
NR at NNLO (4.25 + 0.08) «— Residual mass BS99 [710] 
NR at NNLO (4.20 + 0.06) <= 1S mass H00 [711] 
MOM at NNNLO (4.21 + 0.05) KS01 [701] 
B and B* mesons 
Ratio of LSR at NLO (4.24 + 0.07) (4.63 + 0.08) SN94 [149] 
Ratio of LSR (4.05 + 0.06) (4.69 + 0.06) — B-meson only SNO1 [150] 

at NNLO 
SR average (4.24 + 0.06) (4.66 + 0.06) = > mp(Mz) = (2.83 + 0.04) 
Average LEP 
Three-jets at Mz (4.23 + 0.94) mp(Mz) = (2.82 + 0.63) LEP [712] 
Unquenched lattice 

(4.23 + 0.09) APEO00 [713] 


[3,401,149,698,150]. Again, we shall be concerned here with the LSR L(t) and the ratio 
R(t). The latter sum rule, or its slight modification, is useful, as it is equal to the resonance 
mass squared, in the simple duality ansatz parametrization of the spectral function: 


1 
— Imys(t) > f5Mp(t — Mp) + “QCD continuum" 6(t — te) , 
VIA 


(53.115) 


where fp is the decay constant analogue to!” fy = 130.56 MeV. The QCD side of the sum 


rule reads: 


oo 1 4; A2 
£oco(r) = M2 J. diei. ET — x) (: af +(2) ro) E (=) rs | 


Q 


+ [C4(O4) + C«(Og) c] eM 


, 


(53.116) 


10 Notice that we have adopted here the lattice normalization for avoiding confusion. We shall discuss its determination in the 


next chapter. 
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where R2s is the new a?-term obtained semi-analytically in [448] and is available as a 
Mathematica package program Rvs.m. Neglecting m4, the other terms are: 


x=M%/t, 


fiox)- ? + 2Li2(x) + log x log(1 — x) — 5 log(1/x — 1) 
— log(1 — x) + xlog(1/x — 1) — (x/(1 — x)) log x, 
C4(04) = — Mo (dd) + (a,G?)/12x 


Mot 1 2 3 ha pv 
C«(09) = —7— |1- 5Mat J 8 (dow >Gird 
8x M21 M472 S 
(5) (2 5 : pa, Qr)? . (53.117) 


The previous sum rules can be expressed in terms of the running mass mo(v).!! From 


this expression, one can easily deduce the expression of the ratio R(t), where the unknown 
decay constant disappears, and from which we obtain the running quark masses: 


Telme) = (1.10 + 0.04) GeV . (53.118) 


The analysis is shown in Fig. 53.10, where a simultaneous fit of the decay constant from 
L and of m.(m,) from R is shown. !? 

Our optimal results correspond to the case where both stability in t and in t; are reached. 
However, for a more conservative estimate of the errors we allow deviations from the 
stability points, and we take: 


te ~ (6 ~ 9.5)GeV?, t œ (1.2 40.2) GeV? , (53.119) 


and where the lowest value of t, corresponds to the beginning of the c-stability region. 
Values outside the above ranges are not consistent with the stability criteria. One can check 
that the dominant non-perturbative contribution is due to the dimension-four M. (dd) light 
quark condensate, and test that the OPE is not broken by high-dimension condensates at 
the optimization scale. However, the perturbative radiative corrections converge slowly, as 
the value of fp increases by 12% after the inclusion of the a; correction and the sum of the 
lowest order plus a, -correction increases by 21% after the inclusion of the œ? term, indicating 
that the total amount of corrections of 21% is still a reasonnable correction despite the slow 
convergence of the perturbative series, which might be improved using a resummed series. 
However, as the radiative corrections are both positive, we expect that this slow convergence 
will not affect the final estimate in a significant way. A similar analysis is done for the pole 
mass. The discussions presented previously also apply here, including the one of the radiative 
corrections. We quote the final result: 


M, = (1.46 + 0.04) GeV , (53.120) 


!! Tt is clear that, for the non-perturbative terms which are known to leading order of perturbation theory, one can use either the 
running or the pole mass. However, we shall see that this distinction does not notably affect the present result. 
12 We shall discuss the decay constant in the next section. 
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Fig. 53.10. Laplace sum rule analysis of fp and m,(m-). 


where the error is slightly smaller here due to the absence of the subtraction scale uncer- 
tainties. One can cross-check that the two values of m,.(m,) and M, give the ratio: 


M. /m;(m,) = 1.33, (53.121) 


which satisfies quite well the three-loop perturbative relation M./m,.(m,) = 1.33. This 
could be a non-trivial result if one has in mind that the quark pole mass definition can be 
affected by non-perturbative corrections not present in the standard SVZ-OPE. In particular, 
it may signal that 1/4? correction of the type discussed in [162,161,394], if present, will 
only affect weakly the standard SVZ-phenomenology as observed explicitly in the light 
quark, gluonia and hybrid channels [161]. Using analogous analysis for the B meson, we 
obtain at the optimization scale t = 0.375 GeV ? and t, = 38 GeV?: 


my(mp) = (4.05 + 0.06) GeV , (53.122) 
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while using the pole mass as a free parameter, we get: 


M, = (4.69 + 0.06) GeV . (53.123) 
One can again cross-check that the two values of m,(m,) and M, lead to: 
My/my(mp) = 1.16, (53.124) 


to be compared with 1.15 from the three-loop perturbative relation between M; and mp, 
and might indirectly indicate the smallness of the 1/q? correction if any. One can imme- 
diately notice the agreement of the results from quarkonia and heavy-light quark channels. 
Comparisons with other determinations are given in Tables 53.5 and 53.6. 


Summary for the heavy quark masses and consequences 


From Tables 53.5 and 53.6, we conclude that the running c and b quark masses to order o? 
from the different sum rules analysis are likely to be: 


m(m,) = (1.23 + 0.05) GeV , m (mp) = (4.24 + 0.06) GeV, (53.125) 


where the estimated errors come from the arithmetical average of different errors. We have 
not tried to minimize the errors from weighted average as the correlations between these 
different determinations are not clear at all. However, as one can see in the tables, the quoted 
errors are typical for each individual determination. These results are consistent with other 
determinations given in [16] and in particular with the LEP average from three-jet events and 
lattice values reported in the tables. Using the previous relation between the short distance 
perturbative pole and running masses, one obtains, to order as: 


MET? = (1.41+0.06)GeV, MP? =(4.63+0.07)GeV, — (53.126) 


and to order o: 


MET? = (1.64+0.07)GeV, | MID =(4.88+0.07)GeV, — (53.127) 


which are consistent with the average values to order o, quoted in the tables and in [149]. 
However, one should notice the large effects due to radiative corrections which can reflect 
the uncertainties in the pole mass definition. From the previous values of the running masses, 
one can also deduce the values of the RG invariant masses to order a2: 


fi, = (1.21 + 0.07) GeV , fiy = (6.9 + 0.2) GeV. (53.128) 


We have used Ay = 325 + 40 MeV and As = 225 + 30 MeV. Taking into account thresh- 
old effects and using matching conditions, we can also evaluate the running masses at the 
scale 2 GeV and obtain: 


im-(2) = (1.23£0.05)GeV, — m,(2) = (5.78 £0.26) GeV. — (53.129) 
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Combining the values of m; and m; obtained in the previous section, one can deduce the 
scale-independent mass ratio: 


— = 48.8 9.8, (53.130) 


which is useful for model building. 
One can also run the value of m, at the Z-mass, and obtains the value of m,(Mz) quoted 
in the table: 


my(Mz) = (2.83 + 0.04) GeV. (53.131) 


This value compares quite well with the ones measured at Mz from three-jet heavy quark 
production at LEP where the average (2.83 + 0.04) GeV of different measurements [712] 
is also given in the table. This is a first indication for the running of m, in favour of the 
QCD predictions based on the renormalization group equation. 


53.13 The weak leptonic decay constants fp, and fg, 


In this section,? we summarize the different results obtained from the QCD spectral sum 
rules (QSSR) on the leptonic decay constants of the B and D mesons which are useful in the 
analysis of the leptonic decay and on the B-B mixings. Intensive studies have been carried 
out on this subject during the last few years using QSSR and lattice calculations. 

The leptonic constant of the pseudoscalar P = D, B meson is defined as: 


(013, A"|P) = fe M2P, (53.132) 


where P is the pseudoscalar meson field and fp is the pseudoscalar decay constant which 
controls the P — lv leptonic decay width, normalized as fy = 130.56 MeV.!^ The current: 


9, A" (x), = (m;i + M ji ys) (i =u, d, s; j =c,b), (53.133) 


is the divergence of the axial current. In the sum rule analysis, we shall be concerned with 
the pseudoscalar two-point correlator: 


Yq =i Jj d" xe'^* (0/T9, A" (x); (ð A (0):)' |0). (53.134) 
In the case of the B(ub) meson, the decay width into rv; reads: 


Gil Vubl? 


(Bot, + Botyy)= 
An 


M2\° 

T 2 £2 

Mg ( ;) Mifg, (53135) 
M5 


where M; expresses the helicity suppression of the decay rate into light leptons e and u. 


13 This is an extension and an update of the some parts of the reviews given in [364]. 
14 [n this chapter, we adopt this normalization used by the lattice and experimental groups. In the previous sections, we have used 
fa = fa [2 = 924 MeV. 
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Fig. 53.11. Different measurements of fp, compared with theoretical predictions from [714]. 


This expression shows that a good determination of fg will allow a precise extraction 
of the CKM mixing angle V,;. One the other hand, fg and the so-called bag parameter 
Bj also control the matrix element of the AB = 2 B?- B? mixing matrix, which is of a 
non-perturbative origin, as we shall discuss in another chapter. 

However, contrary to the case of the 7 and K mesons, the leptonic width of the heavy 
meson is small as the corresponding decay constant vanishes as 1/ Mo , while the presence 
of the neutrino in the final state renders the reconstruction of the signal and the rejection of 
background difficult. Moreover, the B leptonic rate is Cabibbo suppressed, which makes it 
unreachable with present measurements. (~ | Vaol), while the D, leptonic rate is Cabbibbo 
favoured (~ |V.,|?). Recent measurements of fp, are given in Fig. 53.11, where the quoted 
average is [714]: 


fp, = (264 + 37) MeV . (53.136) 


53.13.1 Upper bound on the value of fp 


Within the QSSR framework, the decay constants of the B and D mesons have been firstly 
estimated in [414], while the first upper bounds on their values have been derived in [29] 
and updated in the recent review [364]. Indeed, a rigorous upper bound on these couplings 
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can be derived from the second-lowest superconvergent moment: 


9^ Ws(q?) 


@ l 
2 (aq?) 


(53.137) 


q1—0 
where for this low moment, the OPE behaves well. Using the positivity of the higher-state 
contributions to the spectral function, one can deduce [29,399]: 


Mp ma = 
fp < — 414+3— +0.751la@ +--+}, (53.138) 
4r Mo 


where one should not misinterpret the mass dependence in this expression compared with 
that expected from heavy-quark symmetry. Applying this result to the D meson, one obtains: 


fy = 214fr, (53.139) 


which is not dependent to leading order on the value of the charm quark mass. Although 
presumably quite weak, this bound, when combined with the recent determination of the 
SU (3)r breaking effects to two loops on the ratio of decay constants [716]: 


fo, 
fo 


c (1.15 + 0.04) , (53.140) 


implies 


fp, < (2.46 + 0.09) fy ~ (321.2 + 11.8) MeV , (53.141) 


which is useful for a comparison with the recent measurement of fp,, with the average 
value given previously. One cannot push, however, the uses of the moments to higher n 
values in this D channel, in order to minimize the continuum contribution to the sum rule 
with the aim of derive an estimate of the decay constant from this method, and to derive its 
‘correct’ mass dependence, because the QCD series will not converge at higher n values. 


53.13.2 Estimate of the D decay constant fp 


The decay constant fp can be extracted from the pseudoscalar Laplace sum rules given 
in Eq. (53.116).!> Prior to 1987, the different sum rules estimate of the decay constant fp 
were inconsistent among each other. To our knowledge, the first attempt to understand such 
discrepancies was reported in [717,718] (see also [719]), where it was shown, for the first 
time and a long time before the lattice results, that: 


fo fa^: (1.27 L5)fs , (53.142) 


which differs from that expected from the heavy-quark symmetry scaling law [720]: 


—1/Bi 
fip. (Sa) (53.143) 


Mg o, (My) 


15 For reviews, see for example [715,360]. 
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valid in the extreme case where the heavy-quark mass is infinite.!° It has also been un- 
derstood that the apparent disagreement among different existing QSSR numerical results 
in the literature is not only due to the choice of the continuum threshold t, [its effect is 
(7 ~ 10)% of the result when one moves f, from the one at the beginning of sum rule vari- 
able to the one where the t, stability is reached.]'’ as misleadingly claimed in the literature. 
Indeed, the main effect is a/so due to the different values of the quark masses used,!8 which 
is shown explicitly in the table of [716]. 

In the D channel, the most appropriate sum rule is the (relativistic) Laplace sum rule, 
as the OPE of the q? = 0 moments does not converge for larger values of the number of 
derivatives n, at which the D meson contribution to the spectral integral is optimized. The 
results from different groups are consistent with each others for a given value of the c-quark 
mass. For the D meson, the optimal result is obtained for: 


6 < te < 9.5 GeV?, 1tX(1.2+0.2)GeV~?. (53.144) 


where the QCD corrections are still reasonnably small. The most recent estimate including 


a? corrections from a simultaneous fit of the set either ( fp, m-(m-_)) or (fp, M? d is given 


in Fig. 53.10. The obtained values of the quark masses have been quoted in Table 53.5. The 
resulting value of fp is [150]: 


fp = (203 + 23) MeV , (53.145) 


in agreement with the recent evaluation (195 + 20) MeV at order o? but using the pole mass 
as input [722]. 


53.13.3 Ratio of the decay constants fp,/fp and fz,/fp 


The SU(3) breaking ratios fp,/fp and fp,/fg have been obtained semi-analytically in 
[716]. In order to have a qualitative understanding of the size of these corrections, we start 
from the global hadron-quark duality sum rule: 


Í dc mY (o) ~ f dc mW? (o) , (53.146) 
0 0 
where o. is the continuum energy defined as: 

t = (E + Moy = M, oMg. (53.147) 


Keeping the leading order terms in a, and in 1/ Mg, it leads to: 


aphasia ype Nc: 53.148 
opem) )- Gio) (laa) > 6n 


16 Finite mass corrections to this formula will be discussed later on. 

17 [n some papers in the literature, the value of t, is taken smaller than the previous range. In this case, the te effect is larger than 
the one given here. 

18 A critical review on the discrepancy between different existing estimates is given in [721]. 
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Table 53.7. Estimate of fg, to order a2 and fp,/ fp to order o, from QSSR and 
comparison with the lattice 


Sources fs (MeV) "ns / fa fs, (MeV) Comments Authors 
QSSR 
LSR 203 + 23 1.16 + 0.04 = > 236430 Mpo, mp: output SN94,01 [716,150] 
210+ 19 244+ 21 mp: input JLO1 [724] 
HQETSR 206 + 20 Moote: input PSO1 [722] 
SR average 207+ 21 => 240 + 24 
Unq. lattice 
200 + 30 1.16 + 0.04 = > 232135 average LATOI [725] 
where: 
2 
capp y ee (53.149) 
Pe = \ m P, Mo) ` 


The value of w is fixed from stability criteria to be [717,721,634,165]: 


we X (3.1 + 0.1) GeV. (53.150) 


The sum rule indicates that the SU(3) breaking corrections are of two types, the one 
m;/ Mg and the other m; /cx.. More quantitatively, we work with the Laplace sum rule: 


[i i doe ^ ImWz^(oe). (53.151) 
0 
Analogously the Laplace sum rule gives: 


R2 ~ 9114202402) A) 1 2) 2(8.2 3 1.6) =") (53.152) 
poU .2 +0. " Mo 2 EL 2. ; ; 


where the numerical integration includes a slight Mg dependence. Including msœs and 


mas -corrections, the resulting values of the ratio are: 
Rpz foo 1154004 , Ree fe 1164005. (53.153) 
fp fe 
This result implies: 
fp, = (235 + 24) MeV , (53.154) 


which agrees within the errors with the data [714] and lattice [723] averages both quoted in 
Fig. 53.11. This feature increases confidence in the use of the QSSR method for predicting 
the not yet measured decay constant of the B meson. 
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53.13.4 Estimate of the B decay constant fg 


For the estimate of fp, one can either work with the Laplace, the moments or their non- 
relativistic variants because the b-quark mass is relatively heavy. The optimal result which 
we shall give here comes from the Laplace relativistic sum rules. They corresponds to the 
conservative range of parameters: 


0.6 < EP = Vte Mg < 1.8 GeV, 120.38GeV", (53.155) 


which have been used in the previous section for getting the b-quark mass. As shown in the 
figure given in [726,727], the dominant corrections come from the (uu) quark condensate 
with the strengh (30~40)% of the lowest order term in fg, while the higher condensate 
effects are smaller, which are respectively —(20~30)% , + (5~8)% for the d = 5 and 6 
condensates. This shows, despite the large value of the quark condensate contribution, that 
the OPE is convergent. It has been noticed in [726,727], that the convergence of the OPE is 
faster for the relativistic LSR than for the moments, such that the most precise result should 
come from the LSR. In both cases the perturbative corrections are small. One obtains from 
the relativistic LSR , the results to order a? [150]: 


fp = (203 x 23) MeV ~ (1.55 0.18) fr , (53.156) 


and to order œ, (see previous discussion) [716]: 


a ~ 1.16 + 0.04 . (53.157) 


B 


These values of fg and fp agree quite well with the previous QSSR findings in [716], 
[3] and [719]. They also agree with the non-relativistic sum rules estimate in the full theory 
[717], in HQET [633,722] and in [634,165]. However, unlike the relativistic sum rules, the 
HQET sum rule is strongly affected by the huge perturbative radiative corrections of about 
100%, which is important at the sum rule scale of about 1 GeV at which the HQET sum 
rule optimizes. These results are also in good agreement with the lattice average estimate 
given in Table 53.7. 


53.13.5 Static limit and 1/M,ņ-corrections to fg 


As noticed previously, the first result fg — fp in [716], which has been confirmed by recent 
estimates from different approaches, shows a large violation of the scaling law expected 
from heavy-quark symmetry. This result suggests that finite quark mass corrections are still 
huge at the D and B meson masses. The first attempt to understand this problem analytically 
is in [718] in terms of large corrections of the type E./ M; if one expresses in this paper the 
continuum threshold f; in terms of the threshold energy E.: 


t, = (E, + MyY.. (53.158) 


More recently different approaches have been investigated for the estimate of the size of 
these corrections. 
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In the lattice approach, these mass corrections have been estimated from a fit of the 
obtained value of the meson decay constant at finite and infinite (static limit) values of the 
heavy quark mass and by assuming that these corrections are polynomial in 1/M up to log. 
corrections. A similar analysis has been done with the sum rule in the full theory [726,727], 
by studying numerically the quark mass dependence of the decay constant up to the quark 
mass value (Mg x 15 GeV) until which one may expect that the sum rule analysis is still 
valid. In so doing, we use the parametrization: 


~ 2a A B 
V Msg = fga!” fı E + | : (53.159) 
fav Ms ~ faa, 3a M, M? 


by including the quadratic mass corrections. The analysis gives:!? 


f 5 = (fey Mg), X (0.65 + 0.06) GeV?” , (53.160) 


which one can compare with the results from the HQET Laplace sum rule [633] and 
[165,728]: 


fe = (0.35 £0.10) Gev?” , (53.161) 
and from FESR [165]: 


fp = (0.57 £0.10) Gev?” , (53.162) 


Taking the average of these three (independent) determinations, one can deduce: 


fp = (0.58 £0.09) GeV?” , (53.163) 


where we have evaluated an arithmetic average of the errors. This result is in good agreement 
with the lattice value given in [723,729] using non-perturbative clover fermions. One can 
translate this result into the value of fp in the static limit approximation: 


fit ~ (1.9 0.3) f, . (53.164) 


We can also use the previous value of f" together with the previous values of fg and fp 
at the ‘physical’ quark masses in order to determine numerically the coefficients A and B of 
the 1/M, and 1/ M corrections. In so doing, we use the values of the quark ‘pole’ masses 


given in Tables 53.5 and 53.6. Then, we obtain from a quadratic fit: 
A £0.98 GeV and B 0.35 GeV? , (53.165) 
while a linear fit gives a large uncertainty: 
A £ (0.74 ~ 0.91) GeV . (53.166) 


One can notice that the fit of these coefficients depends strongly on the input values of fp 
and fg. Indeed, using some other set of values as in [726,727,634], one obtains values about 
two-times smaller. Therefore, we consider as a conservative value of these coefficients an 


1? The numbers given in [726,727] correspond to the quark mass M; — 4.6 GeV and should be rescaled until the meson mass 
M. In the following, we shall also work with fg normalized to be 4/2 bigger than in the original papers. 
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uncertainty of about 5096. The value of A obtained is comparable with the one from HQET 
sum rules [166] and [726,634] of about 0.7 ~ 1.2 GeV. A similar value of A has been also 
obtained from the recent NR lattice calculations with dynamic fermions and using a linear 
fit [729]: 


A £ 0.7 GeV . (53.167) 


One can qualitatively compare this result with the one obtained from the analytic expres- 
sion of the moment in the full theory [3,718,728]: 


ial 2a, 3m-2E. /— z? (iu) 


AZ es]. 53.168 
fs z Mp 37 M, 2 E m | ( ) 


Here, one can notice that the size of the 1/ M, corrections depends on the number of 
moments, such that their estimate using literally the expression of the moments can be 
inconclusive. A qualitative estimate of these corrections can be done from the semi-local 
duality sum rule, which has more intuitive physical meaning due to its direct connection 
with the leptonic width and total cross-section through the optical theorem. It corresponds 
to n — —2, and leads to the interpolating formula [728]: 


3/2 3/2 2 2 n 
E; Mp 20; 3E z^ (uu) 
ee Pr ue EE au ut) 1 TS 1, (53.169 
Jay Mast cce N 3* 88M] 2 E) i } 


from which, one obtains: 


3 
Aw 5 Ms = M,) cei GeV, 
3, 27 2 2 
BY — E + —(Mg — My) ~ 0.45 GeV’ , (53.170) 
88 32 
which is in good agreement with the previous numerical estimate. 


53.14 Conclusions 


We have reviewed the determinations of the quark masses and leptonic decay constants of 
(pseudo)scalar mesons which are useful in particle physics phenomenology. The impressive 
agreements of the QSSR results with the data when they are measured and/or with lattice 
calculations in different channels indicate the self-consistency of the QSSR approach, mak- 
ing it one of the most powerful semi-analytical QCD non-perturbative approaches available 
today. Applications of these results for studying the B-B mixings and C P-violation will 
be discussed in the next chapter. 


54 


Hadron spectroscopy 


54.1 Light 4q mesons 


The spectroscopy of the light mesons has been discussed extensively in the literature, using 
LSR [1,357,3,32,452], FESR [405,629], and Yndurain’s moments within positivity [730]. 
Detailed derivations of the analysis in some channels can e.g. be found in QSSRI [3]. 
In addition to the currents associated to the (axial)-vector and (pseudo)scalar channels, 
discussed in previous chapters, we shall also be concerned with the 2** tensor current, 
where its renormalization has been discussed in Part VIII, while the corresponding sum 
rule has been re-analysed in [452]. The analysis is summarized in Table 54.1, where one 
can deduce from Table 54.1, that the predictions for the couplings are quite good compared 
with available data, whereas in some cases the meson masses are overestimated. 


54.2 Light baryons 


As mentioned earlier, the light baryon systems have been studied in [424 —430]. The decuplet 
and the octet baryons can be respectively described by the operators: 


_ 1 -aT à y^y^ 
RET Dy cov (o -3 )w. (54.1) 
and: 
1 
N= Va [QE CAsV) v + bOECV)Asv], (54.2) 


where C is the charge conjugation matrix, b is an arbitrary mixing parameter and w is the 
valence quark field. We have suppressed the colour indices. The corresponding two-point 
correlator: 


S(q)—i ji d*x ei^* ( OTONO (0)|0 ) , (54.3) 

can be parametrized (without loss of generalities) in terms of two invariants: 
S(q) = (QFi + T+, (54.4) 
where for the decuplet (A(3/2)) T = g””, and for the octet (nucleon) T = 1. The expres- 


sions of the form factors are known including radiative corrections and non-perturbative 
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Table 54.1. Light meson masses and couplings from QSSR. The coupling fp are in units of 
MeV and normalized as f, = 92.4 MeV, while yy has no dimension and is normalized as 
Vp = 2.55 (Eq. 2.52). WSR refer to Weinberg sum rules in QCD (previous chapter) 


JEE Meson Coupling Mass (GeV) te (GeV?) t (GeV~?) References 
zz p yp ~ 2.5 — 2.8 0.80 ~ 0.85 141.7 204-1 [3] 
K* yk* x 2.0 — 2.5 14~2 0.6~ 1 [3] 
prt Al YA, ~ (0.2 ^ 1.9) yp 1.28 2.0923 06~1 WSR [29,3] 
0-* - fa > (14 ~ 96) nt- 1.8~2.3 07-1.6 [30,29,3] 
4.6 x 10? 
; LE 
K K-K ~ 9542.5 18~2.3 0.7~ 1.6 [3] 
Mk fk 
ott ao(üd) fa = (1.6 0.5) 1.0 ~ 1.05 131.66 04~0.8 [3.420,422] 
fo(üu + dd) TAa M jy ~ Ma SU(2) 
Kos) frg ~ (46.3 + 7.5) 1.3 ~ 1.4 18~2.3 0.7~1.6  [419,3,420,422] 
fos) fs = (22 ~ 28) 1.474 + 0.044 x 1K°0 0.3 ~ 0.5 [688,3] 
2t h ff, ~ (132 ~ 184) 1.4 ^ 1.6 2.53.5 0.6~ 1.2 [452,3] 
My 
E na ia. Ma ee ee d y 
Í fr; ~ (112 ~ 152) Mp 1.14 ~ 1.26 3~4 0.6 ~ 1.2 [452,3] 


terms. These terms are tabulated in [426] (see chapter on two-point function). The relevant 
quantities for the analysis are the LSR: 


te 1 
Lilt) = dte" —6BImE(t): i=1,2 (54.5) 

0 VIA 

and their ratios: 
Jo dt te“ ImF;(t) 


Rg) = ; 
o dt et HmF;(t) 


(54.6) 


and: 

te -ttl 

o dt e" -ImFo(t) 

te el : 

o dt e" -ImFi(f) 
The baryon contribution to the spectral function can be introduced through its coupling 

and using a duality ansatz parametrization: 


Ri(r)- (54.7) 


1 
—Im/5(t) = Mp\Zp\"5(t — M3) + O(t — t.) ‘QCD continuum’ , 

T 

1 

—ImF\(t) = |Zgl 8 (t — M5) + OG — te) ‘QCD continuum’ . (54.8) 
VIA 


Qualitatively, 721? can provide a good explanation of the proton mass in terms of the 


chiral condensate: 
7 — 2b — 5b? 
) (54.9) 


My 3x? ye ( 2 
gone UR (rs 
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Table 54.2. Light baryon masses and couplings from QSSR 


Baryon Coupling (GeV) Mass (GeV) Mass (GeV) (exp) te (GeV?) 


Octet: JP = (1/2)* 

N 0.14 1.05 0.94 1.58 
x 0.27 1.16 1.19 2.09 
A 0.23 1.24 1.1 2.15 
1) 0.31 1.33 1.31 2.42 
Decuplet: JP = (3/2)* 

A 1.15 1.21 1.23 2.2 
Q 5.16 1.61 1.67 4.08 
=* 1.89 1.35 1.38 2.78 
a* 3.07 1.48 1.51 3.39 


One can optimize this relation in the change of the mixing parameter b by requiring that 
its first derivative in b is zero (Principle of Minimal Sensitivity), which gives: 
b= : (54.10) 
= 5 , H 
which is the optimal choice of Chung et al. [424] obtained after an involved numerical 
analysis. The value of the sum rule at which the sum rule is optimized is approximately 
TZA Mi, from which one can deduce the interesting sum rule: 


1/3 
My & E e| ~ 1.8 GeV, (54.11) 


which is not too bad taking into account the crude approximation used to get this formula. 
However, it shows the róle of the non-leading terms in correctly fixing the mass of the 
nucleon. A comparison of the numerical ability of these different sum rules has been dis- 
cussed in [2], where it has been noted that £2 and 7222 are the most advantageous sum rule 
(stability, small radiative correction, ...). The results from this analysis are given in [426] 
and discussed in details in [3]. We show them in Table 54.2. 

We have only quoted in Table 54.2 the central value, where the error is typically about 
10%. The different sum rules optimize for t around 0.8 ~ 1.2 GeV, while the t, values 
quoted in the table come from the lowest FESR moment. The results for the octet corresponds 
to the optimal value b — —1/5 discussed earlier. A compromise value: 


MÊ ~ 0.8 GeV? , (54.12) 


of the scale parametrizing the mixed condensate is needed, as also required for fitting the 
heavy-light B and B* meson masses [401]. The SU(3) mass-splittings need large flavour 
breakings of the chiral condensates (5s) and (SGs), which, at the order we are working to, 
seem to act in opposite directions. In particular, the €2 mass can be reproduced for a 40% 
increase of the mixed condensate value compared with its SU(3) symmetric value. 
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54.3 Spectroscopy of the heavy-light hadrons 
54.3.1 Beautiful mesons 


The masses and mass-splittings of heavy-light mesons made with gb quarks (q is the light 
quark u, d and s) have been analysed in [401] using the ratio r, and double ratios d, of 
q? = 0 moments: 


d, = (54.13) 


pun 
where r, has been defined analogously to Eq. (54.6); H and H' are the indices of the 
corresponding meson. The analysis shows a good n ~ 7 ~ 9 and te — (40 ~ 60) GeV? 
stabilities, which indicates that the sum rule can give a much better prediction for the ratio 
than for the absolute values of the meson masses. The observed masses of the B and B* 
mesons have been used for fixing the b quark mass and the value of the mixed condensate. 
The predictions for the mass splittings are given in the table of [313] (Section 51.3). The 
main features of the results are summarized below. 


* Splittings between the chiral partners 
Typically, the mass splitting between the meson and its chiral partner is [313]: 


B,(0**) — B(07*) ~ B2(1**) — B*(177) & (417 € 212) MeV , (54.14) 


which is mainly due to the chiral quark condensate as expected from general arguments. 

* Splittings due to SU (3) breakings 
The SU (3) breaking mass-splitting is given in [313], as function of the ratio of the normal ordered 
condensate x = ($5)/(uu). Using the experimental value B, = 5.37 GeV, one can deduce: 


x ~ 0.75, (54.15) 


in agreement with the result obtained from the light meson systems discussed previously. The mass 
of the B7 meson is also given in [401] as a function of x. Using the previous value of x, into the 
prediction of the B* in [401] leads to a value slightly higher than the data [16], and needs to be 
reconsidered. 
* Decay constants and couplings 
Besides the decay constants fg, of the Bis, mesons which plays an important role in the B0; — B 
mixing matrix elements, which we shall discuss in more details in the next chapter, we give below 
the findings of [401] for the couplings and decay constants of the other mesons to order a,: 
Mp» 


fes ~ (1.99 0.39) fa , fe = 5 > fes X (1.78 £0.22) fr (54.16) 
YB* 


compared with the values of fg and fg, obtained to the same order in [717,698,716]. 


54.3.2 Baryons with one heavy quark 


The masses and couplings of the baryons (Quu) where Q = b, c have been estimated [453] 
using q? = 0 moments and LSR. In the case of charmed baryons, the LSR stabilizes at 
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t ~ 0.4 GeV? and for t, in the range 8 to 16 GeV’, where the first value corresponds to 
the beginning of t stability, while the second one to the t, stability. Moreover, a study of 
the stability on the change of the mixing parameter b for the 29 currents lead to the range: 


—0.5 < b < 0.5, (54.17) 


in favour of the Chung et al. [424] choice b = —1/5 in the light baryons sector. In the case 
of beautiful baryons, the optimal results are obtained for t ~ 0.2 GeV? (LSR), n ~ 4 ~ 6 
(moments), and for te ~ 40 ~ 50 GeV?. The analysis leads, to a good accuracy, to the mass 
difference [453]: 


Èp — Xe X 3.4 GeV, E; — US x 3.3 GeV. (54.18) 
Using the experimental value of £., one can then predict [453]: 
Xp ~ 5.85 GeV , (54.19) 
in agreement with the potential model estimate. The corresponding couplings are: 
IZz. ~ (4.2 ~ 7.7) x 10^ GeV, — |Zy,|7 = (0.10 ~ 0.45) x 10? GeVÓ, (54.20) 


where we have used the same normalization as in the light baryon systems. To a lesser 
accuracy, one has also obtained [453]: 


ut x (2.15 ~ 2.92) GeV , E x (5.4 ~ 6.2) GeV , (54.21) 
in agreement with potential model estimates. The corresponding couplings are: 
[Zz 2 (1.1 ~ 2.2) x 10? GeV®, — |Zg, ^ = (2.0 ~ 5.4) x 10? GeV®. (5422) 
The analysis has been also applied to the Ag baryon. One has obtained [453]: 
Xe — Ac x 207 MeV , X, — Ap € 163 MeV, (54.23) 


where the bounds should be understood as ‘practical’ though not ‘rigorous’. One can also 
notice that the value of the Ag mass decreases with the value of the gluon condensate. 
Finally, the previous analysis for the baryons has been extended in the case where the b 
quark mass tends to infinity (HQET sum rule) [454]. In so doing one has considered the 
combination of form factors: 


S3(Dg) = Molm FP (t) + Im F(t), (54.24) 


corresponding, respectively, to the positive Bj and negative B, parity states. Doing the 
analysis for the 29, and taking a conservative range of the QCD continuum energy E; ~ 
(1.5 ~ 3) GeV, one obtains the mass gap: 


8My. = X* — Mp ~ (1.1 ~ 2.1)GeV, àMg- = 7 — My © (1.8 ~ 2.5) GeV, 
(54.25) 
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respectively for the positive and negative parity states. This result shows that the baryon 
mass gap is systematically higher than the meson mass one which is about 0.65 GeV. 
Analogous analysis for the A^ baryons shows that, to the approximation we are working, 
the 6M,+ sum rule does not present any stability, while one finds that the ^ and A^ are 
almost degenerate. 


54.4 Hadrons with charm and beauty 


From the point of view of quark-gluon interactions, the B.(bc) meson is intermediate 
between the cc and bb systems, and it shares with the two heavy-quarkonia common dynamic 
properties. It is possible to consider the heavy quark and anti-quark as non-relativistic 
particles, and describe the bound state, adding then the relativistic corrections. On the other 
hand, B., being the lightest hadron with open beauty and charm, decays weakly. Therefore, 
it provides us with a rather unique possibility of investigating weak decay form factors in 
a quarkonium system. 

The spectroscopy of the (cb) mesons and of the (bcq), (ccq) and (bbq) baryons (q = d 
or 5), the decay constant and the (semi)leptonic decay modes of the B, meson have been 
extensively discussed in [731] using combined informations from potential models and 
QSSR. As a result, one obtains [731]: 


* Spectra 
The spectra of the B,-like hadrons from potential models are: 


Mai) = (6.26 £0.02) GeV, — Msi; = (6.33 + 0.02) GeV, 
Mates) = (6.93 + 0.05) GeV, Mores) = (7.00 € 0.05) GeV, 
Mz) = (3.63 £0.05) GeV, Mso) = (10.21 + 0.05) GeV, (54.26) 


which are consistent with, but more precise than, the sum-rule results given in [453,454]. 

* The decay constant fz, and other residues 
The decay constant of the B. meson is better determined from QSSR than from potential models. 
The average of the LSR and q? = 0 moments sum rule gives the result [731]: 


fa, = (2.94 € 0.12) f, , (54.27) 


which leads to the leptonic decay rate into tv, of about (3.0 + 0.4) x (V4 /0.037)? x 
10/? s-!, This result has been obtained for t œ (0.04 ~ 0.12) GeV~?, for n ~ 2 ~ 3, and for 
c 02 50 ~ 67 GeV’, or equivalently for Ee ~ (1.0 ~ 2.1) GeV, where te = (M; + M. + Ey. By 
comparing it with fg, one can notice that their difference is about M, as intuitively expected. 
Residues of the different baryons have been also estimated. Their values with the corresponding 
normalizations can be found in [731,453,454]. 

* Semi-leptonic decays of the B, 
We have also studied the semi-leptonic decay of the B, mesons and the q?-dependence of the form 
factors, which differs from the usual VDM expectation. We shall come back to this point in the next 
chapter. 


54 Hadron spectroscopy 621 


Detection of these particles in the next B-factory machine will then serve as a stringent 
test of the results from combined potential models and QSSR analysis obtained in [731]. 


54.5 Mass splittings of heavy quarkonia 


The mass splittings of heavy quarkonia have been studied recently using double ratios 
of exponential sum rules [313] (Section 51.3). One can notice that the sum rule analysis 
of the mass splittings is insensitive to the change of the continuum threshold te, whilst it 
optimizes at the sum rule scale o = t ~ 0.9 (respectively 0.35) GeV? for the charmonium 
(respectively bottomium) systems. As emphasized earlier, some observed mass splittings 
can be used for fixing the QCD parameters œ, and gluon condensate (see the table of Section 
51.3). In this section, we give the different predictions obtained once we know these QCD 
parameters. These predictions are given in the table of Section 51.3. One can notice that 
there is a fair agreement between the theoretical predictions and the data when available. 
For a particular interest is the prediction on the Y — n, mass-splitting in the range 30 ~ 110 
MeV, which can imply the observation of the n, through the Y radiative decay. The (non) 
observation of the n, through this process is a test of the validity of the resummed Coulombic 
correction, which differs from the correction obtained from the truncation of the QCD series. 
In this latter case, the predicted mass splitting is only of the order of 3 to 20 MeV. 


54.6 Gluonia spectra 


The properties of gluonia from QSSR and some low-energy theorems have been discussed 
recently in the update work of [688] where complete references to the original works can 
also be found), which we shall summarize. The most relevant papers for our discussions 
will be those in [3,734] and [455-457] for the sum rules analysis, those in [686] for the 
low-energy theorems and vertex sum rules and those in [687,458,450] for the mixings.! 

We shall consider the lowest dimension gluonic currents that can be built from the gluon 
fields and which are gauge invariant: 


J, = B(ds) Gag G^. 


68 = -GG qud G,4, G^? 
wv — uT vat 4$ ap 


Q(x) = (5) tr Gap”, (54.28) 


where the sum over colour is understood. The £ function has been defined in Chapter 2, 
while 


1 
Guy = zemp” l (54.29) 


is the dual of the gluon field strengths. These currents have respectively the quantum numbers 
of the JPC = 0**, 2** and 0-* gluonia,? which are familiar in QCD. The former two 


! Some theoretical reviews and experimental results on the status of gluonia can be found in [688,365,690,735—738]. 
? The pseudotensor 2-* will not be considered here. 
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enter into the QCD energy-momentum tensor 6,,,, while the later is the U(1)4 axial-anomaly 
current. We shall also consider the scalar three-gluon local current: 


Jo = 8° fu G^ G^G* . (54.30) 


The spectra of the gluonia has been obtained from a QSSR analysis of the generic two- 
point correlator: 


yolq) =i f d*x e^" (0|T Ja (x) (Ja (0) |0) , (54.31) 


built from the previous gluonic currents JG (x), using the LSR and its ratio R(t). The 
gluonium contribution to the spectral function enters through its coupling: 


(OJEG ) = V2 fo M2 . (54.32) 


The results of the analysis are summarized in Table 54.3. 

The mass of the three-gluonic bound state as well as its small mixing with the two-gluonic 
state have been obtained in [457]. The predictions obtained in the table show that the 0** 
gluonium is the lightest gluonia, which is in good agreement with lattice calculations [739] 
and QCD-like inequalities [740] results. This agreement is an a posteriori confirmation of 
the fact that the neglect of the instanton contributions qualitatively discussed in [382] is 
a good approximation. Moreover, different analysis in the literature also shows that using 
current models, instanton effects are negligible in the mass calculations. 

One should notice that, in addition to the G(1.5) also found from lattice quenched sim- 
ulation, the low-mass og coupled to the gluonic current is needed in the QSSR analysis 
for a consistency of the subtracted and unsubtracted sum rules which optimize in different 
energy regimes. Moreover, a low-mass og is also found in different experiments [690] and 
is needed in the linear o model [741,742,743]. 


54.7 Unmixed scalar gluonia 
54.7.1 Masses and decay constants 


The mass spectrum of the scalar gluonium has been given in Table 54.3, where, as previously 
mentioned, a low-mass scalar og below 1 GeV (we have chosen 1 GeV for definiteness 
in our discussion but a lower value is not also excluded) is needed in addition to the one 
G of 1.5 GeV, in order to have consistency between the results from the substracted and 
unsubtracted sum rules. 


54.7.2 o and o couplings to m1 


The decays of pure gluonia states have been estimated from the vertex function shown in 
Fig. 54.1 constrained by a low-energy theorem (LET): 


V(q?) = (PIONIP) 2 q?t2m5, P=x,K,n, (54.33) 
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Table 54.3. Gluonia masses and couplings from QSSR 


Mass (GeV) 


JPC Name Estimate Upper bound fo (MeV) A/t. (GeV) 


ort G 1.5+0.2 2.16 +0.22 3904145 2.0 ~ 2.1 
OB < 1.00 (input) > 1000 
on 1.37 (input) 600 
3G 3.1 62 
DIT T 2.0 € 0.1 2.7 + 0.4 80 + 14 2:2 
07* P 2.05 + 0.19 2.34 +0.42 8-17 2.2 
Ef 1.44 (input) 7: Jf — yt 
Y5 
u 
0, + 
Y5 


Fig. 54.1. QCD diagram contributing to the scalar gluonium decay into two pseudoscalar Goldstone 
bosons. 


where q is the scalar meson momentum. In the chiral limit, it obeys the dispersion relation: 


2 2 dt 1 
V(a)—-4 | ———-umV(), (54.34) 
t—q*^-—iem 
which gives the first Narison- Veneziano (NV) sum rule [686]: 
1 
4 2, Ssev2fsc0. (54.35) 
$20p,05.G 


Using V'(0) = 1, and a og meson dominance,’ it leads to the second NV sum rule: 
1 A2 f. 
2 3l gspp =l. (54.36) 


These two sum rules are a generalization of the Goldberger-Treiman relation. It gives 
the value of the o5z:*z- and orz couplings given in Table 54.4 leading to the un- 
expected large width of the lowest mass scalar gluonium into pairs of Goldstone bosons.* 


3 We could identify the G(1.5 ~ 1.6) with the one observed at GAMS [744] which coupling to zz is negligible, while for 
definiteness, we use as input M,, ~ 1.37 GeV. 


^ Similar results have been obtained in [689]. 
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Table 54.4. Unmixed scalar gluonia and quarkonia decays 


Name Mass (GeV) rr (GeV) KK (MeV) gg (MeV) nn’ (MeV) (4z); (MeV) yy (keV) 


Op 0.75 1.0 0.20.8 SU(3) SU(3) 0.2 ^ 0.3 
(input) 

05 1.37 0.8 ~ 2.0 SU(3) SU(3) 43 — 316 0.7 
(input) (exp) 

G 1.5 ~0 ~0 11~2.22 5~10 60 ~ 138 0.5 

So 1. 0.12 SU(3) SU(3) 0.67 

S, 1.3 2 z' 0.3 SU(3) SU(3) 4.4 

$5 1.474 + 0.044 73427 15+6 0.4 

S; ~ 1.7 112 SU(3) 1.1 


The behaviour of this width versus the mass of the og has been given in [688], where it has 
been shown that a og of about 600 MeV cannot have a width larger than 150 MeV. The 
couplings behave analytically as:? 


Busan : : Soinn © & (£ 
opin ^v , onn ^ Sognn \ 0. 
T Safa (1— MG, Ma) i MAY 


The unexpected relatively large width of the og indicates a large violation of the OZI rule 
in the U(1) scalar sector like in the case of the 7 decay. As a result from these sum rules, 
one expects that the scalar gluonium og has an universal coupling (up to SU (3) symmetry 
breaking terms) to pairs of Goldstone bosons, which is a characteristic feature that should 
be tested experimentally. 


) : (54.37) 


54.7.3 G(1.5) coupling to nr’ 


The coupling of the scalar gluonium to the pairs of U(1)4 mesons (19', nn’) is gouverned 
by a three-point function made with a glue line shown in Fig. 54.2. 
Analogous low-energy theorem [686] gives at q? = 0: 


(mlok) = 2M; , (54.38) 


where n; is the unmixed U(1) singlet state of mass M,, ~ 0.76 GeV. Writing the dispersion 
relation for the vertex, one obtains the NV sum rule: 


1 
2 Y. ssav2fs 22M, . (54.39) 


= / 
S=08,0 p, G 


5 In some Lo M approaches, the coupling vanishes in the chiral limit as a reflection of the arbitrariness of the scalar potential term 
of the effective Lagrangian. 
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Q(x) 


aly) 


Fig. 54.2. QCD diagram contributing to the scalar gluonium decay into 2 U(1)4 pseudoscalar mesons. 
Q(x) represents the gluon part of the axial-anomaly. 


Assuming a G(1.5) dominance of the vertex, the sum rule leads to: 
Samm © (1.2 ~ 1.7) GeV. (54.40) 
Introducing the ‘physical’ n’ and 7 through: 


n’ = cos Opn — sinOpng , n = sinOpn, + cosOpne , (54.41) 


where [16,200] 0p ~ —(18 + 2)° is the pseudoscalar mixing angle, one obtains the width 
given in Table 54.4. The previous scheme is also known to predict (see NV and [746]): 


_ Icm : 
r=— x 0.22, 8Gnn X SiN OP 8EGny » (54.42) 
Peny 
typical for the U(1)4 anomaly dominance in the decays into 7’ and ņ. It can be compared 
with the GAMS data r ~ 0.34 + 0.13, and implies the width I5, in Table 54.4. This result 
can then suggest that the G(1.6) seen by the GAMS group is a pure gluonium, which is 
not the case of the particle seen by Crystal Barrel [735] which corresponds to r ~ 1. It 
also shows that the G(1.6) is a relatively narrow state, which may justify the validity of the 
lattice quenched approximation in the evaluation of its mass. 


54.7.4 0;,(1.37) and G(1.5) couplings to 47 


Within our scheme, we expect that the 47 are mainly S-waves initiated from the decay of 
pairs of og. Using: 


(0507105) = 2M;, . (54.43) 
and writing the dispersion relation for the vertex, one obtains the sum rule: 
1 
7 XO 8sosos Y 2fs = 2Mz, « (54.44) 
i=og,0,.G 


We identify the o} with the observed fo(1.37), and use its observed width into 4zr, which 
is about (46 ~ 316) MeV [16] (S-wave part). Neglecting, to a first approximation, the og 
contribution to the sum rule, we can deduce: 


£G6oyo, © (2.7 ~ 4.3) GeV , (54.45) 
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Fig. 54.3. Vertex controlling the gluonium couplings to J/w(y)y: (a) box diagram; (b) anomaly 
diagram. 


which leads to the width of 60-138 MeV, much larger than the one into nn and ny’ in 
Table 54.4. This feature seems to be satisfied by the states seen by GAMS [744] and Crystal 
Barrel [735]. Our previous approaches show the consistency in interpreting the G(1.6) seen 
at GAMS as an ‘almost’ pure gluonium state (ratio of the nn’ versus the nn widths), while 
the state seen by the Crystal Barrel, though having a gluon component in its wave function, 
cannot be a pure gluonium because of its prominent decays into nn and zt * zt. We shall 
see later on that the Crystal Barrel state can be better explained from a mixing of the GAMS 
gluonium with the S3(Ss) and o states. 


54.7.5 op, op and G couplings to y y 
The two-photon widths of the og, o and G can be obtained by identifying the Euler- 
Heisenberg effective Lagrangian (see Fig. 54.3) [747]:° 
ds Q; 
"* 180m? 
"e Fav Fv Gap Gag] , (54.46) 


[28 FF. Gi Gou + 14 Fv Gy Fio Gop = Fav Gy, Fap Gap 


with the scalar-y y Lagrangian 


Lsyy = 8syy oB F Fe - (5447) 
This leads to the sum rule: 
2 
o 2 X 
8yy = co V2 fsMS (=) È -E (54.48) 
q=u,d,s 4 


6 FW is the photon field strength, Q, is the quark charge in units of e, —j = 9/2 for three flavours, and m, is the ‘constituent’ 
quark mass, which we shall take to be m, ~ ma ~ Mp/2, m, ~ Mg/2. 
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from which we deduce the couplings: 
gsyy © (0.4 ~ 0.8)a GeV ^!, (54.49) 


(S 2 ap, o5, G) and the widths in Table 54.3, smaller (as expected) than the well-known 
quarkonia width: l'(f; — y y) — 2.6 keV. Alternatively, one can use the trace anomaly: 
(010/|yiy2) and the fact that its RHS is O(K?), in order to get the sum rule [748,382] 
(R 23550? 


1 2 OR uy Luv 
(0|. B(o)G Day) S mdi F,lyny». (54.50) 


from which one can deduce the couplings: 


V2 aR 


M M fsg. (54.51) 
4 é 3m 


j 
S—0p,05, 


Itis easy to check that the previous values of the couplings also satisfy the trace anomaly 
sum rule. 


54.7.6 J/w — y S radiative decays 


As stated in [747], one can estimate the width of this process, using dispersion relation 
techniques, by saturating the spectral function by the J// plus a continuum. The glue 
part of the amplitude can be converted into a physical non-perturbative matrix element 
(0104, G?| S) known through the decay constant fs estimated from QSSR. By assuming that 
the continuum is small, one obtains:® 


oon (Muy (e) (1 5 M3/M3,,)° 2 


82656100 V Me M, FUV ete)?’ (54.52) 


T(J/y > yS)= 


This leads to:? 
B/W — y S) x B(S > al ~ (0.4 ~ 1) x 1073. (54.53) 


for S = op, op, G. These branching ratios can be compared with the observed B(J/y — 
y f2) = 1.6 x 1073. Theog could already have been produced, but might have been confused 
with the zz: background. The ‘pure gluonium' G production rate is relatively small, contrary 
to the naive expectation for a glueball production. In our approach, this is due to the 
relatively small value of its decay constant, which controls the non-perturbative dynamics. 
Its observation from this process should wait for the tCF machine. However, we do not 
exclude the possibility that a state resulting from a quarkonium-gluonium mixing may be 
produced at higher rates. 


7 Here and in the following, we shall use Mo, © (0.75 ~ 1.0) GeV. 

5 We use M, ~ 1.5 GeV for the charm constituent quark mass and — f = 7/2 for six flavours. 

? From the previous results, one can also deduce the corresponding stickiness which is proportional to '(J/ > Xy)/T(X > 
yy) in [736]. 
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/5 
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Fig. 54.4. QCD diagram contributing to the scalar qq decay into two pseudoscalar mesons Goldstone 
bosons. 


54.7.7 $ — ogy and D, — oglv decays 


From the previous approaches, one also expects to produce the og from $ radiative decays 
[749,688]. Similar analysis can also be done for the D, — olv semi-leptonic decays [750], 
where the zz final state is uniquely produced from a glue rich channel. One should note 
that due to the large OZI-violation of the og — mz process, one expects that the $ > ogy 
and D, — oglv decay rates are sizeable. 


54.8 Unmixed scalar quarkonia 


The masses of pure gq states are given in Table 54.1 and have been obtained using QSSR 
[3] and [688]. Here $5 and S3 denote isoscalar (J = 0) scalar states iiu + dd and ss and 
their radial excitations $5 and 55. QSSR predicts a degeneracy between the isovector ay!° 
and isoscalar mass $5 of about 1 GeV in the absence of mixing, while due to SU (3) breaking 
the mass of the S5 is predicted to be in the range of 1.3 ~ 1.4 GeV. Their widths have been 
estimated using QSSR for the vertex shown in Fig. 54.4 [751,3] and [688]. These results are 
compiled in Table 54.4 and indicate that the qq interpretation of the wide o (0.6) and x (0.9) 
indicated by some recent data is incompatible with these QSSR results. The discrepancy 
with the « mass is more intriguing, where in this isovector channel, one expects no possible 
gluon component. The existence of this particle should be further tested from independent 
and cleaner processes. In the table we quote the updated values from [688], where we have 
used the fact that the G couplings to zz and K K are negligible as indicated by the GAMS 
data [744]. 


54.9 Mixing schemes for scalar mesons 


Previous results for the decay widths of unmixed scalar states can be used using phenomeno- 
logical mixing schemes in order to explain or to predict the widths of the observed scalar 
mesons. 


10 One should notice (see Chapter 53), that the ao is the particle naturally associated to the divergence of the SU (2) vector current, 
and which satifies the different chiral symmetry breaking constraints: mg — my,... 
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54.9.1 Nature of the o and fo(0.98) 


Below or around 1 GeV, one can use a two-component mixing as in [687,688] between the 
gluonium og and quarkonium S», and fixes the mixing angle from the predicted l'(og > 
y Y) in Table 54.4 and the observed I'( fo > y y) ~ 0.3 keV. In this way one obtains a 
maximal mixing angle: 


|Os| ~ (40 ~ 45)°, (54.54) 


indicating that the fo and o have a large amount of glue and quarks in their wave functions, 
which is a situation quite similar to the case of the 7’ in the pseudoscalar channel (mass 
given by its gluon component but strong coupling to quarkonia). 

By recapitulating, our scheme suggests that around 1 GeV, there are two mesons that 
have 1/2 gluon and 1/2 quark in their wave functions resulting from a maximal destructive 
mixing of a quarkonium (S2) and gluonium (o) states: 


* The fo(0.98) is narrow, with a width < 134 MeV, and couples strongly to K K, with the strength 
E fgk*K-/ fox^z- 7 2, a property seen in zz and y y scatterings [742] and in pp [737] experiments. 
Its production from $ radiative decays is [749]: 


T$ > fo(980)y) 1.3 x 1074, (54.55) 


in good agreement with recent data from Novosibirsk and Daphne of about 1.1 x 1074. 

* The c, with a mass around (0.75 ~ 1) GeV, is large, with a width of about (400 ~ 900) MeV, and 
has universal couplings to zz and K K. However, our analysis shows that a o with lower mass 
cannot be large. 


54.9.2 Nature of the fo(1.37), fo(1.5) and f; (1.7) 


We use a three-component mixing scheme between the o'(1.37), S3(1.47) and G(1.5) bare 
states in order to explain the nature of the above-mentioned three observed states. In order 
to fix the different angles of the CKM-like 3 x 3 mixing matrices, we use the following 
input deduced from the present Crystal Barrel data [752]: 


I'(fo(1.50) — zz) ~ (20 ~ 31) MeV T'(fo(1.50) > KK) ~ (3.6 ~ 5.6) MeV 
L'(fo(1.50) > nn) = (2.6 ~ 3.3) MeV T(fo(1.50) — 47°) ~ (68 ~ 105) MeV, 
(54.56) 


and: 
P(fo(1.50) > nn’) > 1.3 MeV. (54.57) 


We shall also use the widths of the o’ given in the previous table. The resulting values of 
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the mixing angles read: 


fo(1.37) 0.01 ~ 0.22 | —(0.44— 0.7) 0.89 — 0.67 /o'(1.37) 
fo(1.50) |x| 0.11 ~ 0.16 0.89~0.71  043-—0.69 | | $3(1.47) |, 
fo(1.60) —(0.99 ~ 0.96) —(0.47 ~ 0.52) 0.14 ~ 0.27 G(1.5) 

(54.58) 


where the first (respectively second) numbers correspond to the case of large (respectively 
narrow) o^ widths. From the previous schemes, we deduce the predictions in units of 
MeV:!! 


D(fo(1.37) — mar) © (22 ~ 48) TF(C(fo(1.37) > nn) x 1. T(foX1.37) > nn’) x 2.5, 
(54.59) 


and 


T(fo(1.5) > KK) * (3 ~ 12) T(fo(1.5 > qp & (1 ~ 2) TG. > nn’) <1, 
(54.60) 


despite the crude approximation used, these are in good agreement with the data. These re- 
sults suggest that the observed f(1.37) and fo(1.5) comes from a maximal mixing between 
gluonia (c' and G) and quarkonia S3. The mixing of the S3 and G with the quarkonium S5, 
which we have neglected compared with the c^, can restore the small discrepancy with the 
data. One should notice that the state seen by GAMS [744] is more likely to be similar to the 
unmixed gluonium state G (dominance of the 47 and nn’ decays), as already emphasized in 
[686], which can be due to some specific features of the central production for the GAMS 
experiment. ? 


Nature of the f; (1.71) 
For the fo(1.6), we obtain in units of GeV: 


T'(fo(1.6) > KK) © (0.5 ~ 1.6) l'(fo(1.6) — zz) © (0.9 ~ 2.) 
l'(fo(1.6) > nn) ~ (0.04 ~ 0.6) P(fo(1.6) — nn’) ~ (0.03 ~ 0.07), (54.61) 


and 
T'(fo(1.6) > (477) s) © (0.02 ^ 0.2) , (54.62) 


which suggests that the fo(1.6) is very broad and can again be confused with the continuum. 
Therefore, the f; (1.7) observed to decay into K K with a width of the order (100 ~ 180) 
MeV, can be essentially composed by the radial excitation 5;(1.7 ~ 2.4) GeV of the 53(5s), 
as they have about the same width into K K (see Section 6.4). This can also explain the 
smallness of the f;(1.7) width into zz and 47. Our predictions of the f; (1.71) width can 
agree with the result of the OBELIX collaboration [737], while its small decay width into 47r 


11 Recall that we have used as inputs: L(fo(1.37) > KK) & 0, P(fo(1.5) — m2) © 25 MeV, while our best prediction for 
T(fo(1.5) — (47r)s) is about 150 MeV. The present data also favour negative values of the fonn, fon’n and fo K K couplings. 
1? Some alternative scenarios are discussed in [754,755]. 
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is consistent with the best fit of the Crystal Barrel collaboration (see Abele et al. in [752]), 
whichis consistent with the fact that the f5(1.37) likes to decay into 427. However, the fo(1.6) 
and the f;(1.71) can presumably interfere destructively for giving the dip around 1.5 ~ 1.6 
GeV seen in the K K mass distribution from the Crystal Barrel and pp annihilations at rest 
[753,737]. 


54.10 Mixing and decays of the tensor gluonium 


The mass mixing between the tensor gluonium and quarkonium states has been estimated 
to be small: 


0r > —10°, (54.63) 


in [450] and [2] using the off-diagonal two-point correlator: 


MC 4 iqx 
Hope md IE x e'^* (0T 0$, (00, (0)]0) 
1 2 5 
= 2 Tlup!lva + Nuo vp — 3 uwv npo Ves (qd ) , (54.64) 
where 
OF (x) = ig yu Dy T y. Dq (x) E (54.65) 


Here, D, = D, - D » is the covariant derivative, and the other quantities have been 
defined earlier. 
The hadronic width of the tensor gluonium has been constrained to be [452,450]: 


T(T > zz 4 KK +n) € (119 +36) MeV, (54.66) 


from the f? — mz data, and assuming an universal coupling of the T to pairs of Goldstone 
bosons. À vertex sum rule analogous to the case of the scalar gluonia assumed to be saturated 
by the f» and T leads to: 


T(T > xz) € 70 MeV. (54.67) 


These results show that the tensor gluonium cannot be wide. Its width into y y can be 
related to that of the scalar gluonium G using a non-relativistic relation. In this way one 
obtains: 


4 ( Mr V 
nT > yy) 1s (5) Trott > yy) ~ 0.06 keV, (54.68) 


which shows again a small value typical of a gluonium state. 
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54.11 Mixing and decays of the pseudoscalar gluonium 


The mass mixing angle between the pseudoscalar gluonium and quarkonium states has also 
been estimated from the off-diagonal two-point correlator, with the value [458,3,734]: 


Op c 12°, (54.69) 


from which one can deduce: 
3 
2 Mp / 
T(P => yy) & tan’ 0p M. I (gy > yy) 1.3 keV 
UM 
PANES 
TI(P—py)-c tan? Op (€) rn > py) ~ 0.3 MeV , (54.70) 
nf 


where k; is the momentum of the particle i. We have used '(n’ > yy) ~ 4.3 keV and 
Trn > py) ~ 72 keV. Measurements of the P widths can test the amount of glue inside 
the P-meson. 

Some other aplications of the sum rules in the pseudoscalar channel will be discussed 
later on. These concern the estimate of the topological charge and its implications to the 
proton spin. 


54.12 Test of the four-quark nature of the aj(980) 


The four-quark nature of the a9(980) and fo(975) has been conjectured from the bag model 
approach [73,757] in order to explain their degeneracy and their large couplings to K * K ^ 
pairs, where in this scheme, their quark content would be: 


| fo) = —=5s(au + dd). (54.71) 


On the other hand, this scheme is unlikely as it does not explain why the usual gq scalar 
states are absent, whilst in addition, it leads to a proliferation of states (many cryptoex- 
otics, . . . ). Moreover, the relation of this model with the usual chiral and flavour symmetries 
is not obvious. Within the framework of QSSR, the two-point correlator associated to the 
colour singlet operators: 


OF » sPs(aPu — dd), (54.72) 


o 1 
V2 rA 
has been firstly studied in [465], where the LSR analysis leads to: 
Mg —1GeV, fg = 2.5 MeV, (54.73) 


where E corresponds to exotic and fpg is normalized as fy = 92.4 MeV. In [756], one has 
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V5 


V5 


Fig. 54.5. QCD diagram contributing to the aj decay into two pseudoscalar bosons in the assumption 
of a four-quark state. 


also introduced the operator: 


OF X $PA,s(uPu — dla“), (54.74) 


o 1 
v2 T=L ys 


and studied the more general combination: 


D = OF 4107: (54.75) 


In this case the decay constant fg becomes function of t as: 


32 Xm 
Jum (1 + sn) . (54.76) 


A sum rule analysis of the vertex shown in Fig. 54.5 leads to the ay > nz, K K widths 
[756,3]: 


32 N71 
l(ag — qz) ~ (52 ~ 88) MeV ( + sn) , (54.77) 
and: 
3 16 
SayKK = 2 Sam xflt 3 = (5 OM, 8) GeV. (54.78) 


These results indicate that the ay K K coupling can strongly deviate from the SU(3) ex- 
pectation owing to the extra (1 4- 1) factor, which is a result expected in this scenario. 
However, an estimate of the yy width within the same framework, as shown in Fig. 54.6, 
gives: 


T(E > yy) & (2~ 5) x 10 * keV, (54.79) 


which is too small compared with the data for the ap of about 0.3 keV. The smallness of this 
quantity can be better understood if one compares the ratio of the yy couplings obtained 
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Fig. 54.6. QCD diagram contributing to the ao decay into two photons in the assumption of a four-quark 
state. 


from QSSR for the gq and four-quark representation of the ao. At the stability point, one 
obtains: 


BEyy .. (=) 4t (ss) Fa 
T 


; 54.80 
27 M3? fr (mg — Mu) ( ) 


Savy 


where fa is proportional to the running quark mass difference m4 — m,. This relation 
shows the relative suppression of gg,, with respect to the one in the gg scheme reproduced 
correctly by the QSSR method. The coefficients in the previous equation does not support 
the rough estimate [758]: 


DG > vy)aqy © 0.240? T (ao > VY )aq » (54.81) 


which overestimates the width by about two orders of magnitude (~ 1/167r7). This negative 
result does not support the four-quark nature of the ao. Further experimental tests are needed 
for checking this result. We plan to come back to this point in a future work. 


54.13 Light hybrids 


Hybrid mesons are interesting due to the exotic quantum numbers, such that they are not 
expected to mix with ordinary mesons. A lot of studies have investigated their activities 
within QSSR [459,460] and the final correct QCD result has been obtained in [461]. In this 
approach, one can consider the colourless, local and gauge-invariant operators: 


OGA) =: gPhayyy GP : O'(x) =: gy Aayvys v GH” : (54.82) 
corresponding to the vector and axial-vector channels. They are the only lowest dimension 


operators that can be used to study the quantum numbers of the exotic mesons 1^ * an 077. 
The corresponding two-point correlator can be decomposed into its transverse spin 1 and 
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Table 54.5. Light hybrid masses and couplings from QSSR 


JEC Name Mass (GeV) fy (MeV) Vr (GeV) 
it p(ügd) 1.6 — 1.7 25-50 M;+0.2 
Egs) M; + 0.6 
0--  i(ügu--dgd) 3.8 x 4.1 
V5 Q(x) 
O, + P O, + 
Yii Y5 
(a) (b) 


Fig. 54.7. QCD diagram contributing to the ø decay into (a) zp and (b) zn’. Q(x) represents the 
gluon component of the axial-anomaly. 


longitudinal spin O parts: 


n? (si f d^x e!*( OTO AG (OF ,4(0))' 10) 


= —(g"q? — qq") (07) + a" q TA) - (54.83) 


54.13.1 Spectra 


The masses of the light hybrids have been obtained in [461,3,462] using LSR within stability 
criteria and a two-parameter fit of the ratio of moments. The inclusion of the contribution 
of a new D — 2 operator due to tachyonic gluon mass has been considered in [462], but 
the effect on the mass and coupling predictions is negligible. The updated results [462] are 
given in Table 54.5. 


54.13.2 Decay widths of the 6 


The different exclusive decays of the 6 have been studied in [461,3,462] using vertex sum 
rules shown in Fig. 54.7. 

We give the results in Table 54.6. These results show that the pz is the dominant mode, 
while n'r is the most characteristic signal for detecting the p. 
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Table 54.6. Decay modes of the Õ from QSSR 


Decay modes Width (MeV) Comments 
pn 274 

K*K 8 

yx 3 

mm, KK zo O (m?) 
N'T 3 U (1) anomaly 
nw am c 3.1 tan? Op 


Table 54.7. Heavy hybrid masses from QSSR 


JEE bgb Cgc bgu cgu 
ott 10.9 5.0 6.8 4.0 
Oo 11.4 5.4 77 4.5 
I 10.6 4.1 - - 

ibas 10.9 4.7 6.5 3.4 


54.14 Heavy hybrids 


The heavy hybrids have been studied within QSSR in [463]. Unfortunately, no indepen- 
dent group has checked their calculations.!? The results presenting t stability are given in 
Table 54.7. 

One should notice that the results obtained in [463] have no te stability as they increase 
with źe. The results in the table correspond to the beginning of t stability. They correspond to 
the value of ./f, of about (0.3-0.4) and (0.6-0.7) GeV above the meson masses respectively 
for the cgc and bgb. For the Ggu and bgu, the Jt, values are respectively 0.2 and (0.3—0.4) 
GeV above the meson masses. One can see from this table that the splitting between two 
opposite C-parity states is typically (300 ~ 500) MeV, while the spin zero state is much 
heavier than the spin one, which is similar to the case of light hybrids. These results are in 
general in agreement with lattice values [759]. 


54.14.1 Conclusions 


There are some progress in the long-term study and experimental search for the exotics. 
Before some definite conclusions, one still needs improvments of the present data, and some 
improved unquenched lattice estimates which should complement the QCD spectral sum 
rule (QSSR) and low-energy theorem (LET) results. Our results cannot absolutely exclude 
the existence of the 1~* state at 1.4 GeV seen recently in hadronic machines (BNL and 


13 Recently, we have checked some of these results [464]. 
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Crystal Barrel) [760], but at the same time predict the existence of a 1~~ hybrid almost 
degenerate with the 1~*, and which could manifest in e*e^ — hadrons by mixing with the 
radial excitations of the o mesons. The relatively low value of t. might also indicate a rich 
population of (axial-)vector hybrid states in the region aroud 1.8 GeV. In our analysis, the 
lightest O~ states are in the range of the charmonium states, such that they could mix with 
these states as well. A search for heavy hybrid mesons at LHCb or some other B-factories 
should be useful for testing the theoretical predictions. 


55 


D, B and B, exclusive weak decays 


This chapter! contains a discussion of the different results obtained from the vertex sum 
rules for the weak semi-leptonic decays of the D, B and B,. Intensive activities have been 
devoted to these processes during the last few years using different non-perturbative QCD 
approaches (QSSR [3,364,761—771]; light-cone sum rules [360,780—782]; lattice calcula- 
tions [723]; heavy quark symmetry [164], and a perturbative factorization treatment within 
a heavy quark approach [784,600,601]). Here, we shall concentrate on the study of the 
previous decays from the point of view of QSSR from which we can extract the values of 
the form factors and some CKM mixing angles. 


55.1 Heavy to light exclusive decays of the B and D mesons 
55.1.1 Introduction and notations 


One can extend the analysis carried out for the two-point correlator to the more complicated 
case of three-point function, in order to study the form factors related to the heavy to light 
transitions: B — K*y and B — p/z semi-leptonic decays. In contrast to the heavy to 
heavy transitions, where the symmetry of the heavy quarks can be exploited and which 
considerably simplifies the analysis, the heavy to light processes need non-perturbative 
approaches such as lattice or/and QSSR. For the QSSR approach, which we shall discuss 
here, we can consider the generic process: 


B(D)—L-Tcy(lv), (55.1) 
and the corresponding three-point function: 


Vip, p, P= I d*x d^y e? *-P? (0/T J, ()0(0)J5 I0) , (55.2) 


where Jz, Jg are the currents of the light and B mesons; Ó is the weak operator specific 
for each process (penguin for the K*y, weak current for the semi-leptonic); q = p — p’ 


! This is an extension and an update of the part of book [3] and the review given in [364]. 
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and q? = t? The vertex obeys the double dispersion relation: 
= ds = ds' I à 
VP, p?) = / — if ——.—— — ImV(s,s'). (553) 
m S— po — ie Jm s' — p^—ie m 


As usual, the QCD part enters the LHS of the sum rule, while the experimental 
observables can be introduced through the spectral function after the introduction of the 
intermediate states: 

(O| Jr @)1L)(L1OO)|B) (Bl Ja (10) 
(Mz — p?)(M5 - p°) 


M, and Mg are respectively the masses of the final L and B mesons. The matrix elements are: 


JAM n, 

2yy 
respectively, for pseudoscalar and vector states, where f, = 92.4 MeV and y, = 2.55. 
The meson decay constants have been obtained either from the meson leptonic width or 
from the analysis of the two-point function discussed in the previous chapter of this book. 
Here, we shall be interested on the evaluation of the matrix element: 


V(p?, p?) x + higher states. ^ (55.4) 


(0lJP s œ|P, B) = V2fe.sMp s. — (Jp QOIV) = (55.5) 


(L|O(0)|B) . (55.6) 


The improvement of the dispersion relation can be done in the way discussed previously 
for the two-point function. In the case of the heavy to light transition, where the two sum rule 
scales are quite different, the only possible improvement with a good M, behaviour at large 
M, (convergence of the QCD series?) is the so-called hybrid sum rule (HSR) corresponding 
to the uses of the moments for the heavy-quark channel and to the Laplace for the light one 
[721,761]: 

1 f?? ds oe m-— 
(n, t) = =| = | ds e ** ImV(s, 8’). (55.7) 
T^ Jm 5 0 

Assuming that the higher state contributions to the spectral function are approximated 
by those of the QCD continuum from a threshold t- and t}, and assuming that the QCD 
contribution also obeys a double dispersion relation, one obtains the FESR: 


D 1 * ds rc rat's’ 1 
Hn, Tt) = = pem ds e ^^ ImV(s,s). (55.8) 
m m? s” 0 


N 


It has to be noticed that we shall use here, like in [761—764], the pseudoscalar current Jp = (m, + mg)i(iy>)d for describing 
the pion, where the QCD expression of the form factor can be deduced from the one in [767] by taking m, = 0 and by remarking 
that the additional effect due to the light quark condensate for B — 7r relative to B > D vanishes in the sum rule analysis. In 
the literature [768,771], the axial-vector current has been used. However, as it is already well known in the case of the two-point 
correlator of the axial-vector current, by keeping its q,,q, part, (which is similarly done in the case of the three-point function) 
one obtains the contribution from the z plus the A; mesons but not the z contribution alone. Although, the A, effect can be 
numerically small in the sum rule analysis due to its higher mass, the mass behaviour of the form factor obtained in this way 
differs significantly from the one where the pseudoscalar current has been used due to the different QCD expressions of the form 
factor in the two cases. 

One should notice here that contrary to the case of the double exponential (Borel) sum rule where the mixed condensate explodes, 
the OPE behaves quite well, at least to leading order in o. 
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Finally, in order to minimize the effects of the sum rule parameters into the analysis, it 
is usual to introduce the two-point sum rule expression of the decay constants and use a 
suitable relation between the three-point and two-point sum rules variables. These relations 
are [773] (obvious index notations): 


Bie (55.9) 


for the double Laplace sum rule (DLSR), and [763]: 


n3 = : (r = ;) ; (55.10) 


for the hybrid sum rule (HSR) and lead to a cancellation of the t or n dependences in 
the sum rule analysis [768,731,761—766]. The different form factors entering the previous 
semi-leptonic and radiative processes are defined as: 


A» 


^Jüy,(1 — ys)b| B = (Mg +M,)A\c* — —————€ p : 
(o(p )uy,(O — ys)b|B(p)) = (Mg + Mj)Aie; Tow Re P(P+ Pu 
+ y € Pp? 
Ms +M, uvpo P P 
(a(pluy,b|B(p) = feG + pou f-Q- p. 
(55.11) 
and: 
* = l+y v . *v 10 —K* 
(K qose, ( 2 ja b|B(p)) = iesus €" p^ p^ FP?“ 


* 2 2 * 1 ERE 
+ [e (Ms - Mj) - ato + P] 


(55.12) 


For completeness, we give the relations of these form factors to the decay rates of the 
B meson. In the case of the pseudoscalar final state, we have: 


dT. — GZ|Va? y 


= M2, M?,t)F?(t), 55.13 
dt — 19273M} (Ma, Mi, t) FLO ( ) 


while for the vector final state: 


dV. — Gy|Voul? 
dt ——192:3?M; 


UP (Ms. Mit) 
1 
4M? 
A(M$. M;.t). (55.14) 


x [3688] + FE + ag (8 -M - + ety. 


> 
Il 
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We have introduced the notation (often used in the literature): 


F4} = f4 S = (Mg + MpAis 
E V (55.15) 
Mg + Mr Mg + Mr 


55.1.2 Estimate of the form factors and of V, 


In the numerical analysis, we obtain at q? — 0, the value of the B — K*y form factor 
[762]: 


FË?’ ~ 0.27 + 0.03, ry ~ 1.42002, (55.16) 


which leads to the branching ratio (4.5 + 1.1) x 1075, in perfect agreement with the CLEO 
data [16] Br(Bo > K*°y = (4.55 + 0.7 + 0.34) x 102, and with the estimate in 
[781,820] and in [723]. for the D meson, one obtains: 


FP?" c 0,62 0.10 , 


——— c 1.22 + 0.04. (55.17) 


One should also notice that, in this case, the coefficient of the 1/M 2 correction is very large, 
which makes the extrapolation of the c-quark results to higher values of the quark mass 
dangerous. This extrapolation is often done in some lattice calculations. 

For the semi-leptonic decays B — p, x + Iv, QSSR gives a good determination of the 
ratios of the form factors with the values for the B-decays [763]: 


A0) VO 4 a, A, (0) A0) 


t+ 0.01, ——— — ~ 1.18 +0.06, ed 
Ai(0)  Ai(0) FP^^(0) f+) 


1.40 = 0.06 , 


(55.18) 


although their absolute values are quite inaccurate [761] and [771]. The direct determi- 
nations of the absolute values are given in Table 55.1, showing that different results are 
consistent with each others. The precise measurement of the ratios is due to the cancellation 
of systematic errors. 

Combining these results with the ‘world average’ value of f,(0) = 0.25 + 0.02 and the 
one of F P ^^ (0), one can deduce the rates: 


D. (4.3 +0.7)| Vap] x 10? s71, T,/Te > 0.90.2. (55.19) 


These results indicate: 


* The possibility to reach V,; with a good accuracy from the exclusive modes. Using the accurate B 
lifetime tg+ = (1.655 + 0.027) x 107? s, and the measured branching ratio into x [16], one can 
deduce: 


Viv = (3.6 + 0.3) x 10? , (55.20) 
inside the range (2 — 5) x 10? given by PDG. 
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Table 55.1. Values of the different form factors in the D, B semi-leptonic processes at zero 
momentum from hybrid (HSR), double Laplace (DLSR)* and light cone (LCSR) sum rules 


Process f0) A,(0) A»(0) V(0) Ref. 
D? > n-Ip 0.7 3: 0.2 [769] 
0.5 + 0.2 [771] 
0.65 + 0.10 [772] 
0.80*071 [16] Data 
D? > K-Ip 0.8 + 0.2 [769] 
0.6 +0.13 [773] 
0.75 + 0.12 [772] 
0.6 €: 0.1 [775] 
0.76 + 0.03 [16] Data 
D* — scalar 0.42 — 0.57 [776] 
(üu, Sd) lv 
D} ql» 0.50 + 0.15 [777] 
D? + pula 0.5 + 0.2 0.4 x: 0.1 1.0 + 0.2 [771] 
0.34 +0.08 0.57+0.08 0.98+0.11 [772] 
D? > K*-Ip 0.50+0.15 0.604015 1.10.25 [773] 
0.54+0.04 0.67+0.08 1.10.1 [772] 
0.58 +0.03 0.41 20.06 1.06+0.09 [16] Data 
B? — zl) 0.23 + 0.02 [761] (DLSR + HSR) 
0.26 + 0.02 [771] 
0.24 + 0.03 [774] 
0.29 + 0.04 [772] 
0.24 — 0.29 [778] (LCSR) 
B? + Dio 1.0 € 0.2 [767] 
0.62 + 0.06 [761] 
B? — p* Ip 0.35 0.16 0.424 0.12 0.47+0.14 [761] (DLSR + HSR) 
0.50.1 0.4 + 0.2 0.6 + 0.2 [771] 
B? + K*tbv 0.37 +0.03 0.400.083 0.47+0.03 [779] 
B? + D*lp 0.46 +0.02 0.53+0.09 0.58 0.03 [761] (DLSR + HSR) 


* [f not mentioned DLSR have been used. 


* One should also notice that the ratio between the widths into o and into m is about 1 due to 


the non-pole behaviour of AP, while in different pole models, it ranges from 3 to 10. This re- 
sult is in agreement within lo with the data (1.5 + 0.5). Data on B > K(K*) + v (J^) decays 
[785] also favour this non-pole behaviour, while LCSR and lattice calculations indicate a slight 


increase of A, for increasing q?. However, the arguments given in [782] for explaining the failure of 
the standard QSSR approach is unclear to us and should deserve a further investigation. In the case 
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of the non-pole behaviour, one obtains a large negative value of the asymmetry o, contrary to the 
case of the pole models. 


55.1.3 SU (3)r breaking in B/D — Kl and determination of V.4/ Ves and Ves 


We extend the previous analysis for the estimate of the SU (3)r breaking in the ratio of the 
form factors: 


Rp = fP^F(0)f?7"(0) (55.21) 


where P = B, D. As mentioned before, we use the hybrid moments for the B and the 
double exponential sum rules for the D. The analytic expression of Rp is given in [764], 
which leads to the numerical result: 


Rg = 1.007£0.020, Rp = 1.102 + 0.007 , (55.22) 


where one should notice that for M; — ov, the SU(3) breaking vanishes, while its size at 
finite mass is typically of the same sign and magnitude as the one of fp, orofthe B — K*y 
discussed before. The previous value of Rp can be used with the data [16]: 


Br(D* > x°lv) 
Br(D* — K°lv) 


= (8.5 2: 3.4)% , (55.23) 


for deducing the value of | Vea|/| Ves | 
We can also determine directly from QSSR the absolute value of the D — K form factor. 
We obtain [764]: 


fo 5500) ~ 0.80 +0.16. (55.24) 


The data from D lifetime and De; [16] gives: 


| £27 (o) [^| V. = 0.531 + 0.027. (55.25) 


Using the previous prediction for f P^ (0) leads to: 


Ves = 0.91 £0.18, (55.26) 


which differs slightly from the PDG prediction as the value of the form factor used there 
was 0.7 + 0.1. It is also expected that the most reliable result is the lower bound derived 
from Eq. (55.25) and from fP^* (0) < 1, which is: 


Ves > 0.73. (55.27) 


55.1.4 Large M,-limit of the form factors 


We have studied analytically the large M, limit of some of the previous form factors [762— 
764]. We found that, within the approximation at which we are working, and to leading 
order in M,, they are dominated, for M, — oo, by the effect of the light-quark condensate, 
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which dictates (to leading order) the M; behaviour of the form factors to be typically of the 
form: 


ro~ 2 ie E (55.28) 
fe Mè)’ l 
where Tp is the integral from the perturbative triangle graph, which is constant as t? E< / (dd) 
(t; and E, are the continuum thresholds of the light and b quarks) for large values of 
M». It indicates that at q? = 0 and to leading order in 1/ Mj, all form factors behave like 
/ My, although, in most cases, the coefficient of the 1/ M; term is large, which explains 
the numerical dominance of the perturbative contribution at finite M;. It should be finally 
noticed that owing to the overall 1 / fg factor, all form factors for the heavy to light transitions 
have a large 1/ M, correction. 


55.1.5 q?-behaviour of the form factors 


Although the sum rules give a reliable prediction for the value of the form factors at zero 
momentum transfer, the analysis of their q? behaviour is more delicate due to the eventual 
presence of non-Landau singularities [774] above a critical value: 


ter = (Mg + mg’ , (55.29) 


for a Og, meson decaying semi-leptonically into a q,q; meson, where the weak current is 
42¥u91; Mg and m, are constituent quark masses. Much below f,,, the sum rule result is 
expected to provide the right q?-behaviour of the form factor. The study of the q? behaviours 
of the B semi-leptonic form factors shows that, with the exception of the A; form factor, 
their q? dependence is only due to the non-leading (in 1/ Mj) perturbative graph, so that for 
M, — oco, these form factors remain almost constant from q? = 0 to q2..., with a cautious 
for the accuracy of the result at Q2... . The resulting M; behaviour at q2, is the one expected 
from the heavy quark symmetry. The numerical effect of this q?-dependence at finite values 
of M, is a polynomial in q? (which can be resummed), and mimics the pole parametrization 
quite well for a pole mass of about 6—7 GeV. The situation for the A, is drastically different 
from the other ones, as here the Wilson coefficient of the (dd) condensate contains a q? 
dependence with a wrong sign and reads [763]: 


(dd) q? | 
VC O aE 11— s, 55.30 
14^) f | m? ( ) 


which, for q2,,, = (Mz — M,)’, gives the expected behaviour: 


1 


Ai (Geax) ~ (55.31) 


$ 


One can notice that the g* dependence of A, is in complete contradiction with the pole 
behaviour due to its wrong sign. This result may explain the numerical analysis of [771]. 
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One should notice that a recent phenomenological analysis of the data [783] on the large 
longitudinal polarization observed in B — K* + w and a relatively small ratio of the rates 
B — K* + y over B > K + y [785] can only be simultaneously explained if the A, (q?) 
form factor decreases as indicated by our previous result, while larger choices of increasing 
or/and monotonically form factors fail to explain the data [786]. It is important to test this 
anomalous feature of the A,-form factor from some other data. One should notice that 
the q? behaviour of A, has also been studied from lattice calculations [723] and light-cone 
sum rule (LCSR) [780,782]. The latter result shows a slower increase of A, for increasing 
q?. Contrary to the interpretation given in [782] where the arguments given there are not 
clear to us (in particular the connection between the LCSR and the SVZ sum rule), the 
increase of the form factor may indicate that non-leading contributions at finite Mp, not 
accounted for in our approximation, can be numerically important, and competes with the 
leading-order contribution presented here. We plan to come back to this point in the near 
future. Finally, as a complement of the heavy quark symmetry which will be discussed in the 
next section, we have also presented in Table 55.1 the results for the B — D, D* Iv form 
factors. 


55.2, Slope of the Isgur-Wise function and value of V. 


Using heavy quark symmetry in the infinite quark mass limit, the different form factors 
of the semi-leptonic B — D* and B — D can be related to each others and expressed in 
terms of a single form factor: 


2 =i 
f(q2) = Vg?) = Ao(q?) = Alq?) = (1 2 wu Aq), (5532) 
where: 
M M 
AU REDE (55.33) 


24/ Mp Mp 


f(y = v.v) is the so-called Isgur-Wise (IW) function and contains all non-perturbative 
QCD effects (v and v' are respectively the B and D meson velocity). At zero recoil y — 1, 
or at q2.,,, it is normalized as ¢(1) = 1 from the conservation of the vector current. In this 
limit, the B — D* decay distribution can be written as: 


= 5 (Mp Mp) Mp Vy? — Ay + 0» 


y+1 (Ms — Mp:) 


aero (55.34) 


where F(y) is the IW function including perturbative and power corrections. Near zero 
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recoil, one can write the expansion: 


F(1)2 m4 heme ; (55.35) 


where 74 includes the perturbative corrections, which to two-loop accuracy reads [580]: 


Na = 0.960 + 0.007 , (55.36) 


while, there is no 1/M correction in virtue of the Luke’s theorem [568]. There are some 
attempts to estimate the size of the 1/M ? terms in the literature [164,562,587], which remain 
not under good control. The resuting compromise value is: 


F(1) > 0.91(6) , (55.37) 


where we have multiplied the quoted error by a factor 2 in order to be more conservative. 
Let me now discuss the slope of the IW function. De Rafael and Taron [789] have exploited 
the analyticity of the elastic b-number form factor F defined as: 


(B(p')|by"“b| B(p)) = (p + p)" F(q’), (55.38) 


which is normalized as F(0) = 1 in the large mass limit Mp ~ Mp. Using the positivity of 
the vector spectral function and a mapping in order to get a bound on the slope of F outside 
the physical cut, they obtained a rigorous though weak bound: 


F'(vv 21) 2 —6. (55.39) 


Including the effects of the Y states below B B thresholds by assuming that the Y BB 
couplings are of the order of 1, the bound becomes stronger: 


F'(vv 21)» -15. (55.40) 


Using QSSR, we can estimate the part of these couplings entering in the elastic form 
factor. We obtain the value of their sum [765]: 


X grag = 0.34 0.02 . (55.41) 


In order to be conservative, we have multiplied the previous estimate by a factor 3 larger. 
We thus obtain the improved bound: 


F'(vv' 21) > 2134, (55.42) 


but the gain over the previous one is not much. Using the relation of the form factor with 
the slope of the IW function, which differs by —16/751og à, (Mp) [790], one can deduce 
the final bound [765]:4 


C)z-104. (55.43) 


^ Voloshin in [791] derives also the upper bound p? <1/4+ A/D(Mp. — Mz)], which, however, depends crucially on the less 
controlled value of A and the mass of the radial excitation My. 
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The previous bound combined with the Bjorken lower bound [792] leads to the allowed 
domain: 


1 
"E e = —¢'(1) < 1.04. (55.44) 


However, one can also use the QSSR expression of the IW function from vertex sum 


rules [655] in order to extract the slope analytically. To leading order in 1/M, the physical 
IW function reads [Rep. 18.5]: 


; 2 2 Os ENT 
Sphys(y = vu) = (=>) 1+ IO — (dd)v g(y) 


+ (o, G^) t^ h(y) + «deae (55.45) 
where Tt is the Laplace sum rule variable and f, h and k are analytic functions of y. From 
this expression, one can derive the analytic form of the slope [765]: 

Sonys(Y = 1) X —1 + Sper + Swe , (55.46) 
where at the t-stability region: 
Spert C£ —Ów p c —0.04 , (55.47) 


which shows the near-cancellation of the non-leading non-perturbative corrections at this 
leading order in 1/M. Adding a generous 50% error of 0.02 for the correction terms, we 
finally deduce the leading order result in 1/M: 


EO = D-12002. (55.48) 


Using this result in different existing model parametrizations, we deduce the value of the 
mixing angle, to leading order in 1/ M: 


1.48 ps V? 5 
Va = ( — x (37.3 + 1.2 + 1.4) x 107°, (55.49) 
b 


where the first error comes from the data and the second one from the model-dependence.? 
In order to discuss the effects due to the 1/M corrections, we proceed in the following 
phenomenological way: 


* We use the predicted value of the form factor 0.91 + 0.03 at y =1, 

* We also use the value 0.53 + 0.09 at g? = 0 [761]$ from the sum rule in the full theory (i.e without 
using a 1/ M-expansion). 

* We join the two results, where the model dependence of the analysis enters through the concavity 
of the form factor between these two extreme boundaries. 


5 A recent analysis [574] relates the curvature with the slope, such that in this case, the model dependence of the result disappears. 
6 This value is just on top of the CLEO data [793]. 
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Table 55.2. Different QSSR estimates of the slope of the 
IW-function compared with the lattice result 


—t' =p? References Comments 
0.84 + 0.02 [795] Numerical fit 

0.70 + 0.1 [796] 

0.70 + 0.25 [797] 

1.00 + 0.02 [765] Analytic expression 
0.91 + 0.04 QSSR average 
(0.9105 54) [798] Lattice 


If we use the value of the concavity given by [574], the form factor can be parametrized 
as: 


F(y) = F(D(1 + £'(y - D (y — 1], (55.50) 


where: 


f’=¢'—(0.16+0.02), ĉa —0.667' — 0.11. (55.51) 


Therefore, we can deduce the slope: 


ç ~ —(0.75 + 0.1), (55.52) 


which can indicate that the 1/M correction also tends to decrease the value of |Z'|. This 
leads to the final estimate: 


1.48 ps\ Ed 
Va > | ——— x (38.8 +1.2+1.5 1.5) x 10^, (55.53) 
Tp 

where the new last error is induced by the error from the slope, while the model dependence 
only brings a relatively small error. Using the measured B°-lifetime tg = 1.548 + 0.032 ps, 
one obtains: 


Vap c (37.9 2.) x 107°, (55.54) 


compared with the value 0.0402 + 0.0019 from LEP measurements of exclusive and inclu- 
sive decays [16] and CLEO data [793]. Our result for the slope is also in good agreement 
with the data. Finally, we compare the different results from the sum rules in Table 55.2, 
from which we deduce the weighted average from the sum rules given in Table 55.2, where 
we have taken the error of the most precise determinations which we have multiplied by 
a factor 2 in order to be conservative. This average is in good agreement with the lattice 
value, which is also given in this table. 
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55.3 B*(D*) > B(D) z(y) couplings and decays 


In [766], we have further applied the vertex sum rules in order to study the decays and 
couplings of the B*(D*) — B(D) z(y), using systematically a 1/ M; expansion in the full 
theory. The couplings are defined as: 


(B" (p) BCp')n (q)) = 82*a24u€" , 
(B*(p)BCp)y (q)) = —e8 p+ By Pa p, €" "e, e, , (55.55) 


where q = p' — p and — Q? = q? < 0, while €, are the polarization of the vector particles. 
Our numerical predictions for the couplings are:’ 


&B*Bn =~ 144 n &D*Dn =~ 6.31.9, (55.56) 


in good agreement with the results in [800] obtained by combining QSSR with soft pion 
techniques. These results lead to the prediction: 


Tp- pog- & 1.54P poporo ~ (8 £5) keV, (55.57) 


where we have assumed an isospin invariance for the couplings. 

We notice that in the large M; limit, the perturbative graph gives the leading contribution 
like some other heavy-to-heavy processes studied within the same approach. In this limit, 
we obtain: 


uM dela BS LAT ne (55.58) 
$B«Bz — ax M; 2 (E2) , : 


[4 


where g^? is the static coupling: 


as Nc (e 


Bere m2 


p 


) (0.12E°°) ~ (0.15 + 0.03) , (55.59) 


for EX ~ (1.6 + 0.1) GeV. 
In the same way, we have also estimated the B* By and D* Dy couplings. We obtain: 


Tg- B-y CX 2.5T po Boy Z (0.10 me 0.03) keV . (55.60) 


For the D* meson, one obtains: 


Tpos poy (7.322. keV,  Tp->p-y 7 (0.03 + 0.08) keV , (55.61) 


which despite the large errors, shows in the analysis that the heavy quark contribution acts 
in the right direction for explaining the large charge dependence of the observed rates: 


T po pozo/ T popoy, Pp pog- / Up p-y . (55.62) 


7 The application of the 1/M expansion to the D and D* mesons might be a very crude approximation. A comparison of the result 
with the recent CLEO data [799] gp*p, = 17.9 + 0.3 + 1.9 needs further investigation using a complete QCD expression of 
the vertex. 
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Table 55.3. Comparison of semi-leptonic form factors for different decays. We compare 
the dimensionless quantities f}, A1, A», V related to FẸ, Fi and Fy through Eq. (55.15) 


Channels Reference pn V E Ai 
cc [731] 0.55 + 0.10 0.48 + 0.07 0.30+0.05 0.30 0.05 
[801] 0.20 + 0.01 0.37 € 0.1 0.27 +0.03 0.28 €: 0.01 
bs [731] 0.60 + 0.12 1.6 + 0.3 0.06 +0.06 — 0.40 0.10 
[801] 0.30 + 0.05 2.1 x: 0.25 0.39 30.05 0.35 0.20 
B > Do [771] 0.75 + 0.05 0.8 + 0.1 0.68 +0.08 — 0.65 +0.10 
[803] 0.69 0.71 0.69 0.65 
[48] 0.62 + 0.06 0.58 + 0.03 0.53+0.09 0.46 + 0.02 
Be — n. B, — B, B. —> B B: > D 
B. > J/w B, — B: B. > B* B. > D* 
F,(0) 0.55 + 0.10 0.60 + 0.12 0.48 + 0.14 0.18 + 0.08 


Fy(0)[GeV-'] 0.048 +0.007 0.154002 0114002 0.02+0.01 
FA(0)[GeV-'] —0.030 + 0.003 —0.005 + 0.005 0.005 + 0.005 0.010 + 0.010 
FA(0) [GeV] 3.0 40.5 3.3+40.7 1.7+0.7 0.8+0.4 


One should also notice that the non-leading 1/M, corrections are large in the two chan- 
nels. For the P P*z coupling, these corrections coming mainly from the perturbative graph 
tend to cancel, which imply the validity of the HQET result: 


&BBn fp Mp ~ 8D*Dr frs Mp . (55.63) 


For the electromagnetic, these large corrections are necessary to explain the large charge 
dependence of the ratio of the D'? + D?y over the D*- — D-y observed widths. 
However, the new CLEO data give px, p-, ^: (96 + 22) keV indicating that the 1/M 
approach for the absolute width can be a bad approximation. 


55.4 Weak semi-leptonic decays of the B- mesons 


The analysis of the semi-leptonic decays of the B, meson has been performed in [731] using 
QSSR methods. The procedure is very similar to the one used in the previous sections. The 
principal results of the sum rules evaluation of the form factors in Eq (55.11) are collected 
in Table 55.3. The value with the lower (resp. larger) modulus corresponds to the value of 
the continuum energy E, = 1 GeV (resp. 2 GeV). In Fig. 55.1, we show the q? behaviour 
of the B, — n. [v process, which shows a net deviation of the QSSR prediction from the 
monopole fit: 


F4(0) 


Ft) = ——— 
V) 1—t/M2,, 


, (55.64) 
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t [GeV?] 


Fig. 55.1. q? behaviour of the B, > nel form factor: QSSR predictions with polynomial fit (contin- 
uous line) for two values of E.; monopole parametrization with Mpole = Mg; = 6.33 GeV. 


with Mpole = Mp;, which can be tested experimentally. The same feature is observed in 
other channels. For the Be — J// [v process, one obtains the fitted QSSR pole mass: 


Fy: Mote ~ 4.08 GeV, F2: Mpo 444 GeV, F: Mpole X 4.62 GeV . 
(55.65) 
However, the question is, whether it is known if the previous q?-behaviour deviation 
from the monopole model is an artifact of sum rule or something more fundamental. In 
VDM, the vector current couples to the hadrons with appropriate flavour content, where 
the intermediate vector mesons leads to the pole of the form factor F, (ft) at t = q? = M 3 
giving the t-behaviour in Eq. (55.64), while an intuitive quark model form factor determined 
by the Fourier transform of the hadron wave function gives: 


F = (r?) 2 
V(t) =1+ p + O(t*), (55.66) 


where (r?) is the hadron mean-squared radius in the quark model. For light hadrons, the 
vector meson is the o meson. Expanding Eq. (55.64) in t, and identifying with Eq. (55.66), 
one obtains: 


Jr, = v6 ~ 0.6 fm , (55.67) 
M, 

which is a reasonable value for the quark model, while for the case of the B. meson, the 
vector meson is the B? with a mass of 6.4 GeV leading to a mean radius of about 0.08 fm, 
which is too small for a reliable validity of the non-relativistic quark model. This feature 
might indicate that the non-relativistic picture is not reasonable, such that, we have, instead, 
to discuss the problem within a relativistic field theory approach such as QSSR. We compare 
in Table 55.4 different theoretical predictions based on QCD-like models. 
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Table 55.4. Partial decay rates for B. and B* 


mesons 

Channels Reference Rates in 1079s! 
B,lv [731] 0.35 + 0.10 

[801] 0.18 
Bilv [731] 0.35 + 0.10 

[801] 0.87 
bšlv [731] 

[801] 

[802] 2.91 
Nelv [731] 0.27 + 0.07 

[801] 0.03 
J/ylv [731] 0.32 + 0.08 

[801] 0.21 
cēlv [731] 

[801] 

[802] 6.90 


55.4.1 Anomalous thresholds 


Another subtle point in the vertex sum rule approach is the eventual existence of anomalous 
thresholds in the study of the q? behaviour of the form factors [804—806]. Let's illustrate 
the analysis from the study of the process B,(bc) > W(éc)lD. The interaction between b 
and c leads to the formation of the vector meson B*(cb) allowing us to approximate the 
singularity by the pole of the vector meson mass near the normal threshold t, = (My + M.)’, 
where t should be large enough for ensuring the b and c quark on-mass shell. Anomalous 
threshold occurs, if under a certain condition, for smaller value f, of t, one is able to give 
on-shell mass b a gentle kick in order to transform it into an on-shell mass c. The derivation 
of the existence of anomalous thresholds can be simply done using dual diagrams [804] 
shown in Fig. 55.2. The dual (b) of the QCD three-point function (a) can be obtained by 
transforming the plane segments A, B, C, O of the planar diagram (a) into points of the 
dual diagram connected by lines with lengths given by the masses of the particles dividing 
the segments. If the point O of the dual diagram is inside the triangle ABC, then there 
exists an anomalous threshold and its value is given by the square of the distance AB. For 
the B. of mass 6.25 GeV, anomalous thresholds do exist for the decay Be > ne, J/WV 
provided the quark mass fulfill the conditions: m, < 2.1 GeV and m, < 5.9 GeV, which 
are satisfied by any quark models. The exact position of the anomalous threshold depends 
strongly on the value of the quark masses. Using the constituent (pole) masses m, = 4.9 
GeV and m, = 1.57 GeV, one would obtain ,/t, = 4.6 GeV, while the minimum possible 
value is ./t, > mp — m, = 3.3 GeV. These values are consistent with the effective pole 
mass of about 4.2 GeV found in the sum rule analysis. Everything looks consistent except 
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Fig. 55.2. QCD three-point function (a) and its dual diagram (b). 


that quarks are not free particles while perturbation theory breaks down if one tries to 
approach the pole of the quark propagators. Therefore, an anomalous threshold should not 
be present in the t-dependence of the (hadronic) form factors. The same conclusion holds 
for the normal thresholds, as in the e* e^ process, we do not observe a quark-antiquark state 
but hadrons. Quark-hadron duality tells us that the discontinuity across the quark-antiquark 
cut, if viewed from a certain distance or smeared over some energy interval describes the 
hadronic production in et e^ quite well. Ina QCD-like model, [805,806] found that although 
quark anomalous thresholds are absent, at some distance from the calculated threshold, the 
amplitude can be quite well approximated by anomalous singularities at the quark level. 
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B(,,-B(,, mixing, kaon CP violation 


In this chapter, we provide the basics of the phenomenological description of the B?- B? 
and K°-K° systems, and summarize the different results obtained from QCD spectral sum 
rules (QSSR), on the bag constant parameters entering in the analysis of the Be,- Bt, mass 
differences, and on different operators entering in the analysis of kaon CP violation. There 
is practically no theory behind this description. It is only based on first principles: the 
superposition principle, Lorentz invariance, and general invariance properties under the P, 
C and T symmetries. The basic idea is to reduce the description of this system to a minimum 
of phenomenological parameters which, eventually, an underlying theory, like the Standard 
Model (SM) should be able to predict. 


56.1 Standard formalism 


This section has been inspired from the lectures given in [500]. 


56.1.1 Phenomenology of B?- B? and K?- K? mixings 


In the absence of the weak interactions, the K? and K?! particles produced by the strong 
interactions are stable eigenstates of strangeness with eigenvalues +1. In the presence of 
the weak interaction they become unstable. The states with an exponential time dependence 
law (t is the proper time): 


|K) > e!" |Kj) and |Kg) > e! 5* [Ks), (56.1) 


are linear superpositions of the eigenstates of strangeness: 


1 " 

Kr) = ETIN a | K°) +q |K9)) (56.2) 
1 E 

|Ks) — Teena” | K?) — q |K°)), (56.3) 


where p and q are complex numbers and CPT invariance, which is a property of the SM in 


! Discussions for the B^ and B? particles are very similar. 
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any case, has been assumed. The parameters Mr, s in Eq. (56.1) are also complex: 


i 
Mis =™L_,5 — P] Fs, (56.4) 


with mr, s the masses and I; ; the decay widths of the long-lived and short-lived neutral 
kaon states. 

As we shall see, experimentally, the |Ks) and |K;) states are very close to the CP 
eigenstates: 


1 


K°)+ |K? 56.5 
NI )+ IK?) (56.5) 


|K?) = sak) |K°)) and |K$) = 
with: 
CP|K?}=+|K?) and CP|K2)- -|K). (56.6) 
This is characterized by the small complex parameter €: 
é=——,; (56.7) 


in terms of which: 


(IK2,) + é|K?,)). (56.8) 


[Kr,s) = —7——— 
VI+ eP 


According to Eqs. (56.1) and (56.2), a state initially pure |K?) evolves, in a period of 
time r to a state which is a superposition of |K?) and |K°): 


1 , : 1 : a 

IK?) = me zx e iMsty |K?) m 2 E = e ist] |K?) ; (56.9) 

q 

and, likewise: 
= 1 ; 2 " 1 : f 

| K?) ES —[e Mir dug MS] | K?) EN LE [eciMie zug MS] | K?) ] (56.10) 

2 2p 

For a small period of time ôt we then have: 

| K°) > | K9) — iôt(Mıı | K°) + Mn | K9)); (56.11) 
| K°) > | K?) — iôt(Ma | K°) + Mz | K°)), (56.12) 


where: 


Mi; = 


P on 
1 MitMs “(ML "y (56.13) 


2 7(M, — Ms) Mrz Ms 


This is the complex mass matrix of the K? — K? system. 
In full generality, the mass matrix M;; admits a decomposition, similar to the one of the 
complex parameters Mr, s in Eq. (56.4), in terms of an absorptive part I’;; and a dispersive 
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part M;;: 


T ". (56.14) 


In a given quantum field theory, like, for example, the Standard Electroweak Model, the 
complex K? — K° mass matrix is defined via the transition matrix T which characterizes 
S-matrix elements. More precisely, the off-diagonal absorptive matrix element T42 for 
example, is given by the sum of products of on-shell matrix elements: 


Mij = Mij — 


T= Y f arr | oe ym por que (56.15) 
r 


where the sum is extended to all possible states | I) to which the states | K?) and | K?) can 
decay. The symbol dI denotes the phase space measure appropriate to the particle content 
of the state I'. The corresponding matrix element Mj» is defined by the dispersive principal 
part integral: 


My = SIE = T\2(s) + local — terms’ . (56.16) 
T my —s 
The fact that Mj; = Mn in Eq. (56.13) is a consequence of CPT invariance. In general, if 
we have a transition between an initial state | JN) and a final state | FN), CPT invariance 
relates the matrix elements of this transition to the one between the corresponding CPT- 
transformed states | FN ) and | IN ), where | IN ) denotes the state obtained from | /N) by 
interchanging all particles into antiparticles (this is the meaning of the bar symbol in IN), 
and taking the mirror image of the kinematic variables: [(E, p) — (E, — p);(09,0) > 
(—o°,a)], as well as their motion reversal image: [(E, p) — (E, — p);(o9,0) > 
(c9, —5)]. (These kinematic changes are the meaning of the prime symbol in IN Pv, 
Altogether, CPT invariance implies then: 


(FN | T | IN) 2 UIN | T | FN). (56.17) 
Since, for the K°-states: | (K°)) = |K?), the CPT invariance relation implies: 
Mi - WM. (56.18) 


The off-diagonal matrix elements in Eq. (56.13) are also related by CPT invariance, plus 
the hermiticity property of the T'-matrix in the absence of strong final-state interactions; 
certainly the case when the | JN) and | FN) states are | K?) and | K?). In general, in the 
absence of strong final-state interactions, we have: 


(IN | T | FN) 2 (FN | T |IN Y. (56.19) 
This relation, together with the CPT invariance relation in Eq. (56.17) implies then: 


Mi» = CM. (56.20) 
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There are a number of interesting constraints between the various phenomenological 
parameters we have introduced. With Mj» and Ij» defined in Eqs. (56.16) and (56.15) and 
using Eqs. (56.13), (56.4) and (56.7), we have: 


q 1—€ |. 1 Am- i; AT My, — iT 


p  ::f72 Masi ^JOGRGRIAT). Oe) 
where 
Am=m,—msg and APT =T5s-Tz. (56.22) 
As already discussed, CPT invariance implies: 
M» = (Mn) and Pa = (T). (56.23) 


Experimentally, the masses mzs and widths I’; s are well measured, and in what follows 
they will be used as known parameters. (There is no way for theory at present to do better 
than experiments in the determination of these parameters...) The precise values for the 
masses and widths can be found in PDG [16]. Nevertheless, it is important to keep in mind 
some orders of magnitude: 


Ty 209 x 1070s; (56.24) 
D 512540: Py: (56.25) 
Am ~ 0.5Ts. (56.26) 


56.1.2 The Bell-Steinberger unitarity constraint 


Let us consider a state | V) to be an arbitrary superposition of the short-lived and long-lived 
kaon states: 


| V) = a | Ks) +2 | Kr). (56.27) 


The total decay rate of this state must be compensated by a decrease of its norm: 
d 
Y ITITI» P=- | wp. (56.28) 
T dt 


The change in rate is governed by the mass matrix defined by Eq. (56.11). Equating terms 
proportional to | o |? and | 8 |? in both sides of Eq. (56.28) results in the trivial relations: 


r= Y far iri) ki) 2, (56.29) 
T 


r2: far (riri ks) es (56.30) 
Dr 


The mixed terms, proportional to o/8* and a* B, lead however to a highly non-trivial relation, 
first derived by Bell and Steinberger [807]: 


—-i(My — Ms)(Kı | Ks) = Y fara IT | Kr) (P| T | Ks). (56.31) 
r 
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Notice that 


?—|qpP?  2Reé 
(Kz | Ks) = FA ER "UT (56.32) 
Ip-lal^ lé 


The LHS of Eq. (56.31) can be expressed in terms of measurable physical parameters with 
the result: 


rTs+r o. 2Reé * 
( 2 iam) LIEB =D fare IT| Kp») (T | T | Ks). (5633) 


The RHS of this equation can be bounded, using the Schwartz inequality, with the result: 


I's + Ty, , 2Reč 
i^m <JILTs. 56.34 
| 2 DE ds ERES 

Inserting the experimental values for I's ;, and Am, results in an interesting bound for 
the non-orthogonality of the Kz and K states [see Eq. (56.32)]: 


ORAS oo S02? (56.35) 
1-]e? 7 ^ ; : 
indicating also that the admixture of K PKS) in Kj (Ks) has to be rather small. 

It is possible to obtain further information from the unitarity constraint in Eq. (56.33), if 
one uses the experimental fact that the 27r states are by far the dominant terms in the sum 
over hadronic states T. 

One can then write the RHS of Eq. (56.33) in the form: 


ELS IT | Ky) ax | T | Ks) - yTs. (56.36) 


It is possible to obtain a bound for y, by considering other states than 27 in the sum of 
the RHS in Eq. (56.33) and applying the Schwartz inequality to individual sets of states 
separated by selection rules. 

The contribution from the various semi-leptonic modes, for example, is known to be 
smaller than: 


» E < 1031s: (56.37) 
lep.modes 
and the contribution from the 37r-states: 
Efo « 10 7T. (56.38) 
3m 


We conclude that, to a good approximation, we can restrict the Bell-Steinberger relation 
to 27r-states. We shall later come back to this inequality, but first we have to discuss the 
phenomenology of the dominant K — xv transitions. 
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56.1.3 K — 2x amplitudes 


In the limit where CP is conserved the states Ks( Kr) become eigenstates of CP; namely, the 
states K NK 2) introduced in Eq. (56.5) with eigenvalues CP = +1(CP = — 1). On the other 
hand a state of two-pions with total angular momentum J = 0 has CP = +1. Therefore, 
the observation of a transition from the long-lived component of the neutral kaon system to 
a two-pion final state is evidence for CP violation. The first observation of such a transition 
to the zt mode was made by Christenson et al. [808] in 1964, with the result: 


TG, -) 


— (24 -3 
PRG (2: 0.4) x 107. (56.39) 


Since then the transition to the z:'?z'? mode has also been observed, as well as the phases 
of the amplitude ratios: 


^n |T | Kr) (x°n® | T | Kz) 
NOR GAP Bee d EQ n 56.40 
Um (T| Ks) (gogo [T | Ks) PM 
with the results [16]: 
n, = (2.269 + 0.023) x 1022/04350 , (56.41) 
noo = (2.259 + 0.023) x 1022/09351». (56.42) 


In order to make a phenomenological analysis of K — xx transitions, it is convenient to 
express the states | +27) and | z7?) in terms of well defined isospin J = 0, and J = 2 
states. (The J = 1 state in this case is forbidden by Bose statistics.): 


|+-)= : [0) + > | 2); (56.43) 
Y3 Y3 
a iE 

| 00) = 4212 - /310. (56.44) 


The reason for introducing pure isospin states, is that the matrix elements of transitions 
from K? and the K? states to the same (szr);-state can be related by CPT invariance plus 
Watson's theorem on final-state interactions. The relation in question is the following: 


e? t] | T | K°) -(ü|T | K°))*, (56.45) 


where à; denotes the appropriate J = 0, isospin J z7 phase-shift at the energy of the neutral 
kaon mass. 

The proof of this relation is rather simple. With S = 1 + iT, the unitarity of the S matrix, 
Sst =1, implies: 


TİT =i(T' — T). (56.46) 


If one takes matrix elements of this operator relation between an initial state K 9 anda 
final 27 -state with isospin J, we then have: 


YOU | TT FMF |T | K% =i | Tt] K’) —i | T | Kk), (56.47) 
F 


660 X QCD spectral sum rules 


where we have inserted a complete set of states 3: | F)(F |= 1 between T and T!. The 
crucial observation is that, in the strong interaction sector of the S matrix, only the state 
F = I can contribute to the T!-matrix element. All the other states are suppressed by 
selection rules; for example, the 3zr-states have opposite G-parity than the 27-states; the 
xlv-states are not related to 27r -states by the strong interactions alone; etc. Then, introducing 
the zz phase-shift definition: 


UIS D 2e, (56.48) 
results in the relation: 


ie?" — 1) | T | K°)= ilU | TÌ | K°)— ilU | T | K9), 


i(K*|T| I*— ill |T| K9). (56.49) 


We can next use CPT invariance [recall Eq. (56.17), which in our case implies the relation: 
(K? | T | I)* = (U | T | K°))*.] The result in Eq. (56.45) then follows. 

As a consequence of the relation we have proved, we can use in full generality the 
following parametrization for K 9(K9) — (zz); amplitudes: 


U|T|K9) = iA;e ; (56.50) 
(T |K?) 2 -iaze , (56.51) 


One possible quantity we can introduce to characterize the amount of CP violation in 
K — 27 transitions is the parameter: 
_ ALK, > Grz0)120] 


= i 56.52 
STEPS asl Ole 


This parameter is related to the €—parameter introduced in Eq. (56.7); as well as to the 
complex Ao-amplitude defined in Eqs. (56.50) and (56.51), in the following way: 


— (14-64o - (12 OA$ 


= > EIE (56.53) 
(1 + €)Ao (1 — €)AQ 
namely: 
eim 
e= Eom (56.54) 
+ LE Redo 


This is a good place to comment on the history of phase conventions in neutral K- 
decays. In their pioneering paper on the phenomenology of the K — K system, Wu and 
Yang [809] chose to freeze the arbitrary relative phase between the K° and K? states, 
with the choice ImA, = 0. With this convention, € = €. In fact, the parameter e is phase- 
convention independent; while neither č, nor A; are. Indeed, under a small arbitrary phase 
change of the K-state: 


| K?) > e* | k?), (56.55) 
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the parameters Az, M12, and € change as follows: 


ImA; — ImA; — gReA; ; (56.56) 
ImM,. > mM + gAm ; (56.57) 
€— écig; (56.58) 


while € remains invariant. The Wu-Yang phase convention was made prior to the devel- 
opment of the electroweak theory. In the standard model, the conventional way by which 
the freedom in the choice of relative phases of the quark fields has been frozen, is not 
compatible with the Wu-Yang convention. Since € is convention independent, we shall 
keep it as one of the fundamental parameters. Then, however, we need a second parameter 
which characterizes the amount of intrinsic CP violation specific to the K — 27 decay, by 
contrast to the CP violation in the K° — K? mass matrix. The parameter we are looking for 
has to be sensitive then to the lack of relative reality of the the two isospin amplitudes Ao 
and A». This is the origin of the famous e'-parameter, which we shall next discuss. 
In general, we can define three independent ratios of the Kz,s — (27 )r=0,2 transition 
amplitudes. One is the e parameter in Eq. (56.52). Two other natural ratios are 
A[K, > Gr )i-2] _ A[Ks > Grz)i-] 


and w= ; 
A[Ks > (ar)r=o] A[Ks > (ar)r=o] 


(56.59) 


Both ratios can be expressed in terms of the € parameter introduced in Eq. (56.7), and 
the complex A; amplitudes defined in Eqs. (56.50) and (56.51): 


A[K, > Gru] _ (01-7942 - (0. 4$ io, a 


A[Ks > Grz)i-o] (O + €Ao + (1 — @) AG 
ImA) 4+ e Reda 


i 


mo REA Redo EON (56.60) 
1 + ič mto 
ReAo 


and: 


AIKs > Gri] _ 0-042 0. OAS iu a 


A[Ks > (rz)izol] | (0 4-6)4o- (1— €)A$ 
ReA» + ~ ImA» 
= Belo RAD HUC , (56.61) 
liege 


o= 


The €’ parameter is then defined as the following combination of these ratios: 
zi d & > emu. o) 
42 N A[Ks > ar)=o] 


From these results, and using the expression for e we obtained in Eq. (56.54), we finally 
get: 


(56.62) 


, id (Q-&)e&-9 
€ — 
J2 (ReAy + i£lImAg? 


(ImA5ReAo a ImAoReA;) , (56.63) 
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an expression which clearly shows the proportionality to the lack of relative reality between 
the Ao and A» amplitudes. 

We shall next establish contact with the parameters n}— and noo, which were introduced 
in Eq. (56.40), and which are directly accessible to experiment. Using Eqs. (56.43), (56.44), 
as well as the definitions of e, €’, and w above, one finds: 


n+- =e+ POTE $ (56.64) 
+ Ni 
1 
noo = € — d E NON (56.65) 
Sn w 


So far, we have made no approximations in our phenomenological analysis of the 
K? — K? mass matrix and K — 2r decays. It is however useful to try to thin down in 
some way the exact expressions we have derived, by taking into account the relative size 
of the various phenomenological parameters which appear in the expressions above. The 
strategy will be to neglect first, terms which are products of CP violation parameters. For ex- 
ample, in Eq. (56.61), we have introduced the parameter c, which a priori we can reasonably 
expect to be dominated by the term: 


4, ReA2 ig, 


[ges (56.66) 
ReAo 


where experimentally [16]: 


5) — ôo = —(42 +4). (56.67) 


We can justify this approximation by the fact that non-leptonic AJ = 3 transitions, 
although suppressed with respect to the AJ = i transitions, are nevertheless larger than the 
observed CP violation effects. Notice that the amplitude A» is responsible for the deviation 
from an exact AJ = i rule. The ratio om can be obtained from the experimentally known 
branching ratios (Ks > zt ^z )and l'(Ks > n 5). 

More precisely, correcting for the phase-space effects, one must compare the normalized 
decay rates: 


y0,2)2 MEAT (56.68) 


1 J! mitm f1 (m =m)? 
T6xM M? UE 
where the denominator here is the two-body phase space factor for the mode K — mm, 
(M is the mass of the K -particle and mı 2 the pion masses.) Then, we have: 


ys(+—) ReA» a 
ee pcd JE 56.69 
i 8 Và eA; Costa = 8T e (56.69) 
Experimentally, from the PDG [16], one finds: 
ysŒ—) _ 1.109 + 0.012, (56.70) 


2ys(00) — 
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and using the present experimental information on (62 — 64), we find, with neglect of radia- 
tive corrections: 


(56.71) 


We shall discuss later some of the qualitative dynamical explanations, within the standard 
model, of how this small number appears. It is fair to say however, that a reliable calculation 
of this ratio is still lacking at present. Using the approximations: 


čImAo X ReAy and &«1, (56.72) 


we can rewrite €’ in a simpler form: 


1 ReA, (ses: ImAg ) 


e ~ Lug 
xo ReAo ReA> ReAo 


(56.73) 


clearly showing the fact that €’ is proportional to direct CP—violation in K — 27 transitions 
and is also suppressed by the AI = i selection rule. 
The same approximations in Eq. (56.72), when applied to e, lead to: 


i ImAo 
l . 
ReAo 


^ 
N 


(56.74) 
Let us next go back to the mass matrix equations in Eq. (56.21) which, expanding in 
powers of €, we can rewrite as follows: 


1 " ReMi;j5 ac Rer i2 ,.ImMis = Im 12 
{eet I l 
1 1 
3 (Am + SAT) i(Am + SAT) 


(56.75) 


To a first approximation, neglecting CP violation effects altogether, we find that: 
Am AT 
ReMi > "a and Rely cu (56.76) 


If furthermore, we restrict the sum over intermediate states in "7 [see Eq. (56.15)] to 27 
states, an approximation which we have already seen to be rather good [see Eqs. (56.37) 
and (56.38)] we can write 


Tin > (Ci A5e/^)*i Age = —(ReAg + ilmAo),, (56.77) 


from where it follows that: 


Iml? "m 2ReAoImAo re ImAo 
Reli; — ReAj+ImAj ReAo- 


(56.78) 


Then, using the empirical fact that Am ~ n, and rz «Ts, we finally arrive at the 
simplified expression: 


€ c 


1+i Am ReAo 
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and, using Eq. (56.74): 


i a /ImMņ ImA 
(m 12 x. (56.80) 


€ cc e 
Am ReAo 


This is as much as one can do, within a strict phenomenological analysis of the CP 
violation in K decays. We have reduced the problem to the knowledge of two parameters: 
€ in Eq. (56.80), and e' in Eq. (56.73). Their present experimental values are [16,599]: 


€ ~ (2.280 + 0.013) x 1022/05550. — Re(e'/e) (17.22: 1.8) x 107^. (56.81) 


We shall come back to these parameters in the next section. There, we shall discuss what 
predictions for these fundamental parameters can be made at present within the framework of 
the Standard Model. As we shall see, the main difficulty comes from the lack of quantitative 
understanding of the low-energy sector ofthe strong interactions. In terms of QCD, the sector 
in question is the one of the interactions between the states with lowest masses: the octet 
of the pseudoscalar particles (zz, K, 1) and presumably the singlet (o, n’). 


56.2 Bo,- Bt, mixing 

56.2.1 Introduction 
Bey and Bey are not eigenstates of the weak Hamiltonian, such that their oscillation fre- 
quency is governed by their mass difference AM,. The measurement by the UAI collabo- 


ration [810] of a large value of A M4 was the first indication of an heavy top quark mass. In 
the SM, the mass difference is approximately given by [665,475]: 


1 
2M, 


2 
Me 

2 
My 


A Gi 2 #2 
AM, ~ 773 Mwl Via Viol So 


Tr ) naCaQv) 


(B°|0,(v)|B°), (56.82) 


where the AB = 2 local operator O, is defined as: 
O,Q) = (by,LaYby,Lq) , (56.83) 


with: L = (1 — y3)/2 and q2d,s,; So, ng and Cp(v) are short-distance quantities 
and Wilson coefficients which are calculable perturbatively [811,475,665,812], while the 
matrix element (B2|O, B9) requires non-perturbative QCD calculations, and is usually 
parametrized for SU(N), colours as: 


= 1 
(BY |O,|B?) = Ne (1 + x) fp, Mp, Ba, - (56.84) 
fp, is the B, decay constant normalized as fy = 92.4 MeV, and B, is the so-called bag 


parameter which is Bg, ~ 1 if one uses a vacuum saturation of the matrix element. From 
Eq. (56.82), it is clear that the measurement of AM, provides a measurement of the CKM 
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mixing angle |V;;| if one uses |V;;| — 1. One can also extract this quantity from the ratio: 


May BOLD) L Ve 
Ms, (B5|O,|B0) 7 | Vu 


2 M, 
Mz, 


AM; Vis 2 
; 56.85 
A Ma | d ( ) 


Via 


since in the SM with three generations and unitarity constraints, |V;,| ~ |Vep|. Here: 


gs — fa, Bn, 
= = . 56.86 
; 8&4 fes’ Bn ; ? 


The great advantage of Eq. (56.85) compared with the former relation in Eq. (56.82) is that 
in the ratio, different systematics in the evaluation of the matrix element tends to cancel 
out, thus providing a more accurate prediction. However, unlike AM, = 0.473(17) ps !, 
which is measured with a good precision [16], the determination of A M, is an experimental 
challenge due to the rapid oscillation of the B9- p? system. At present, only a lower bound 
of 13.1 ps7! is available at the 95% confidence level from experiments [16], but this bound 
already provides a strong constraint on |V,|. 


56.2.2 Two-point function sum rule 


Pich [813] has extended the analysis of the K°-K 0 systems of [814], using a two-point 
correlator of the four-quark operators in the analysis of the quantity fp4/ Bg which governs 
the B9- B^ mass difference. The two-point correlator defined as: 


Vu(q)si f d*x e* (0/7 O,(XY(O,(0))|0) , (56.87) 


is built from the AB — 2 weak operator defined previously. Its QCD expression is given 
in the chapter on the two-point function. The hadronic part of the spectral function can be 
conveniently parametrized using the effective realization [813]: 


Ee 
oTa im = fq Bx, ) 3u BLO" Bo +- , (56.88) 


where - - - corresponds to higher mass hadronic states. It leads to the general form [814]: 


2 2 
-— 2 (8B \? (Vt- Vt) erm t b 
limrig = e(r- M5); (£^) HH an f di; A? (1, 2, = 
2m (t) ( AE y : f ES 


tio t20 


t t 21 1 
; | (= cee i) Im) Im) 
tj bh 1 a) 1 (0) 
2 
t t th |1 1 
+ l (4 des i) + 2d zona) imna» 
t t t T T 


1 
+O0(t — te) = Im? 0), (56.89) 
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where the index i = 0, 1 refers to the hadronic states with spin 0, 1, and: 
1 a 1s ae) 
—ImIT" (rt) = —ImII, (t) + —ImIT, (t), (56.90) 
T T T 


are the correlators associated to the vector (index V) and axial-vector (index A) currents; 
A1? is the usual phase space factor. In the following, we shall retain the contributions from 
the B-B and B*-B* states, and we (reasonnably) assume that: 


EB =~ 8B, (56.91) 


which is supported by the HQET and QSSR results (fg ~ fg») and the vacuum saturation 
assumption (Bg 7 Bg» ~ 1) a posteriori recovered from our analysis. The corresponding 
Laplace (resp. moment) sum rules are: 


L(t) = f dte "Imyg(t), My, = dt t" Imyy(t), (5692) 
4M3 4M5 


The two-point function approach is very convenient due to its simple analytic properties 
which is not the case for the approach based on three-point functions.? However, it involves 
non-trivial QCD calculations which become technically complicated when one includes the 
contributions of radiative corrections due to non-factorizable diagrams. These perturbative 
radiative corrections due to factorizable and non-factorizable diagrams have been already 
computed in [816] (referred as NP), where it has been found that the factorizable corrections 
are large while the non-factorizable ones are negligibly small. NP analysis has confirmed 
the estimate in [323] from lowest order calculations, where under some assumptions on 
the contributions of higher mass resonances to the spectral function, the value of the bag 
constant Bg has been found to be: 


Bs, (4m) = 1 £0.15) . (56.93) 


This value is comparable with the value Bg, — 1 from the vacuum saturation estimate, 
which is expected to be quite a good approximation due to the relative high scale of the 
B-meson mass. Equivalently, the corresponding RGI quantity is: 


Bp, (1.502), (56.94) 
where we have used the relation: 
ao a 5165 a 
Bs, () = Baas" M - (T= \(=)}. 56.95 
a, (V) = Ba, a | (ss) x | PRAS 
with yo = 1 as the anomalous dimension of the operator O, and f, = —23/6 for five 


flavours. The NLO corrections have been obtained in the MS scheme [665]. We have also 
used, to this order, the value [148,149,3]: 


mp(mp) = (4.24 + 0.06) GeV , (56.96) 


and As = (250+ 50) MeV [139]. In a forthcoming paper [817], we study (for the first 
time), from the QSSR method, the SU (3) breaking effects on the ratio: $ defined previously 


2 For detailed criticisms, see [3]. 
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in Eq. (56.86), where a similar analysis of the ratios of the decay constants has given the 
values [716]: 


ÍD 54 0.04 , f. 1164004. (56.97) 
fp fe 


56.2.3 Results and implications on |V,s|?/|V,a|7 and AM, 


We deduce by taking the average from the moments and Laplace sum rules results [817]: 


¿= fov Bs, ~ 1.18 + 0.03 , fey Bg c (247 £59) GeV, (56.98) 

fa^ Bp 

in units where fy = 130.7 MeV. For the ratio, one expects small errors due to the cancellation 

of the systematics, while for fg sf Bi. , the error estimate comes mainly from the one of mp 

and the estimate of higher-order terms of the QCD series. These results can be compared 

with different lattice determinations compiled in [823,723]. By comparing the ratio with 
the one of fs, / fs, in Eq. (56.97)? one can conclude (to a good approximation) that: 


Bp, ~ Bp, c: (1.65 + 0.38) — Bs, (4m;) = (1.10 + 0.25) , (56.99) 


indicating a negligible SU (3) breaking for the bag parameter. For a consistency, we have 
used the estimate to order a, [698]: 


fa cx (1.47 x 0.10) f, , (56.100) 


and we have assumed that the error from fg compensates the one in Eq. (56.98). The result 
is in excellent agreement with the previous result of [816] in Eqs. (56.93) and (56.94). Using 
the experimental values: 


AM, =0.472(17) ps7! , AM, > 13.1 ps7! (95% CL), (56.101) 


one can deduce from Eq. (56.85): 


Vis |” 
Psa ic > 20.001.1). (56.102) 
Via 
Alternatively, using: 
1 
sd C SS = 28.4(2.9) , 56.103 
Ps = XO — y +P] e V 
with [723]: 
a2 
A ~0.2237(33) , psp ( — >) c 0.223(38) , 
2 
=n (1 — 5) ~ 0.316(40) , (56.104) 


5 One can notice that similar strengths of the SU (3) breakings are obtained for the B — K*y and B — Klv form factors [818]. 
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à, p, ņ being the Wolfenstein parameters, we deduce: 
AM, ~ 18.6(2.2)ps ! , (56.105) 


in good agreement with the present experimental lower bound. 


56.2.4 Conclusions 


We have applied QCD spectral sum rules for extracting (for the first time) the SU (3) break- 
ing parameter in Eq. (56.98). The phenomenological consequences of our results for the 
BY BY mass differences and CKM mixing angle have been discussed. An extension of 
this work to the study of the B? aB? 4 Width difference is in progress. 


56.3 The AS = 2 transition of the K°-K° mixing 
56.3.1 Estimate of the bag constant By 


This parameter plays an important róle for the C P violation parameter in connection with 
the previous quantities fg and Bg. The By -parameter is associated to the K°-K° mixing 
matrix as: 


(K°|byžddy}b|K°) = ; f£ M; Br), (56.106) 


where as before, one has also introduced the RGI parameter Bx. We estimate this quantity 
using the four-quark two-point correlator as in [814,815]. Using the Laplace sum rule (LSR) 
and adopting the parametrization of the spectral function in [814], we have obtained the 
conservative estimate [815]: 


By ~ (0.58 £0.22) , (56.107) 


where the central value is slightly higher than the one from FESR [814]: B g c (0.39 + 
0.10). This difference might be attributed to the fact that FESR is strongly affected by the 
higher radial excitation contributions that are not under good control. LSR has the advantage 
is less sensitive to these effects due to the exponential factor which suppresses their relative 
contributions. One can also notice that this result from the two-point function sum rule is 
more accurate than the one from the three-point function [3], which ranges from 0.2 to 1.3, 
although the result of [3] is in good agreement with ours. This inaccuracy can be intuitively 
understood from the relative complexity of the three-point function sum rule analysis for 
parametrizing the higher-states contributions to the spectral function. 


56.3.2 Estimate of the CP violation parameters (p, 1j) 


We are now ready to discuss the implications of the previous results for the estimate of the 
CKM parameters (p, 77) defined in the standard way within the Wolfenstein parametrization 
[16,665,500,820]. 
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Within this parametrization, one can express the CP violation of the kaon system as: 

e| = CeA*A°HL — m SG) + MSNA? — p) + MSc, IB , (56.108) 

where: 
c, — Gib Myy | 
3./202AMx ' 
S(xi), SQxi, xj), ni X 1.38, n2 2: 0.574, n3 = 0.47 are short-distance functions calculable 
perturbatively [811,475,665,812] with x, = m2/Mi, ; (A, A, p, Ñ) are set of CKM parame- 
ters within the Wolfenstein parametrization. For a self-consistent analysis, it is essential to 


use the previous values of fp, Bg and Bx, which are all obtained from a unique method. 
Using the phenomenological analysis in [723,820], one can approximately obtain: 


(56.109) 


4 a 
lel > z Bxim(V,, Via)(18.9 — 14.49), (56.110) 


where Im(VA Vig) > (1.2 + 0.2) x 107^ and p = 0.2 + 0.1. With such values, one can, for 
example, deduce: 


le| ~ (14.8 + 5.6) x 107^, (56.111) 


which agrees within about lo with the experimental value in Eq. (56.81). 


56.4 Kaon penguin matrix elements and e'/e 
56.4.1 SM theory of €'/c 


In the SM, it is customary to study the AS — 1 process from the weak Hamiltonian: 


G 10 
Hert — Va VA Y CDQW) , (56.112) 
v2 m 
where C;(u) are known perturbative Wilson coefficients including complete NLO QCD 
corrections [665], which read in the notation of [665]: 


Via Vis 


Vua Vis 


Ci(u) = zi(u) yia), (56.113) 
where Vi; are elements of the CKM-matrix; Q;(j) are non-perturbative hadronic matrix 
elements which need to be estimated from different non-perturbative methods of 
QCD (chiral perturbation theory, lattice, QCD spectral sum rules,...). In the choice of 
basis of [665], the dominant contributions come from the four-quark operators which are 
classified as: 


* Current-current: 


Qj = (Ssug)v-A(iigdo)v—A , Q = (Su)y 4 (üd)y. 4 . (56.114) 
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* QCD penguins: 


Qs =(5d)v-a (V VOv-A. — Qu = Gadgv-A DOV eVav-a. 


u,d,s u,d,s 
Qs =(5d)v-a X P Y)vsa> Qe = (Sadg)v-a \VpVavea- — (56.115) 
u,d,s u,d,s 


* Electroweak penguins: 


Q= 560v AP Se Qva. Q= 5Gedg)v- A Y Les prava s 


u,d,s u,d,s 


3 " 
Qo 2 -Gd)-A Yi eyWWv-a, = Qw = 56. dg)v-A Y, er plv a 


2 u,d,s u,d,s 


(56.116) 


where a, P are colour indices; ey denotes the electric charges* reflecting the electroweak 
nature of Q7,19, while V — (+)A = (1 — (+)ys) y,. Using an OPE of the amplitudes, one 
obtains: 


/ 


E ~ Ima, [Pt — pS ei , (56.117) 
€ 


where 2 0, — ®, 0 (see previous section); A, = Via V,* can be expressed in terms of 
the CKM matrix elements as (ô being the CKM phase) [665,820]: 


ImA, © |Viol|Veplsind z (1.33 + 0.14) x 1074, (56.118) 


from B-decays and e. The QCD quantities P read: 


Gr|o 
a5... Grlel v 
j A u 2, CUN Grz)rzol Qi] K^ )o (1 — 27B) , 
(3/2) _ 
d TURCA à, Cun (17);=2|Q;|K°)> . (56.119) 


Qg X pi 16 + 0.03) quantifies the SU(2)-isospin breaking effect, which includes the one 
of the z 2-5 mixing [821], and which reduces the usual value of (0.25 + 0.08) [665] due to 
1'-1] mixing. It is also expected that the QCD- and electroweak-penguin operators: 


Qi" z B," [m  --OQ/N), — Qi? e Bj? [mE -O(/N,), (56.120) 


give the dominant contributions to the ratio €'/e [822]; B are the bag factors which are ex- 
pected to be | in the large N-limit. Therefore, a simplified approximate but very informative 


^ Though apparently suppressed, the effect of the electroweak penguins are enhanced by 1/w as we shall see later on in 
Eq. (56.119). 
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expression of the theoretical predictions can be derived [665]: 


! 11 2 
foul ee 
€ mÀ,Q) [MeV] 


x [BP 1-9 )- 0.48,” ( ae y( Aus (56.121) 
6 IB 8 , 


165 GeV 340 MeV 


where the average value Bx = 0.80 + 0.15 of the AS = 2 process has been used. This value 
includes the conservative value 0.58 + 0.22 from Laplace sum rules [815]. The values of 
the top quark mass and the QCD scale A $ [16,139] are under quite good control and have 
small effects. A recent review of the light quark mass determinations [54] also indicates 


that the strange quark mass is also under control and a low value advocated in the previous 
literature to explain the present data on e'/e is unlikely to be due to the lower bound 
constraints from the positivity of the QCD spectral function or from the positivity of the 
m? corrections to the GMOR PCAC relation. For a consistency with the approach used in 
this paper, we shall use the average value of the light quark masses from QCD spectral sum 


rules(QSSR), e*e~ and t-decays given in [54] (previous chapter): 


iig(2) ~ (1172 23) MeV, mal) (6.52 1.2) MeV, m) ~ (3.6 + 0.6) MeV . 
(56.122) 


Using the previous experimental values, one can deduce the constraint in [54] updated: 


Bos = Bg!” — 048B;" ~ 1.4 + 0.6 (resp. > 0.5), (56.123) 


if one uses the value of m, in Eq. (56.122) (resp. the lower bound of 71 MeV reported in 
[54]). This result shows a possible violation of more than 2o for the leading 1/N, vacuum 
saturation prediction & 0.52 corresponding to Be 2 x B; ^ x], Consulting the available 
predictions reviewed in [665], which we will summarize and update in Table 56.1, one 
can notice that the values of the B parameters have large errors. One can also see that 
results from QCD first principles (lattice and 1/N,) fail to explain the data, which however 
can be accomodated by various QCD-like models. We shall come back to this discussion 
when we shall compare our results with presently available predictions. It is, therefore, 
clear that the present estimate of the four-quark operators, and in particular the estimates 
of the dominant penguin ones given previously in Eq. (56.120), need to be re-investigated. 
Due to the complex structures and large size of these operators, they should be difficult 
to extract unambiguously from different approaches. In this paper, we present alternative 
theoretical approaches based also on first principles of QCD (x-decay data, analyticity), for 
predicting the size of the QCD- and electroweak-penguin operators given in Eq. (56.120). 
In performing this analysis, we shall also encounter the electroweak penguin operator: 


Qi? z BI? [m? + OQJN.). (56.124) 
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Table 56.1. Penguin B parameters for the AS — 1 process from different approaches at 


u = 2 GeV. We use the value m,(2) = (1174 


- 23) MeV from [54], and predictions based 


on dispersion relations [833,832] have been rescaled according to it. We also use for our 
results fı = 92.4 MeV [16], but we give in the text their m, and fı dependences. Results 
without any comments on the scheme have been obtained in the MS — N DR—scheme 


(see discussions on ys in Appendix D). However, at the present accuracy, one cannot 


differentiate these results from the ones of MS — HV —scheme. More recent results can 


also found in [838]. 
Methods B, [s B ie Bi n Comments 
Lattice [823,824,825] 0.6 ~ 0.8 0.7 ~ 1.1 0.5 ^ 0.8 Huge NLO 
unreliable at matching [826] 
Large N. [827] 0.7 ~ 1.3 0.4 ~ 0.7 —0.10— 0.04  O(p?/N,, p?) 
scheme? 
1.5 ^ 1.7 — — O(p?/N.); m, = 0 
scheme? 
Models 
Chiral QM [828] 1.21.7 ~ 0.9 Be u = 0.8 GeV 
rel. with MS? 
ENJL + IVB [829] 2.5+0.4 1.4+0.2 0.8 + 0.1 NLO in 1/N, 
m, =0 
Lo -model [830] ~2 ^ 1.2 — Not unique 
u ~ 1 GeV; scheme? 
NL o-model [831] 1.6 ~ 3.0 0.7 ~ 0.9 — Ms: free; SU (3) trunc. 
u ~ 1 GeV; scheme? 
Dispersive 
Large N-+ LMD — — 0.9 NLO in 1/N., 
+ LSD-match. [832] strong p-dep. 
DMO-like SR [833] — 1.6 + 0.4 0.8 + 0.2 mg, —0 
huge NLO Strong s, u-—dep. 
FSI [834] 1.4 x: 0.3 0.7 € 0.2 — Debate for fixing 
the Slope [835] 
This work [836,34] 
DMO-like SR: - 2.2 11.5 0.7 € 0.2 m, =0 
[833] revisited inaccurate Strong s, u—dep. 
t-like SR — — inaccurate t,—changes 
RY-A — 1.7 + 0.4 — m, —0 
S> = (üu + dd) 1.0 + 0.4 — — MS scheme 
from QSSR < 1.5 0.4 m,(2) > 90 MeV 
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56.4.2 Soft pion and kaon reductions of ((xx);—| o 3 |K?) to vacuum condensates 


We shall consider here the kaon electroweak penguin matrix elements: 


(H), = (Emr 219). (56.125) 
defined as: 
3 _ ES 
1^ 85 Gd). 2 e GnDvia 
aa 3. = 
Qu 7 Gedpv-a à , egi » (56.126) 


where a, P are colour indices; ey denotes the electric charges. In the chiral limit m,,4,; ~ 


m? ~ m% = 0, one can use soft pion and kaon techniques in order to relate the previous 


amplitude to the four-quark vacuum condensates [833] (see also [832]):> 


2 
(97^),  — (07). 
3/2 4 2 [1 3/2 1 3/2 
(Qi hr 77 13007 )* 5008 p (56.127) 


where we use the shorthand notations: (0/07/20) = (O72), and f, = (92.42 + 0.26) 
MeV. Here: 


3/2 - B 7 B - T5. T3 
OU m quy, g VV Yu V — VYuYs y WU Yays V, 
u,d,s 


= T3 z T3 = T3 T T3 
O3? = rdum WV Vda V — Vaya, VVYuYsla, W, (56.128) 


u,d,s 


where t3 and A, are flavour and colour matrices. Using further pion and kaon reductions in 
the chiral limit, one can relate this matrix element to the B-parameters [833]: 


ph 3 (n, + m4) (Qn, + m,) 1 l 3/2 
1 2 ml me fa 

pa 1 (my + ma) (m, + ms) 1 
à 2 ml me fa 


[or (56.129) 


where all QCD quantities will be evaluated in the N DR-MS scheme and at the scale M,. 


5 [n the following discussion, we shall use a normalization of the matrix elements which differ by a factor 2 from the one 
used in [833,836]. This is due to the uses of the operator Qi in Eq. 56.126 currently used in the literature rather the one: 
Gadg)v—A[igua)v--A — (dgda)v-cA + (5pSa)v+a] used in [833] and [836]. 

6 [n the chiral limit fy would be about 87 MeV. However, it is not clear to us what value of fy should be used here because we 
shall use real data from t-decay. Therefore, we shall leave it as a free parameter which the reader can fix at his convenience. 
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56.4.3 The (OF, * ) condensates from DMO-like sum rules in the chiral limit 
In previous papers [833,832], the vacuum condensates 07. ) have been extracted using 
Das-Mathur-Okubo(DMO)- and Weinberg-like sum rules based on the difference of the 
vector and axial-vector spectral functions oy,4 of the Z = 1 component of the neutral 
current: 


3/2 S 2 we 
2zt (a, O =f d — , 
(a03) : Msc DA) 
167? rs s +u? 
Tà- f ds sos ( E) (ov o, (56.130) 
0 


where u is the subtraction point. In this normalization, the first Weinberg sum rule gives in 
the chiral limit: 


] ésov- p=. (56.131) 
0 


Due to the quadratic divergence of the integrand, the previous sum rules are expected to be 
sensitive to the high energy tails of the spectral functions where the present ALEPH/OPAL 
data from t-decay [193,199] are inaccurate. This inaccuracy can a priori affect the estimate 
of the four-quark vacuum condensates. On the other hand, the explicit ~—dependence of 
the analysis can also induce another uncertainty. En passant, we check below the effects of 
these two parameters f. and u. After evaluating the spectral integrals, we obtain at u = 2 
GeV and for our previous values of te ~ (1.48 + 0.02) GeV? (see Chapter on Weinberg 
sum rules), the values (in units of 10? GeV°) using the cut-off momentum scheme (c.o): 


o,(O;^), ~ (0.69 +0.06), — (O27), = —(0.11 +0.01), — (56.132) 


where the errors come mainly from the small changes of t,-values. If instead, we use the 
second set of values of te ~ (2.4 ~ 2.6) GeV? (see Chapter on Weinberg sum rules), we 
obtain by setting u = 2 GeV: 


o,(O;7) 2—(0.62:0.3), (077)  ~-©.1040.03), — (56.133) 


which is consistent with the one in Eq. (56.132), but with larger errors as expected. We have 
also checked that both (Os 3 and D d increase in absolute value when u increases where 
a stronger change is obtained for D 2) , a feature which has been already noticed in [832]. 
In order to give a more conservative estimate, we consider as our final value the largest range 
spanned by our results from the two different sets of t.-values. This corresponds to the one 
in Eq. (56.133) which is the less accurate prediction. We shall use the relation between the 


momentum cut-off (c.o) and MS schemes given in [833]: 


119 119 \? 
[piae ( etn) ) Pho aO) 66134 


56 Bo,- Bt, mixing, kaon CP violation 675 


where d, — —5/6 (resp 1/6) in the so-called Naive Dimensional Regularization NDR (resp. 
t Hooft-Veltmann HV) schemes; a, = a, /1 . One can notice that the a; coefficient is large 
in the second relation (5096 correction), and the situation is worse because of the relative 
minus sign between the two contributions. Therefore, we have added a rough estimate of the 
a? corrections based on the naive growth of the PT series, which here gives 50% corrections 


of the sum of the two first terms. For a consistency of the whole approach, we shall use the 
value of a, obtained from t-decay, which is [193,199]: 


as(M; )lexp = 9.341 +0.05 = > | o,(2 GeV) — 0.321 +0.05. (56.135) 


Then, we deduce (in units of 1074 GeV°) at 2 GeV: 


(077,,2-0.7202., — (Ou = -0.1464), (56.136) 


where the large error in iu ^j comes from the estimate of the a? corrections appearing in 


Eq. (56.134). In terms of the B factor and with the mean value of the light quark masses 
quoted in [54], this result, at y, = 2 GeV, can be translated into: 


2 
Bj? ~ (0.7 202) com) k^, 


119 
;Q) [MeV] \? 
Bil? ~ (2.5 + 1.3) (mE) k (56.137) 
where: 
92.4 


e Our results in Eqs. (56.136) compare quite well with the ones obtained by [833] in the M S scheme 
(in units of 107^ GeV$) at 2 GeV: 

(O; las 6.70.9), X (O^. (0.703 0.10), (56.139) 
using the same sum rules but presumably a slightly different method for the uses of the data and 
for the choice of the cut-off in the evaluation of the spectral integral. 

* Our errors in the evaluation of the spectral integrals, leading to the values in Eqs. (56.132) and 
(56.133), are mainly due to the slight change of the cut-off value r,.8 

* The error due to the passage into the MS scheme is due mainly to the truncation of the QCD series, 
and is important (50%) for CH *) and Bj > which is the main source of errors in our estimate. 

* As noticed earlier, in the analysis of the pion mass difference, it looks more natural to do the 
subtraction at te. We also found that moving the value of u can affects the value of Bj ; 

For the above reasons, we expect that the results given in [833] for (O;/ d although interest- 

ing are quite fragile, while the errors quoted there have been presumably underestimated. 


7 The two schemes differ by the treatment of the ys matrix (see Section 8.2). 

8 A slight deviation from such a value affects notably previous predictions as the t,-stability of the results (te ^ 2 GeV?) does 
not coincide with the one required by the second Weinberg sum rules. At the stability point the predictions are about a factor 3 
higher than the one obtained previously. 
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Therefore, we think that a reconsideration of these results using alternative methods are 
mandatory.? 


56.4.4 The (O7, s ) condensates from hadronic tau inclusive decays 


In the following, we shall not introduce any new sum rule, but, instead, we shall exploit 
known informations from the total t-decay rate and available results from it, which have 
not the previous drawbacks. The V-A total t-decay rate, for the J = 1 hadronic component, 
can be deduced from BNP [325], and reads: !° 


3 
Riga, = Vl s P. 56.140 
v-a = 5 |Vaal ew o». d ( ) 


[|V44| = 0.9753 + 0.0006 is the CKM-mixing angle, while Sew = 1.01941stheelectroweak 
corrections [326]. In the following, we shall use the BNP results for R+, v/a in order to deduce 


Ry v-a: 


¢ The chiral invariant D = 2 term due to a short distance tachyonic gluon mass [162,161] cancels in 
the V-A combination. Therefore, the D = 2 contributions come only from the quark mass terms: 


25 
Mi. ~8 | + Famo] M,Ma , (56.141) 


as can be obtained from the first calculation [28], where m, = m„(M:) ~ (3.6 + 0.6) MeV, m, = 
ma(M,) = (6.5 + 1.2) MeV [54] (previous chapter) are respectively the running coupling and 
quark masses evaluated at the scale M;. 

* The dimension-four condensate contribution reads: 


9 
M15), c 322? (1 + za?) m? f? +O (mj). (56.142) 
where we have used the SU(2) relation (uu) = (dd) and the Gell-Mann-Oakes-Renner PCAC 
relation: 
(m, + ma4)(üu + dd) = —2m f? . (56.143) 


* By inspecting the structure of the combination of dimension-six condensates entering in R;,v/a 
given by BNP [325], which are renormalizaton group invariants, and using a SU (2) isospin rotation 
which relates the charged and neutral (axial)-vector currents, the D — 6 contribution reads: 


2 2 20x 
M$8(9 | 2 —2 x 487ta, |: + 2 a, X ( 2m a.) | (0;^) + 2] . (56.144) 


48 M2 


T 


where the overall factor 2 in front expresses the different normalization between the neutral isovec- 
tor and charged currents used respectively in [833] and [325], whilst all quantities are evaluated 
at the scale u = M;. The last two terms in the Wilson coefficients of (Os 2y are new: the first 
term is an estimate of the NNLO term by assuming a naive geometric growth of the a, series; the 
second one is the effect of a tachyonic gluon mass introduced in [161], which takes into account 


? In recent works [838], these results have been also reconsidered. 
10 Hereafter we shall work in the MS— NDR scheme. 
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the re-summation of the QCD asymptotic series, with: a,A? ~ —0.06 GeV?.!! Using the values of 
a;(M,) given previously, the corresponding QCD series behaves quite well as: 


Coef. (03/7) ~ 1 + (0.53 + 0.08) + 0.28 + 0.18 , (56.145) 


where the first error comes from the one of a,, while the second one is due to the unknown a?-term, 
which introduces an uncertainty of 16% for the whole series. The last term is due to the tachyonic 
gluon mass. This leads to the numerical value: 


MSS"), ~ —(1.015 + 0.149) x 10°[(1.71 + 0.29057) --a(05^)]] , — (56.146) 


* If, one estimates the D = 8 contribution using a vacuum saturation assumption, the relevant V-A 
combination vanishes to leading order of the chiral symmetry breaking terms. Instead, we shall 
use the combined ALEPH/OPAL [193,199] fit for ayy a» and deduce: 


(8) 
By A Las 


We shall also use the combined ALEPH/OPAL data for R; v;4, in order to obtain: 


= —(1.58+ 0.12) x 107. (56.147) 


Rzv—alexp = (5.0 £ 1.7) x 107? , (56.148) 


Using the previous information in the expression of the rate given in Eq. (56.140), one 
can deduce: 


5°. ~ (4.49 + 1.18) x 107. (56.149) 


This result is in good agreement with the result obtained by using the ALEPH/OPAL 
fitted mean value for by) à: 


8(9 lit c (4.80 + 0.29) x 107? . (56.150) 


We shall use as a final result the average of these two determinations, which coincides with 
the most precise one in Eq. (56.150). We shall also use the result: 


(o7) 1 ( 


(o) 83 


3 
resp. =) ; (56.151) 


where, for the first number we use the value of the ratio of B 2 / B; ? which is about 


0.7 ~ 0.8 from, for example, lattice calculations quoted in Table 56.1, and the formulae 
in Eqs. (56.127) to (56.129); for the second number we use the vacuum saturation for the 
four-quark vacuum condensates [1]. The result in Eq. (56.151) is also comparable with the 
estimate of [833] from the sum rules given in Eq. (56.130). Therefore, at the scale y = M;, 
Eqs. (56.144), (56.150) and (56.151) lead, in the MS scheme, to: 


(03) (Mz) ~ —(0.94 + 0.21) x 107? GeV , (56.152) 


where the main errors come from the estimate of the unknown higher-order radiative cor- 
rections. It is instructive to compare this result with the one using the vacuum saturation 


!! This contribution may compete with the dimension-eight operators discussed in [837]. 
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assumption for the four-quark condensate (see e.g. BNP): 


(65^) v.s = E 


T (üu)? (M,) c —0.65 x 107? GeV , (56.153) 


which shows about lo violation of this assumption. We have used for the estimate of (Y y) 
the value of (m, + m4)(M;) — 10 MeV [54] and the GMOR pion PCAC relation. However, 
this violation of the vacuum saturation is not quite surprising, as a similar fact has also been 
Observed in other channels [3,193,199], although it also appears that the vacuum saturation 
gives a quite good approximate value of the ratio of the condensates [3,193,199]. The re- 
sult in Eq. (56.152) is comparable with the value —(0.98 + 0.26) x 10? GeV at w=? 
GeV ~ M, obtained by [833] using a DMO-like sum rule, but, as discussed previously, the 
DMO-like sum rule result is very sensitive to the value of u if one fixes t, as 1.48 GeV? (see 


chapter on Weinberg sum rules) according to the criterion discussed above. Here, the choice 
u = M, is well-defined, and then the result becomes more accurate (as mentioned previ- 
ously our errors come mainly from the estimated unknown a? term of the QCD series). Using 
Eqs. (56.127) and (56.151), our previous results in Eq. (56.136) for e and in Eq. (56.152) 
for o ? can be translated into the prediction on the weak matrix elements in the chi- 
ral limit and at the scale 2 GeV for the NDR scheme (k = 92.4/ f, [MeV] is defined in 


Eq. (56.138)):? 


(Gr)1231 97^ | K9)Q) = (0.18 + 0.05) GeV? k? 
(Grz))221 95^ | K9)2) (1.35 + 0.30) GeV? kK? , (56.154) 


normalized to fx, which avoids the ambiguity on the real value of f; to be used in such 
an expression. Our result is in agreement with different determinations from dispersive 
approaches [832,833,838]. Our result is higher by about a factor of 2 than the quenched 
lattice result [823]. A resolution of this discrepancy can only be found after the inclusion 
of chiral corrections in Eqs. (56.127) to (56.129), and after the use of dynamic fermions 
on the lattice. However, some parts of the chiral corrections in the estimate of the vacuum 
condensates are already included into the QCD expression of the t-decay rate and these 
corrections are negligibly small. We might expect that chiral corrections, which are smooth 
functions of m2 will not strongly affect the relation in Eqs. (56.127) to (56.129), although 
an evaluation of their exact size is mandatory. Using the previous mean values of the light 
quark running masses [54], we deduce in the chiral limit and at the scale M;: 


OK) [MeV]? 
Bj? ~ (1.704 039 (or) kt, (56.155) 


where k is defined in Eq. (56.138). One should notice that, contrary to the B-factor, the 
result in Eq. (56.154) is independent to leading order of the value of the light quark masses. 


12 As already mentioned, this normalization differs by a factor 2 than the one used in [833,836]. 
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56.4.5 Impact of the results on the CP violation parameter €'/e 


One can combine the previous result of Bg with the value of the Bg parameter of the QCD 
penguin diagram [665]: 


[Qu E (Gr 20] Quam 
c —[2(r* üysd|0) (x7 |Su| K°) 


4 (Gr |dd + üu|0) (0|sysd| K9) ] 


NE soy 
2Xm,--mq 


x A2 (fx — fa) Bl" (m). (56.156) 


T 


We have estimated the (QU us matrix element by relating its first term to the K — x ly 
semi-leptonic form factors as usually done (see e.g. [822]), while the second term has been 
obtained from the contribution of the S; = (iiu + dd) scalar meson having its mass and 
coupling fixed by QCD spectral sum rules [3,688] and in the scheme where the observed 
low mass ø meson results from a maximal mixing between the S5 and the og associated to 
the gluon component of the trace of the anomaly [686,680,688]:? 


1 M. 
ot = AGOA ++ Ym(as)) 2 mii (56.157) 


where f and yn are the 6 function and mass anomalous dimension. In this way, one obtains 
at the scale me: 


2 
Bn.) = 3.7 (==) x [oss + 0.09) — (0.53 + 0.13) (e ms ) 


142.6 


Ms — My 


(56.158) 


which satisfies the double chiral constraint. We have used the running charm quark mass 
m.(m,) = 1.2 + 0.05 GeV [54]. Evaluating the running quark masses at 2 GeV, with the 
values given in [54], one deduces: 


BPOS (1.1 £0.4) form,(2) = 117 MeV , 
<(2.140.4) for m,(2) > 71MeV . (56.159) 


The errors added quadratically have been relatively enhanced by the partial cancellations 
of the two contributions. Therefore, we deduce the combination: 


Bos = Be!” — 0.48B,"” 


~(0.3+0.4) for m,(2) = 117 MeV , 
<(1.340.4) for m,(2) > 71 MeV , (56.160) 


13 Present data appear to favour this scheme [690]. 
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where we have added the errors quadratically. Using the approximate simplified expresssion 
[665]: 


€ s 15 x 10-4 19 B (56.161) 
— 7 xX ——— i 
€ m (2) [MeV] ) ^9" 
one can deduce the result in units of 1074: 
e ~(4+5) form,(2) = 117 MeV, 
€ 
<(45+ 14), form;,(2) » 71 MeV, (56.162) 


where the errors come mainly from Beg (40%). The upper bound, though rather weak, agrees 
quite well with the experimental world average data [599]: 
/ 
- ~ (17.2 + 1.8) x 10^. (56.163) 
We expect that the failure of the inaccurate estimate for reproducing the data is not 
naively due to the value of the quark mass, but may indicate the need for other important 
contributions than the single gq scalar meson S» (not the observed o)-meson which have 
not been considered so far in the analysis. Among others, a much better understanding of 
the effects of the gluonium (expected large component of the o-meson [686,688,687]) in 
the amplitude, through presumably a new operator, needs to be studied. This effect might be 
signalled by the success of the final state interaction approach within an effective approach 
(quark and gluon content blind) for reproducing the previous data [835]. 


56.4.6 Summary and conclusions 
We have explored the V-A component of the hadronic tau decays for predicting non- 
perturbative QCD parameters. Our main results are summarized as: 


* Electroweak penguins: 
- Eq. (56.137): B3’ , 
- Eq. (56.155): By!” 
— Eq. (56.154): (t2), Q^ |K?) . 
* QCD penguin: Eq. (56.159). 


* c'/e: Eq. (56.162) . 


Our results are compared with some other predictions in Table 56.1 (see also [838]). 
However, as mentioned in the table caption, a direct comparison of these results is not 
straightforward due to the different schemes and values of the scale where the results have 
been obtained. In most of the approaches, the values of Bi 7? are in agreement within the 
errors and are safely in the range 0.5 — 1.0. For B: ? the predictions can differ by a factor 2 
and cover the range 0.7 — 2.1. There are strong disagreements by a factor 4 for the values 
of Be! ? which range from 0.6 ~ 3.0. We are still far from having good control of these non- 
perturbative parameters. This weak point does not permit us to give a reliable prediction of 
the CP violation parameter e€'/e. Therefore, no definite bound for new physics effects can 
be derived at present, before improvements of these SM predictions. 


57 
Thermal behaviour of QCD 


57.1 The QCD phases 


We study here the uses of QCD spectral sum rules (QSSR) in a matter with non-zero 
temperature T and non-zero chemical potential u (so-called Quark-Gluon Plasma (QGP)). 
Since the corresponding critical temperature for the colour deconfinement is expected to be 
rather small (T, < 1 GeV), these new states of matter can be investigated in high-energy 
hadron collisions. At high enough temperature T > T; ^: 150 — 200 MeV corresponding 
to a vacuum pressure of about 500 MeV/fm?, QGP phase occurs and can be understood 
without confinement. In this phase, one also expects that chiral symmetry is restored (chiral 
symmetry restoration). However, it is a priori unclear, if the QGP phase and the chiral 
symmetry restoration occurs at the same temperature or not. Untuitively, one can expect 
that the deconfinement phase occurs before the chiral symmetry restoration. An attempt to 
show that the two phases are reached at the same temperature has been made in [839] using 
the FESR version of the Weinberg sum rules, which we shall discuss later on, where the 
constraint has been obtained by assuming that in the QGP phase, the continuum threshold 
starts from zero. In the QGP phase, the thermodynamics of the plasma is governed by 
the Stefan-Boltzmann law, as in an ordinary black body transition. This feature has been 
confirmed by a large number of lattice simulations. The RHIC-BNL heavy ion program is 
dedicated to the study of transitions to this phase. Actually, the AGS (2 + 2 GeV per nucleon 
in the c.o.m.), CERN-SPS (10 + 10 GeV) and RHIC (100 + 100 GeV) are expected to reach 
this phase transition. The phase diagram of QCD is shown in Fig. 57.1 in the T plane versus 
the baryonic chemical potential u normalized per quark (not per baryon). 

CS2 (two flavours) and CS3 (three flavours) are colour superconducting phases cor- 
responding to large density and low T regions, which are not crossed by the heavy ion 
collisions but belong to the neutron star physics. The small drop of CS matter is expected to 
be due to one Cooper pair composed with a (ud scalar diquark) and one massive quark [840]. 
Some new crystalline phases due to oscillating (gq(x)) condensates may also appear [841], 
which may compete with CS2 at u ~ 400 MeV. Hadronic phase at small value of (T, u) 
and the QGP phase at large value of (T, u) have been known for a long time. However, it 
is not quite clear if the phase transition line separating them starts at (T = Tọ, u = 0) but 
at an endpoint E, a remnant of the so-called QCD tricritical point which QCD possesses in 
the massless quark limit. 
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Hadronic 
matter 


Fig. 57.1. QCD phase diagram. 


57.2 Big-bang versus heavy ion collisions 


* [n both cases, the expansion law is roughly the Hubble law v(r) ^ r, but strongly isotropic in the 
case of the heavy ion collisions. 

* The acceleration history is not well measured (for Big Bang, one uses distant supernovae) but both 
show small dipole components. 

* In both cases, the major puzzle is how the large entropy was actually produced, and why it happened 
so early, with a subsequent expansion close to the adiabatic expansion of equilibrated hot medium. 


57.3 Hadronic correlations at finite temperature 


The analysis of hadronic correlations at finite temperature is of great interest in connection 
with the modifications of hadronic properties in hot hadronic matter. The structure of the 
QCD correlations at intermediate distances also reflects the changes in the interaction be- 
tween quarks and gluons. In the context of QSSR, this analysis has been extensively studied 
[839,842-851]. However, further assumptions on the T-behaviour of the condensates or 
information from some other approaches [852-854] are needed in the analysis as well as 
some assumptions on the shape of the hadron spectrum, which limit the accuracy of the 
results. Neverthless, interesting quantitative results can be extracted. We shall be concerned 
here with the retarted (advanced) correlator (the causal one does not have useful analytic 
properties [855]) of the hadronic current J (x) (generic notation): 


Irw, q) =i / d^x èT theta(x°)(([J(x), J(0)])) , (57.1) 
where q = (œ, q) and ((...)) stands for the Gibbs average: 


(5) = YIW(nl...]n), W, = expl(Q — Ej/T]. (57.2) 


|n) is a complete set of the eigenstates of the QCD effective Hamiltonian: 
H'|n) = E'n), H—-H-uN, (57.3) 


where H is the usual Hamiltonian, N is some conserved additive quantum num- 
ber (baryonic charge, strangeness,...), jz is the corresponding chemical potential, 
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and Q = —T In Tr exp( —H'/ T). The two-point correlator is analytic in the upper half- 
plane of the complex variable w and obeys the dispersion relation: 


Too d 
T M (574) 


co U-@ 


The spectral density p is: 


pæ, q) = 2r Y (Jm) (m|JIn) 


x W,[1 — exp(—o/ T)]à(v — @nn)8(Q — Kinn) , (57.5) 
where: 
Omn = E', — En, Kman = Km — Kz - (57.6) 


Noting that in the set of discrete points of the imaginary half-axis, the retarded correlator 
in Eq. (57.1) coincides with the corresponding Matsubara Green functions [856]: 


IIg(ic) = Gon — iu), (57.7) 
where: 
@n = 2znT , n=0,1,2,..., (57.8) 


one can then calculate it using Feynmann diagram techniques in the Matsubara representa- 
tion [856] (imaginary time formalism). ! For œ — oo, the correlator in Eq. (57.1) tends to its 
perturbative QCD value. Therefore, it is reasonable to use quarks and gluons in Eq. (57.5), 
in order to get its asymptotic behaviour. Using the OPE, one can add, to the perturbative 
part, the NP contributions due to the quark and gluon condensates: 


Trg) = 3 COUO), (57.9) 


where C, is the Wilson coefficient obtained at zero temperature. The temperature depen- 
dence appears when one takes the Gibbs averages ((. . .)) of the local operators O,,. Summing 
up all contributions from different O,,, one expects to recover the Matsubara results. The 
radiative corrections appearing in the evaluation of the condensates should be of the form 
o, (v) In(T/v) as only T is the dimensional scale in the calculation of condensates at finite 
T, such that it is important to determine the T value above which one can rely on the calcu- 
lation. Formally, T should be much bigger than the QCD scale A. For the time being, we 
shall ignore radiative corrections and assume that perturbation theory works for T around 
150 MeV. 


! Real time formalism as discussed in [857] is not convenient for the problem discussed here, where one evaluates the spectral 
function. 
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57.4 Asymptotic behaviour of the correlator in hot hadronic matter 


Let us consider the correlator associated with the light quark vector current: 


Ja) m ey (57.10) 


which has the quantum number of the photon y. The imaginary part of the correlator 
defined as in Eq. (57.5) is then the probability of the absorption of a virtual y -quanta of 
time-like momenta o? — q? > 4m? (m, — 0) by the matter. The virtual quanta consisting 
of free fermions n (E) are converted into a quark-antiquark pair at a rate proportional to 
[1 — ng CE))][1 — n £F CE2)] according to Pauli's principle where E4 2 are the quark energies. 
At the same time, the y-quanta are produced with the rate np (E1)npr (E2). Therefore, the 
rate of the disappearance of time-like y-quanta in the fermionic medium på» is: 


pj, o. Q= 5 | LIPSCE ki, Ex ka) 


x (Ould) Qon] J5]0) (E — ngCEDIIE — n£7CE2)] — ngCEngCE2)) , 
(57.11) 
where: 


Pk, Pk 
2E x 2E>(27)3 


LIPS(E;, ki, E2, k2) = 8(o — E, — Ex)6°(q — ky — k2) . (57.12) 


The numbers of fermions and bosons inside the plasma are: 
ny(z) — 1/(10 +), ng = l/(0— e). (57.13) 


The y-virtual space-like quanta (œ? — q? < 0) can be absorbed by the (anti) quarks of the 
medium at a rate, proportional to nr (E [1 — np (E2)] and emitted at the rate np (E7)[1 — 
npg(Ej)]: Ej = œ + E». Thus, it disappears at a scattering rate: 


Prud q) = > f ursa. kı, —E), —k2) 
g 


x (wuld) (wl AI) Inge (ED — ng(22)] — nr (E[l — ngCED] , 
(57.14) 


where one can notice that the location of the singularities at T Z 0 differs qualitatively from 
that at T = 0 as shown in Fig. 57.2. 
Therefore the spectral function reads: 


pæ, q) = 0(»? — q? — t)p* + O(w — qp , (57.15) 


where f, is some threshold and the spectral function does not vanish for both time-like 
and space-like momenta. p° corresponds to the scattering term which increases with the 
particle density and appears as we use a mixed state of matter instead of the vacuum, when 
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Fig. 57.2. Location of singularities in the complex w plane. 


averaging the initial commutator. At T Z 0, the correlator of the vector isovector current: 


1 : 
In = 5 ypu — dyud) (57.16) 


contains two invariants I]; and Iz, which, in the rest frame of matter, can be defined as 
follows: 


Too — g 5 Tj; = e = 24) Ir + run g (57.17) 


Using Eqs. (57.11) to (57.14), one can deduce Im Iz, r. To lowest order in œs, the 
Euclidian asymptotic of the form factors reads [842]: 


3 +v 
pi= za]. dx (1 — x”) th(q* /2T) , 
3 +v 
= Í A= Dno qr 2D) — 207 27). 


dx (2 +x? — v’) th(q* /AT), 


3 
g 2 12 
Pr = gui Df 


3 v 
Pr = zga | dx (+x? — v’) Pne(q*/2T) — 2nr(q/2T)], 


(57.18) 
where: gt = qx + w; q7 = qx — wand: 
cm 
(o? — q?) ` 
In the case of a resonance at rest with respect to the medium (q — 0), one knows that 
the two previous form factors are proportional to each other [858]: 


ee (57.19) 


IIr(q = 0) = (o? — q^II; qao . (57.20) 
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Therefore, considering the longitudinal form factor, one has: 
Piq — 0, w) = th(w* — 4m?)th(o/AT)p (o) , 


ps (q — 0, w) = 6(w*) du?2nr(u/2T)p°(u’) , (57.21) 
4m2 


with: 


3 4m? 
ig "0 - v5, v=,/1- P (57.22) 


where the term o? is due to the scattering with matter and vanishes for T = 0. 

Systematic expansion of the spectral function can be done using the so-called hard thermal 
loop expansion [859], where the order parameters are the ‘hard scale’ of the order of T or 
larger and the ‘soft scale’ of the order of gT (g being the QCD coupling, which is assumed 
to be small), where, at this soft scale, collective effects in the plasma lead to effective 
(resummed) propagators and vertices parametrizing the modification of the physics at this 
scale, which one can formulate using an effective Lagrangian [860]. 

To one loop, the vector spectral function behaves as [861]: 


p(w) = 


T 
p*(o», q) ~ o, T? L (=) ES constant | (57.23) 
m 


where m? 


~ o, T? is related to the quark thermal mass. Therefore, the large In(1/a;) dom- 
inates over the constant term. However, the two-loop contribution is of the same order as 
the one-loop graph due to the enhancement factor 1/m? ~ 1/a, which compensates the a, 
factor associated to the quark-gluon coupling from the gluon exchange. This 1/71? factor 
originates from the presence of collinear singularities. This result questions the validity of 
the QCD perturbative calculation in this regime. Phenomenological applications of these 


results to the the lepton pair production in the quark-gluon plasma are discussed in [861]. 


57.5 Quark condensate at finite T 
The temperature dependence of the (yy) quark condensate can be expressed as: 


Tr (Vy exp - H/T) 
Tr (exp -H/T) 


(y) = (57.24) 


It has been studied in [852] using an effective Lagrangian approach, where one has 
exploited the fact that, at low temperatures, the behaviour of the partition function is dom- 
inated by the contributions from the lightest particles occuring in the spectrum. In QCD, 
this lightest particle is the pion, which is massless in the chiral limit. Interaction among 
the pions generates power corrections controlled by the expansion parameter 7?/8 Jus 
while the contribution due to a massive state i is suppressed as exp( — M; / T), where M; is 
the corresponding hadron mass. At low temperature, one can express the pressure as the 
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temperature-dependent part of the free energy density: 
P=E)-Z, (57.25) 
where Eo is the vacuum energy density and Z is the partition function: 
Z=-T jim, L^? n[Tr exp(—H/T)]. (57.26) 


The quark condensate is given by the /og-derivative of the partition function with respect 
to the quark mass: 


x^ S02 


(y) = TE (57.27) 

where at zero temperature: 
(y) = € (57.28) 

Therefore, at finite temperature: 
(i) = (ry) (1+ eun) (57.29) 
F? ðm} j ’ 
where: 

c c 0.90 + 0.15 (57.30) 


is a constant (c = 1 in the massless case) fixed from zr-z scattering data, while F = 
88 MeV is the value of the pion decay constant in the chiral limit (f£, = 92.4 MeV). 
In the massless limit: 


2 
T^» 16 , Aq 6 
P-—T[14-—x2m--co(r9|. 57.31 

30 ( g^ rwn (T) ( ) 


The log-scale is related to the p^-term of the effective Lagrangian and is fixed from 2-7 
scattering analysis to be: 


Aq > (470 + 110) MeV . (57.32) 

To order T$, the temperature dependence of the condensate in the chiral limit reads: 

- = 1 16 A 
(ry) = (ww) ( XT eu ^ x; In r +O) ; (57.33) 
where: 
T? 

mE. 57.34 
XT SF? ( ) 


indicating that the temperature scale is set by J/8F ~ 250 MeV. The behaviour of the 
condensate versus T is given in Fig. 57.3 for massless quarks. One can deduce that the 
condensate gradually melts for increasing T, and vanishes for massless quarks at T, ~ 
190 MeV, indicating the occurence of a phase transition at this temperature. 


688 X QCD spectral sum rules 


qqio» 


/ «0| 


«qq»; 


VONN 
X E ~d loop 
3 loops \ a 

\ 2 loops 
L fi EY 
0 50 100 150 200 250 
MeV 


Fig. 57.3. T-behaviour of the quark condensate in the chiral limit from [852]. Here and in the following 


(qq) = (wy). 


The inclusion of the quark masses can be obtained on the basis of Eq. 57.29. It is shown 
that the effect shifts the value of T, to higher value of about 240 MeV. 

Using a dilute gas approximation (i.e. neglecting the self-interactions of hadrons, as 
they manifest as the product of their density nin; ^ exp[—(M; + Mj)/T]) in the low- 
temperature region, the effect of massive states induces a positive correction of order 7? to 
the condensate: 


GMAT Se) 57.35 
i) = WW a D, Gz) ak (57.35) 
with: 
A\(t) = 18 I ee sh^x[exp(chx/v) — 1! , (57.36) 
0 
and: 
LE HE (57.37) 
3m 72M, (ilv Ypi) . . 


where |p;) denotes a one-particle state of momentum p. Therefore, Eq. (57.37) counts 
the number of valence quarks of type u and d inside the hadrons. One can estimate the 
uncertainties in this approximation by considering the kaon mass formula: 


M? =(m+ms)B, (57.38) 


from which one can deduce: 


0M K m s 
m----zz------. Mk [1 + corrections] . (57.39) 
om 2(m + ms) 
A comparison of the numerical value from Eqs. (57.37) and (57.39) show that the naive 
relation in Eq. (57.37) underestimates the real value by a factor about 1.4. The effect of 
massive states is such that it accelerates the melting of the condensate and implies a fast 
drop until the phase transition of about 200 MeV. We show in Figs. 57.4 and 57.5, the sum 
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Fig. 57.4. T -behaviour of the quark condensate in the chiral limit including massive states. 
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Fig. 57.5. T-behaviour of the quark condensate in the massive quark limit including massive states. 


of the different effects in the case of massless and massive quarks. The uncertainties in 
evaluating the quantity in Eq. (57.37) are given by the shaded region in Figs. 57.4 and 57.5. 
One can deduce that the critical temperature is: 
T. = 170 MeV (m, = mq = 0) 
190 MeV (my, ma #0). (57.40) 


Such a value of T, has been confirmed by lattice simulation with two dynamical Kogut- 
Susskind fermions [862]: 


T.(n = 2) ~ 150 MeV , (57.41) 


and by instanton liquid model [386]. In the case of the (55), the ms corrections shifts T, to 
higher values of about 250 MeV [863]. Similar analysis can be done respectively for the 
entropy density S, energy density U and heat capacity C,: 
- 
oT 
where for massless quarks, P is given in Eq. (57.31). 


U=TS-P, Gu uy (57.42) 
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57.6 f, atfinite temperature 


In [853], the T dependence of the pion decay constant has been also studied within the 
composite model framework. It has been found that: 


FAT) (I) 


EU NE 57.43 
£20) (v) i i 
Near the critical temperature, the relation [839]: 
(T TAU2 
^ D c (3.0 ~ 3.2) (1 — z) ; (57.44) 


might be more accurate than the one derived from Eq. (57.33) in the chiral limit. 


57.7 Gluon condensate 


Using naive dimensional counting, it has been argued in [842] that the perturbative contri- 
bution to the Gibbs average of the gluon condensate is of the form: 


(G2)) ~ (G?) +cT*a,(T) , (57.45) 


such that this pertubative contribution is negligible. Using a more involved estimate, they 
relate this temperature effect to the trace of the gluonic part of the energy momentum tensor 
sandwiched between two pion states: 


((G?)) ~ (G?) + F(z, T)\a|G" |x) , (57.46) 
where F is a function that is dependent on m, and T. An explicit evaluation gives [854]: 


16384 A 1 
3 2 2 4 q 
Sins n (n^ Dax; (in — z) ; (57.47) 


where the temperature-dependent term is a very small correction, although showing that 
the gluon condensate melts very smoothly for increasing temperature. 


(G?)) ~ (G°) 


57.8 Four-quark condensate 


The temperature dependence of the four-quark condensate has been often estimated using 
the vacuum saturation assumption: 


(Os) = (Yy Tay) ~ (I) , (57.48) 


which should only be taken very qualitatively, as there are evidences that, already at zero 
temperature, the vacuum saturation assumption is violated by a factor of 2 to 3 (see previous 
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sections). In [848], the temperature dependence of the four-quark operators in different 
channels has been studied within the sum rule itself, where the approximate behaviour: 


T? 
((O4)) ~ (O4) | = a 3 (57.49) 
has been obtained to be compared with that: 
2 T? 
N 2 — — 
((O4)) ~ (Wh) | (77 a | ; (57.50) 


which one would have obtained if the vacuum saturation for the four-quark condensate has 
been used together with the previous T dependence of (yy). The smooth dependence of 
the four-quark dependence can be qualitatevely understood when using the fact that at the 
optimization scale of the LSR, one has the relation: 


M, ~ ((a,O4)) 6 , (57.51) 


and as one will see later on, the o-meson mass varies smoothly with temperature below 7;. 


57.9 The p-meson spectrum in hot hadronic matter 
The p meson mass spectrum was originally studied in [842] using Laplace transform sum 
rules. The o coupling to the longitudinal part of the spectral function is introduced as: 


M? 
pi = (v — g — m?) . (57.52) 
2y; 
The LSR reads: 
M? 
K Aer 2 
F(t) X 4a zz- MbT) 


= i dt exp(-tOth(/T/AT) 
0 


+ af dt [np(Vt/2T) — uim) 
T. = (aG?)t — 2a, Ye. (57.53) 
Instead, we work with moments: 
R(t) = 2 In F(t), (57.54) 


which is convenient for studying the spectrum as it free from the unknown longitudinal 
coupling 7,. In addition, width corrections which might be large here partially cancel in the 
ratio. Stability of the LSR moments versus the usual parameters (T, 1.) has been studied in 
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Fig. 57.6. t and t, stabilities analysis of the rho meson mass. 
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Fig. 57.7. T-behaviour of the rho meson spectrum. 


detail in [843] using different values of the QCD input parameters, where, in the analysis, 
the small variations of the gluon and four-quark condensates with temperature have been 
neglected. This analysis is shown in Fig. 57.6. 

The optimal result of the p-meson mass from [843] is shown in Fig. 57.7, where the smooth 
T -dependence decrease of the spectrum differs from the sharp change at T, obtained from 
[842]. This difference is understood to be due to the effect of the change of the continuum 
threshold from 0.8 to 1.5 GeV? with T in [842], where stability in the variable t of the 
LSR has not yet been reached. This result also differs from the expectation [864] that 
M,(T) > M,(0). We conclude from this figure that the hot fermi gas does not lead to a 
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drastic change of the spectra in the region below 200 MeV. Such behaviour just indicates 
that the o-meson mass at zero and at T < T, has qualitatively the same feature, and a 
posteriori indicates that the quark hadron duality used at zero temperature is also applicable 
here. This feature just indicates that some criticisms [847] on the non-validity of the quark- 
gluon basis at small T in Eq. (57.2) are obviously wrong, as in this region the quark-hadron 
duality is expected to work better. In the same way, some other arguments raised by [847] 
like the non-consideration of non-peturbative effects (confinement) within the approach of 
[842] reviewed here are not at all justified, as has been demonstrated in the analysis of the 
exactly solvable QCD-like two-dimensional sigma O(N) and Schwinger models [846]. The 
analysis of [843] has been completed by giving sets of FESR: 


M te oo 1 
—— i dt th(/t/4T) + 2 Í dt (v 2 zm) 
Yo 0 0 3 


EN 

9 
N 
o 

N 


4 te 
1 
4n —À x Í dt t th('t/4T) — — (a,G’) 
Vp 0 3 
2M. fa 8906 , - 
4n^—5 x [| dr th(Vt/4T) - [wayyy , (57.55) 
yp 0 81 


that are necessary for checking the consistency of the parameters obtained from the LSR. 
However, one should understand that the accuracy of the constraints decreases with increas- 
ing dimensions. These FESR have been used in [845] for studying the T dependence of the 
continuum threshold te, a result which has been confirmed by [839] within the framework 
of composite models. Namely a smooth dependence with T has been found: 


te(T) f (T) 
10) — f 0) 


(57.56) 


57.10 o-meson coupling and width 


The T dependence of the p meson coupling has been also studied in [849] in which a smooth 
dependence was found as well: 


i 1 (1 n +) (57.57) 
VT) P0) 37 i 


These smooth dependences of the rho-meson mass and coupling were confirmed later 
in [850]. 

The T -dependence of the p-meson width has been proposed in [865] by using the relation 
between the pz coupling and f; through the KSFR relation (see Part I): 


Sa SM (57.58) 
Sonn = V2 fr , . 
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and its relation to the o — aa width: 


2 
Sonn M, 
INE 2C 57.59 
P 4r 12 ( ) 


from which, it is easy to deduce the desired T -dependence: 


e 

DG) ~ 1,0) (1 — 1) ; (57.60) 
T 

showing that for increasing T-values, the p-meson becomes broader and difficult to assign 

as a true resonance. This result has been confirmed from a recent study of the T-dependence 

of the imaginary part of the o-meson propagator [866]. 

Therefore, one can conclude from our previous analysis that the o-meson mass is almost 
insensitive to the T-variation, while its non-identification as a resonance is mainly due to 
the large increase of its hadronic x7r width at non-zero temperature. As a result, the study of 
dilepton-invariant mass in nuclear collisions through Drell-Yan processes at the rho-meson 
mass energy will not reveal a clear resonance structure. 


57.11 Deconfinement phase and chiral symmetry restoration 


We mentioned in the introduction that the Weinberg sum rules have been used in [839] for 
studying the relation between the deconfinement temperature Ty and the chiral symmetry 
restoration temperature T.. At finite temperature the first Weinberg sum rule reads [845]: 


tO) oo 
sg f do? toj4T)--2 f do? ng(o/2T) , (57.61) 
0 0 


where f, is the continuum threshold separating the hadron from the continuum. Assuming 
that in the QGP, te(T4) = 0, one can derive the constraint [839]: 


T. [Tı 
n= (F) (57.62) 


relating the chiral restoration temperature T, with the deconfinement one T4. The graphical 
resolution of the previous equality is obtained for: 


Ta © Te, (57.63) 


showing that the chiral restoration and the deconfinement phase are obtained at about the 
same temperature. 


57.12 Hadronic couplings 


The extension of the present framework for evaluating the meson trilinear couplings has 
been done in [845] using the symmetric point configuration of the vertex firstly proposed 
in [636,637]. It has been found that the couplings vanish like f7, where n is a positive 
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model-dependent number, showing that hadrons decouple in the deconfinement phase. It is 
also remarkable to notice that the z?y y coupling vanishes at high temperature indicating 
the absence of the QED anomaly in the QGP phase. This result has been confirmed by some 
field theory model calculation [867]. 


57.13 Nucleon sum rules and neutron electric dipole moment 


The extension of the previous application for studying the nucleon sum rule is straightfor- 
ward. Noting (see previous section) that: 


My ^ (W)t (57.64) 


where r is the sum rule scale variable, one also expects that its T-dependence is similar 
to that of (wy). Finally, nucleon sum rules have been also used in [851] for studying the 
T -dependence of the ratio of the neutron electric dipole moment over the QCD-0 angle 
responsible for the strong CP problem, where a smooth variation with temperature has 
been obtained. 


58 


More on spectral sum rules 


QSSR have wider applications and can also be applied to theories other than QCD as it is 
based on first principles of analyticity and duality. 


58.1 Some other applications in QCD 


Some other applications of QSSR have been already reviewed in details in the book [3], 
which we list below: 


* Baryons at large N.. 

* String tension from Wilson loops. 

* Relation between lattice correlators and chiral symmetry breaking in the continuum limit. 
* Two-dimensional QCD. 


58.2 Electroweak models with dynamic symmetry breaking 


QSSR has been also extended in order to give dynamic constraints on fermions and W, Z 
bosons assumed to be bound states of preons (haplons) where the structures may manifest 
at the TeV scale. The analysis has been done by assuming that at that scale, one can 
have a strong interaction theory of preons that is closely analogous to QCD describing the 
electroweak interactions, with the exception that one has to be careful on the chirality of 
the theories: 


In [868] and [869],! (reviewed in [870]), QSSR (Laplace and FESR) have been used in order to test 
the consistency of the compositeness assumption for the W and Z bosons and its spin zero partners, 
in the haplon model proposed by Fritzsch and Mandelbaum [871]? leading to a duality constraint 
between the boson masses and couplings with the continuum threshold (compositeness scale). 


In [873], QSSR has been used for an alternative derivation of the Dashen formula and some con- 
straints among the Goldstone parameters with the condensate in supersymmetric QCD. 


In [874], analogous constraints have been derived between the ‘composite’ fermions and the vacuum 
structure of the (non)-supersymmetric theory, where it is found that for supersymmetric theories, 
there are unlikely to be composite fermions below the TeV scale. 


Some phenomenological implications of the scenario are also discussed in this paper. 
However, the obtained constraints are more general and can be applied to some other classes of composite models discussed in 
[872]. 
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Epilogue 


We have tried to put together an elementary introduction to QCD and its modern devel- 
opments in order to have as far as possible a complete QCD handbook, which I hope will 
be useful for a large spectrum of readers. After reading this book, I hope that the reader 
have learned more on the developments and aspects of perturbative and non-perturbative 
QCD, which, owing to the gluonic self-interactions, are based on asymptotic freedom, 
dynamical symmetry breaking and confinement. The former enables us to apply perturba- 
tion theory at large momenta where the coupling is small, and this has given successful 
predictions for various hard processes in terms of the single-order parameter o,(Q). The 
running of the QCD coupling (and of the quark masses) as predicted by QCD and the 
renormalization group equation has been verified experimentally at different energy scales. 
On the other hand, the growth of the coupling at low energies indicates that QCD dy- 
namics are governed by the confinement of quarks and gluons into colour-singlet hadronic 
states. However, a rigorous proof of this property is still lacking and remains one of the 
challenging problems in QCD. At present, non-perturbative approaches such as QCD spec- 
tral sum rules, lattice calculations provide an indirect evidence that QCD also provides 
the proper pattern of chiral symmetry breaking, where the quark and gluon condensates 
breaks dynamically the symmetry of the QCD Lagrangian. Thus, we have at present 
an overwhelming experimental and theoretical evidence that QCD gauge theory is the 
most robust theory of hadrons, though we have still to tackle the longstanding problem of 
confinement. 
Some remarks concerning the presentation of this book have to be made: 


* The readers may have noticed that, some specialized topics, like, for example, monopoles and more 
generally confinement, have not been discussed in details due to space-time limitations, but, mainly, 
due to the fact that our understanding on these subjects is not yet mature. 

* Unlike, the case of the book and review in [3,2], we have not discussed in detail the derivation 
of each results from QCD spectral sum rules, but we have only summarized the different results 
after discussing some particular examples. The readers who wish to look into more details in the 
derivation of the QSSR results can then consult the previous references and the original papers. 


I hope that, after reading this book, the readers have acquired the necessary information 
and technology for tackling new research projects in this field, which, after looking at the 
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large number of QCD publications and conferences, has been and still remains one the most 


active fields in high-energy physics. 


‘Physics will change even more ... If it radical and unfamiliar ... we think that the future 
will be only more radical and not less, only more strange and not more familiar, and that it 
will have its own new insights for inquiring human spirit.’ 


(Oppenheimer, Reith Lectures, BBC, 1953) 


Part XI 
Appendices 


Appendix A 


Physical constants and units 


A.1 High-energy physics conversion constants and units 


Table A.1. High-energy physics conversion constants and units 


Quantity Name Value 
Speed of light c 299 792 458 m s^! 
Reduced Planck constant h zh/2n 1.054 572 66(63) x 10^ Js = 
6.582 122 0(20) x 107? MeV s 
Conversion constants hc 197.327 053(59) MeV fm 
(hic 0.389 379 66(23) GeV? mbarn 
Units where i = c = 1 Mass, energy 1 eV = 1.602 177 33(49) x 107? J 
1 GeV = 10? MeV = 106 keV = 10? eV 
l erg = 1077 J 
1 eV/c? = 1.782 662 70(54) x 109 kg 
Length 1 GeV-! = 0.197 327 053 fm = 


0.197 327... x 10-8 cm 
lin=0.0254m  1À-— 0.1 nm 


Lifetime 1GeV^! 265821220 x 107? s 
Decay rate 1 GeV = (1/6 582 122 0) x 10% s7! 
Cross-section 1 GeV? = 0.389 379 66(23) x 10° barn 
1 barn = 107? m? 1 nb = 107? barn 
Others 0°C =273.15K 1G-—10^T 


kT at 300 K = [38.681 49(33)]"! eV 
1 atmosphere = 760 torr = 101 325 Pa 
1 dyne = 10? N 


A.2 High-energy physical constants 


A complete list of physical constants is given in PDG [16]. Among them, we have: 
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Table A.2. Some high-energy physical constants 


Observable Symbol Value 
Electron mass m, 0.510 999 06(15) MeV/c? 

= 9.109 389 7(54) x 1073! kg 
Muon mass my 105.658357(5) MeV/c? 
Tau mass m, 1777.03*30MeV /c? 
Proton mass Mp 938.272 31(28) MeV/c? 

= 1836.152 701(37) m, 
Electron charge e 1.602 177 33(49) x 107^ C 

= 4.803 206 8(15) x 107? esu 
Permittivity of free space €o 8.854 187 817... x 10°? F m^! 
Fine structure constant a = eAnehc 1/137.035 999 58(52) at q? = m? 

1/128 at q? = M2 
Electron anomaly a= I (ge — 2) 115 965 218 84(43) x 10-8 
Muon anomaly a, = i(g,—2) 116 592 023(151) x 107"! 
Tau anomaly a, = ig. — 2) 0.004 + 0.027 + 0.023 
Electron radius r= e) /An egm,c? 2.817 940 92(38) x 107? m 
Bohr radius (Myycieus = oo) dx = Am eof? /mec? 0.529 177 249(24) x 107? m 

= rea 
Electron Compton wavelength A,/2n = h/m,c 3.861 593 23(35) x 1078 m 
— r,f/a 

Rydberg energy hcRx» = m,c?o?/2 13.605 698 1(40) eV 
Thomson cross-section Op = 8x72/3 0.665 246 16(18) barn 
Bohr magneton [Lg = eh/2m, 5.788 382 63(52) x 107!! MeV T7! 
Nuclear magneton hp = eh/2mp 3.152 451 66(28) x 107'* MeV T7! 
Electron cyclotron freq./field ox, /B = e/me 1.758 819 62(53) x 10!! rad s^! T7! 
Fermi coupling constant G p /(hcy 1.166 39(2) x 10 GeV? 
Weak mixing angle sin? 0y(Mz) MS 0.2315(4) 
W+ boson mass Mw 80.33(15) GeV/c? 
Z? boson mass Mz 91.187(7) GeV/c? 
Strong coupling constant as, (Mz) 0.118(3) 


A.3 CKM weak mixing matrix 


In the electroweak standard model SU (2);, x U(1), where both quarks and leptons 
left-handed doublets and right-handed singlets, the quark mixing matrix can be 


represented as: 
d' Via Vu Vab d 
s |= (| Va Ve Ya rS. (A.1) 
b' Via Vis Vp] Nb 
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where from weak decays, the mixing matrix has the value: 
0.9745 — 0.9757 0.219 — 0.224 0.002 — 0.005 
0.218 — 0.224 0.9736 — 0.9750 0.036 — 0.046 (A.2) 
0.004 — 0.014 0.034 — 0.046 0.9989 — 0.9993 
In the Wolfenstein parametrization: 
Vus SA, Vu = 4° A(p — in) 
Vap WA,  VacX3A0-—p-im) (A.3) 
A.4 Some astrophysical constants 
Table A.3. Some astrophysical constants 
Observable Symbol Value 
Newton gravitation constant Gy 6 672 59(85) x 107!! m?kg^!s? 
Astronomical unit AU 1.495 978 706 6(2) x 10!! m 
Tropical year(equinox to equinox) yr 31 556 925.2 s 
Age of the universe to 15(5) Gyr 
Planck mass Aic] Gy 1.221 047(79) x 10? GeV/c? 
parsec(1 AU/1 arc sec) pc 3.085 677 580 7(4) x 10!6m = 3.262... ly 
light year ly 0.306 6 . . . pe = 0.9461... x 10!°m 
Solar mass Mo 1.968 92(25) x 10°° kg 
Solar luminosity Lo 3.846 x 107° W 
Solar equatorial radius Ro 76.96 x 10° m 
Earth mass Ma 5.973 70(76) x 1074 kg 
Earth equatorial radius Rog 6.378 140 x 10° m 
Hubble constant Ho 100 ho km s-IMpc^! = 
ho x (9.778 13 Gyr)! 
Normalized Hubble constant ho 0.5 < ho < 0.85 
Critical density of the universe Pc = 3He/81 Gy 2.775 366 27 x 10! h2MS Mpc? 
Local halo density Phalo (2 — 13)107” g cm? ~ 


Scaled cosmological constant 


Scale factor for cosmological 
constant 


ào = Ac? /3 H? 


c? /3 H? 


(0.1 — 0.7) GeV/c? cm? 
—] «2o «2 


2.853 x 10?!h2 m? 


Appendix B 
Weight factors for SU(N). 


B.1 Definition 
The generators 7; of the SU(N), Lie algebra obey the commutation relation: 
[Ta, Tp] = i fabc Te 
and the trace properties: 
Tr T, = 0- 
Sabe are constants which are real and totally antisymmetric and normalized as: 


Jabe fdbe = N ôaa . 


B.2 Adjoint representation of the gluon fields 
In this representation, one has: 
(Ta)be = —i fabc , 


with the properties: 


2 
Jabe fede — y aceba zd ôadôbc] + daceddbe =; ade bce , 
Fabedcde + Facedabe + Fade dbce =0 , 
where dapc is a real and totally symmetric tensor: 


dabb = 0, 
dabcdabe = (N = 4/N) Sad . 


In this representation, the trace properties are: 
Tr TaT, = Nó, B 
i 
Tr Ta Tp Te = zNa y 


N 
Tr Ta Ty Te Ta = ÓabÓca F Sad She T 4 (dapedcae 23 dacedabe F dadedbce) . 
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(B.1) 


(B.2) 


(B.3) 


(B.4) 


(B.5) 


(B.6) 


(B.7) 


B Weight factors for SU(N), 705 
B.3 Fundamental representation of the quark fields 
In this case: 
1 
Ta = "LT , B.8 
2 (B.8) 
with the properties: 
[Aa; Av] = 2i fabc c , 
4 
a; Àb} = —bap + 2dabcàc , 
n 


2 
arb = LL + dabche + lfabcAc . (B.9) 


The trace properties are: 
Tr A,-—0 
Tr harp = 2ôab 
Tr Aadbàc = 2(dabe + i fabe) 
4 
Tr dadbàcàa = N (Sab5ca E SacSba EE dad Shc) 


+ 2(dabedcde = dacedabe +F dadedbce) 
F 2i (dape fede zd dace fabe F dade foce) . (B.10) 


Some other useful relations are: 


1 
Aa apAa)ys =2 (sso, yx n) 


2(N? — 1) 1 
= N2 bas dpy N (Aa)aplAa)ys , 
N?—1 
(aap Oca) By = 4| CR) = 2N bay , 
2 
(Apaadrd ap P Tg ado , 
(XaÀb)ogCT5)ca = N (àc)ap : (B.11) 
In the adjoint representation: 
(Ta)be(Ta)ea = (C2(G) = N) dpa . (B.12) 


B.4 The case of SU (3), 


In this case, one can write explicitly: 
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( 0 0 ) , (: 0 0 
euo 0 -i| =—l(0 1 0). (B.13) 
0 i 0 V¥3\0 0 -2 
Therefore: 
fizz = +1 
1 
fia = fise = foe = fos7 = fas = — fao7 = 5? 
V3 
fass = fon = xcu (B.14) 
and: 
1 
diig = dag = d33g = dggg = R- 
1 
diag = di5; = dar = dase = d344 = d355 = —dagg = —day; = 5? 
1 
(B.15) 


d4ag = dssg = degg = 477g = ——— =. 
448 558 668 778 2J8 


The other components which cannot be obtained by permutation of indices of the above 
ones are zero. 


Appendix C 


Coordinates and momenta 


The space-time coordinates (t, x, y, z) = (t, X) are denoted by the contravariant 
four-vector x, which is defined as:! 


x” = (t, x, y, z) =O uat (C.1) 


The covariant four-vector is defined as: 


x = (t, x, y, z) = (xo, Xi, X2, x3) = guvz" , (C.2) 
where: 
1 0 0 0 
0 —1 0 0 
£»—lo 0 -1 0 (Ea 
0 0 0 -1 


The three-vector is also often denoted as: 
x=x (C.4) 
The momentum vector is defined in the same way: 
p" = (E, Px, Py, Pz) (C.5) 
The scalar products are: 
x? = xa" =? — x’, 
pi: P2 = Pi Pzp = E1 Eo — Pi Po , 
x. p=tE-—x-p (C.6) 


The derivative operator is: 


ə ð > a ð ð 0 
On = = ( : y) E ( 3 ; ; ) ; (C.7) 
OX. ot ot ox dy Oz 


The Dalembertian operator is: 


ð 
V? = dx,dx" = sus x (C.8) 


! We shall follow the notations of Bjorken-Drell and Landau-Lifchitz. 
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The electromagnetic four-vector potential is: 
A, = (È, A) (C.9) 


The electromagnetic field strength is: 


Fuy = Ay = —— Ay (C.10) 


x, 9X, 


The electromagnetic and magnetic fields are: 
E = (F", F?, EU. B= (F”, F", F°) (C.11) 
The gluon field tensor is: 
ð ð 
G^, = — A“ — —— A’ + gfa AL AS C.12 
n ax, m Ax, pie gf. bc y Hy ( ) 


where A7 is the guon fields and a = 1, 2, ...8 are the colour indices. The electromagnetic 
covariant derivative is: 


D, = 9, +ieA, (C.13) 


The gluon covariant derivative acting on the quark colour componet o, 6 = red, blue, 
yellow is: 


á 1 a a 
(Dap = Sap, — ig Y 5 Aag A > (C.14) 


where 22, are eight 3 x 3 colour matrices. 


Appendix D 


Dirac equation and matrices 


D.1 Definition and notations 


If v is a generic notation of a fermion field, it can be expressed in terms of the usual 
annihilation and creation operators as: 


W(x) = f Be aoa Me Aap, 39e ^ (B, 3)b (B, De] (D.D) 


where the integration is over the mass hyperboloid with p? = m? and p? > 0. A is the two 
possible fermion helicities. The annihilation and creation operators satisfy the 
commutation relations: 


[a(p), a'(p’)] = [b(p), b(p)] = QxY25b8*(p' — p), (D.2) 
[a(p), a(p)] = 0 = [b(p), b(p^)] . 


The fermion spinors u(p) (particle) and v(p) (anti-particle) of mass m obey the Dirac 
equation: 


(p —m)u(p) = 0 = u(p)(p—m), 


(Ê + m)v(p) = 0 = v(p)(p — m), (D.3) 
and normalized as: 
ü(p, A)u(p, A) = 2m = —V(p, X)v(p, X) (D.4) 
with: 
ü = u'y? 
=v’, 
Ê = yap" = wp? -y:p. (D.5) 


where y,, are the Dirac matrices. In four dimensions, these matrices can be defined as: 


0 1 0 o -1 9 
ZR 


in terms of the Pauli matrices o: 


e») a-( 2) (2) om 
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They obey the properties: 
i 


5 Un: wl, 


{Yu Wh= 28uv , Ou = 
and: 
(ys —1, and ysy, = —yuays, 
with the definition: 
ys = iyorvy2ys 
Or: 
1 Ha, Va, Pan, O 
ys = gY YYY- 


The Dirac matrices are (anti)hermitians: 


Vu = Ve , ka= l2 3 Yo — yo and ys — ys. 


D.2 CPT transformations 


The action of the operators: 
C= charge conjugation, P= parity transformation, T= time reversal, 
on the fermion field w(t, F) are: 

C yt. 7) = yy (t. F) 

Tyt, P) = —iyiysi (t, 7) 

PT yt, P) = yos Ct, =F) 
CPT w(t, 7) = yorin y(t, —r) 
— iysw(—-t, -r) , 


where: 


D.3 Polarizations 


(D.8) 


(D.9) 


(D.10) 


(D.11) 


(D.12) 


(D.13) 


(D.14) 


In the evaluation of unpolarized cross-section, one has to sum over polarizations of, for 


example, fermions: 


owo.(p.3) e Bm, M vp. Ap.) = p—m, 
À À 


while for polarized cross-section, one inserts the projection matrices: 


u(o.2=45)a(p.2=45) = so +m (=) ; 

2 2 2 2 

v(p m 25 )v( p 25) = 50 m( =), 
2 2 2 2 


(D.15) 


(D.16) 
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where: s is the polarization four-vector of the (anti-)particle with energy-momnetum p: 


s-p=0 and s?=-1. (D.17) 
For a photon or massless vector boson, the polarization is transverse: 
e*=(0,€) with p-€=0. (D.18) 


For unpolarized cross-section involving (massless) photons, one has to sum over 
polarizations: 


Y de mg. (D.19) 


polar. 


D.4 Fierz identities 


In some calculations, it is useful to arrange products of fermion bilinears using Fierz 
identities. Denoting by W; the field of a fermion i, one has in four dimensions: 


= z 1 x " 
(hia) raa) = 7 X iyapa ay" va) . (D.20) 
H 
Similar relation can be obtained by the substitution: 
pa > YvVa. W> yyh, (D.21) 
and by using the decomposition: 
1 
Yo = 42 (Tr uwo)” - (D.22) 
A typical Fierz rearrangement is the one of weak four-fermion operator: 
ity" Var) yu Var) = —QGrry" Var) aya Van) (D.23) 
where: 
1 
Vit = 5 — ys)Vi . (D.24) 
Additional relations can be obtained by using: 
(Op )ap(o")ys = 2€ay€ps - (D.25) 


D.5 Dirac algebra in n-dimensions 


The (anti)-commutation properties of the Dirac matrices in four dimensions given in 
Eq. (D.8) are maintained, but the algebra becomes:! 


Yuy” =nl= gg" , 
YuYa Y" =(2- n)ya , 
YuYaYBY" = 4Agagl + (n — 4)yayg , 
YuYaYBYy Y" = —2yyygya — (n — A)yavgr, - (D.26) 


! See also the discussions in Section 8.2 for different aspects of dimensional regularization. 
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The traces in n dimensions can be chosen to be the same as in four dimensions. The usual 
properties are: 


Tr1=4 (D.27) 
and: 


y'") =0 form odd, 
Tr (y Uy!) L-—Tr (yen y! <.. y) 


m-1 
42 corr (y^ T yii yin y""7)) gp, . (D28) 


i=l 


Therefore, one can deduce: 


Tr VuYv = Agyv » 
Tr VuyvYoYo = Á(8uv8po — SupSvo + Suo vp) ; 
Tr YXuvpot — Bru Topor Tras Eva Tuport + Bro Tuvor — Sho Tavor T 8Ac T, vpo , (D.29) 


with: 


YXuvpot = YXYuYvYoYo Vr » Tyvpo =Tr YuYvYpoYo - (D.30) 


The definition of ys is more delicate in n-dimensions. There are many definitions in the 
literature (see e.g. [116] and the review in [2]). These definitions are good if the 
corresponding Green's functions satisfy constraints imposed by the Ward identities, and 
do not induce unphysical anomalous term [116,119], which cannot be absorbed in the 
Lagrangian counterterms. The most convenient and unambiguous definition is the one 
encountered in four dimensions, which is either the one in Eq. (D.10) or the one in Eq. 
(D.11), although the one in Eq. (D.10) does not exist for n < 4. In both cases, the most 
important properties are: 


Q3y»-21, yi=ys, and sy, = —yuys. (D.31) 
and: 
[vs.o,,] 2 0. and ysoyy = UE di : (D.32) 
The traces involving ys are: 
Tr ys = 0 y 
Tr ysyuye — 0, 


Tr ysYuYvYoYo = 4i €uvpo » 
Tr YsyAYuyvYpoYo Y: = Ai[gux€vpot — givÉupot + Suv€Apot + SavÉ€Auvp 
— SprÉXuvo T Epo€Auvil 
Tr ysyu, -.. Yu, = form odd. (D.33) 


Finally, in order to complete the presentation of the Dirac algebra in n dimensions, it is 
also useful to remind the hermiticity: 


yyy 2 (y) , yyy? 5 —y = -ys, (D.34) 


D Dirac equation and matrices 


and the parity properties: 


Gy 6 Wh OO ey 
Conc Sse), “CONIC sys s 
where C is the charge conjuguate operator normalized as: 
C=-1. 


D.6 The totally anti-symmetric tensor 


The totally anti-symmetric tensor has the same definition as in four dimensions: 


0, if two indices are equal 
—1, if uvpo = 0123 
+1, if uvpo = 1230, 


Envpo = 


while one can choose its properties as: 
e^ — —(n — 3)(n — 2)(n — Dg, 


€ n vof 

€uvage^ "9 = —(n — 3)(n — 2) (8885 — goer) > 
BL EL xn 

€uvage? ? = —(n — 3)| 82 8° 8p 


B. “Ba Bu 
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(D.35) 


(D.36) 


(D.37) 


(D.38) 


E.1 Factors induced by external or internal lines 


ingoing quark: 


ingoing antiquark: 


outgoing quark: 


outgoing antiquark: 


ingoing gluon: 


outgoing gluon: 


Appendix E 


Feynman rules 


p 
— > o 


(2a)? Pulp, X) 


Qz) ?? up, X) 


Qz) ?Pü(p, X) 


Qz) ??w(p, X) 


Q1) ?P e^ (k, n) 


Qz) ?" ek, n) 


E.2 Factors induced by closed loops 


d" 
f A for each loop integration 
(Qn) 
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E Feynman rules 


(—1) foreach closed fermion or ghost loop 


Propagators 


quark: 


gluon: 


ghost: 


Vertices 


quark-gluon-quark: 


ghost-gluon-ghost: 


E.3 Propagators and vertices 


i 
p-m-+ie' 


Sab 
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(=i) 


(=i) 


k?+ie' 


bab 
k?+ie' 


(ig) YT 


[gm — (1 — ag) 2] 


(ig) f" p, 
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3-gluon: (gf P Lg, (k c q)p — 8v(qd t T)u 
+ Soulr — ky] 
au d, p 
4-gluon: bv epe re pane fF ee? g — gg”) 


He face pode x (gt? gP = gl g"") 
An pada peve x (g^? gv d gl” g??)| 


E.4 Composite operators in deep-inelastic scattering 


We define I = 1 or ys and A to be an arbitrary four-vector with A? = 0. The composite 
operators are defined at x = 0. 


n 
k k 
Ym bmg: A(A- ky IP 
n 
k k 
M y DGau0u WG: gu (AK ALAVA  kK)7?— 


(ky Av + Kk AQ)(A - kd 
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x 


- ^ —2 " 
da Viii +++ gBa TS e yug : 8T A" Â DjA e pi) 
x (A--- po) i-r 


Pran Pab PSP cou en Bu us 4 abe! [A ul Ap p3 CA <- pi) 


+ pio AuCA : P3) — Sup 

x (A: pi^ B P3) m AuAp 
x (ps: pr) + 3o C D! 
x (A+ p KA py? 
+ Sup Av — Svp ACA - ps) 
+ ACA ps,y — P3, Av)] 
x (A: p3)? + perm. } 


E.5 Rules in the background field approach 


The background field is represented by A. The combinations of gauge fields not shown 


below vanish. For instance, there is no quadrilinear vertices with three or four background 
fields. We use the conventions in [127]. 


(ef”)| aur (k +q- x — volg try 


q 
t» (r-k- i). | 


“A 


~A) c, u 


o CDS + a), 


| 
P | 
| 
| 


Q 
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GTE y, 
au dp 

= b, v ra 6g 

a b 

x P 
s 7 
xXx 
N 
dv (—ig?) fE fe? guy 
Cu d, v (=ig?) (Jf + fo” ee) Suv 


(ig?) fh? fete (ghe gr? 7 gt gv 
E + gh" gop) 3 face hans 
a 
x "T M g^ g"") a poe pepe 
1 
x (g^* gr b> git” gP 4 ee) | 


Appendix F 


Feynman integrals 


F.1 Feynman parametrization 


The Feynman parametrization is needed to recombine the product of denominators 
appearing in the momentum integral. We shall discuss the most usual ways of 
parametrization. 


F.1.1 Schwinger representation 


The first one consists of an exponentiation of the propagator denominators and leads to: 


1 oo oe) n 
= dz -f dzn exp | — aizi | . (F.1) 


In connection to this, the following Gaussian integral is useful: 


d'k e 1 


F.1.2 Original Feynman parametrization 


The second alternative is obtained from the original Feynman parametrization: 


1 : ! 1 
=(n—1)! | dz- | dz, d(1 i 3c E3 
—=6 xf a Í : ( Seay (F3) 


l 


After a suitable change of variables, one can eliminate the ô-function and one obtains: 


1 T 1 1 
- a-n: f wau | waus f dü; 4 
di: 7 pn 0 0 0 


x [(a1 — a2)ui: + Un—-1 + (a2 — a3)ui Ung da] ^. (F4) 


This parametrization is quite convenient as it allows possible cancellations among terms 
of two propagators, and has the advantage to provide finite bounds of integration, which is 
convenient in various numerical integration calculations encountered e.g. in QED 
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calculations (g-2,...). A particularly useful case of Eq. (F.4) are: 


y.o T@+ f roges 
a*bP TOG) Jo ^ (a — bx + BI " 


and: 


1 _ Tamt+m+r) ! 


= dx rper " yt 
a^ bn cr rr (mI (r) Jo 


1 a = yey 
2: dy m+n+r ? 
0 [(a — b)xy + (b — c)x c] 
entering in a one-loop calculation. In the case where a; is In €?, the following 


representation integral is useful: 


1 "d 1 fa 1S od 
ney! Tat Dh ^^ 


F2 The T function 


It is defined for complex z by the Euler integral: 


oo 
r(2- f die, 


0 


(Œ.5) 


(F.6) 


E7) 


(F.8) 


If the previous integral does not exist, it can be defined, using an analytic continuation, by: 


" oo (-1)" oo MO 
r@= tj dtt^ e`, 


n=0 


(F.9) 


which expresses that I'(z) is analytic in the entire z-plane but contains simple poles at 


z = 0, —1, —2, .... It has the properties: 
Pd +z) =2P@), 


and: 
oo z" 
rAd + z) = exp |» + Sorio] ; 
n=2 n 
with: 
: 1 1 
Ve =y = lim {l+ +--+- t = 0.577 215 6649... 
n> 2 n 
and: 


TEDDE 


1 


As 
ll 


is the Riemann function: with: 
zx? 4 
¿¢(2) = «o £(3) = 1.202 056 903 1..., t(4)— UR 


(F.10) 


(F.11) 


(F.12) 


(F.13) 


(F.14) 
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The following expansion is particularly useful in dimensional regularization: 


e zx? e 3 zx? 
limT(1 +e)=1 €yg + CE ) (4 + +O) +O, 


2 6 3 \2 4 
(F.15) 
from which one can deduce I (€) with the help of Eq. (F.10). For integer n, one has: 
T(n)=(n—1)!, (F.16) 
while one also has the following properties: 
r 1 oe 
— = T ; 
2 
PG)T(1 x) = — (F.17) 
sin 7x 
F.3 The beta function B(x, y) 
It is defined as: 
l roro) 
B(x, e dEPCi pen SS . (F.18) 
"th FG y) 
and has the useful properties: 
x 
B6. - ( ) 86.» 
x+y 
Bix, 1+y)= ( id ) Bay, (F.19) 
x+y 


Therefore, one can deduce: 


Bd + az, 1+ bz) 


— 1 ` pZ n b” by! F20 
= IDorp, TER ) = 0le +b" — (a + by]. (E20) 


In the limit € — 0, it has the Taylor expansion: 


2. 
lim B (1 — ae, 1 — be) = 1— e(a4-b)o € [ee -a7 | 


+a -- b) — (a 4- by --abt(2) + abt (3) +- , 


€ € 1 e Od melo 
li B( zi )= 1 2). 
£90 4 2 2 7 SIEHE 


lim B ( aje 1 a gs n 32 y NOR 
ee T TET 2 n n4l £j P 


j=l 
(F.21) 
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F.4 The incomplete beta function B,(x, y) 


It is defined as: 
Ba(x, y) =f dt t! — t7! . 
0 


Defining the function: 


Ba(x, y) 
Bi(x, y) ° 


la(x, y) = 


one has the properties: 


al,(x,y)—-K(x+1,y)+d-aha~t+l,y—-l)=0, 


(x + y —xaMa(x, y) - yla(x, y + 1)— x(1 — a)la(x + 1,y— 1)=0 


yaa, y + D xI(x t ly) O +y, y) 20. 


F.5 The hypergeometric function »F|(a, b, c;z) 
It is defined as: 
I'(c) f b—1 —b—1 = 
F(a, b, c; z) = ——————— | dtr’ (1—ty 1—tz)“ 
2Fi(a, b, c; z) Orec- D J, A= (tz) 
for Re c and Re b > 0, and arg(1— z) « z. It has the properties: 


ab a(a+1)b(tb+1 
2Fi(a,b,c3z) = 1 + zat JDC Be 4 


l.c 1.2.c(c + 1) 
E I'(c) Y I'(a 4- n)U (b +n) z" 
— TOC- b) & IU (c +n) "I 


(F22) 


(F23) 


(F.24) 


(F.25) 


(F.26) 


The hypergeometric function enters frequently in the calculation of multiloop Feynman 


integrals when the Gegenbauer polynomial techniques are used. 


F.6 One-loop massless integrals 
The most useful integral is: 
d"k 1 1 
(27 y" (k? + ie’) [(k — q} + ief 


I(o, B) = 


( D gu PENA 


m i I (a4 8-—n/2) (s n 
^ (l6x2y'/4 rœ) (8) 


55 


Combining this result with the one in Eq. (8.24), one can derive inn = 4 — € 
dimensions: 


d"k k” 


re 
T0. P= | ory (aie A ie 


(F.27) 
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Table F.1. Some values of I (o, B) 


o B La, B)v* (18) (q?e 6? 
1 1 ¿+2 

2 1 -2+0 

3 1 -1 

2 2 -i- 

4 1 -1/3 

3 2 -i- 


Table E.2. Some values of I" (o, B) 


o [2 I" (v, Byv* (1&2) gq? 


— N WO e N — 
W” N — N-e — 
l 


i ANTA ous B 
EIL —a—p nu 
" Ter? (25) @) * 


, IG =a = e/2TQ - B — e/21 (a 8 — 2 e/2) 


. — (F28 
l'(a)F(8)U (5 — o — B — €) (B28) 
dk kek” 
mm s 
Do G7 | oon KL Ter ap icy 
nies ph -q? CE 22—a—-B 
=” Term? (=5) qr) 
«Jos EG — a = EDB - B — E/D (a+ B +€/2) 
s I(r (E6 — a — B — e) 
uai Te PO = B= eT + B -24 zl a 
2 (T (E) (6 - a — B — e) 


We give (Tables F.1—F.3 in values of the integrals for some values of œ and f, where: 


2:12 -q? 


; E30 
č € E An v? ( ) 
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Table F.3. Some values of 


I""(g, p) = p-€ (e) (g^) * Fide? ge? E Bq"q"j 


a p A B 
1 2 2 13 
1 1 -E 3 x tg 
2 l xti E 
i z iu x 
1 1 i! 
3 1 d im. 3 
2 2 i -2-2 
d m 


F.7 Two- and three-loop massless integrals 


Most of the integral encountered in the evaluation of loop diagrams can be reduced to the 
following integrals by means of the formula: 


kq — je +g- k- q]. (F3) 


These integral come from [2] and reads: 


_ ff d'k 1 : 
n=| E T] l 
Paone fr = 3s -2-3f 


^ (l6x2yi SJ Ag. co 
(—1) €: 1 1 y n? 
= Sg ql ak = ydus e tora doe 
anu? ERES rig ux de 7 E. E 
naf dh [ve 1 
j 2a) J (27) ki — k2) (kı — q}? 
= (1) —3+n 24—34n n n n 
Secun ("Dr uy PNG n) (S b 1)B(5 Ln 2) 
EDE mv mc gr rs 
= € forn —4— e, 
dme d YX—4^) et te 4E € 
p [ak (a 1 
4 — 
Qzy J (Qm)y" ki(ky — qY ki — ky (ko — q}? 
(—1) ss aan PO mE n) 
- : > s 1) A+ ( q^) 4+ / 
(1622) rG- n/2) 
xB (Z LI 1) 2 (3 La 3) 
(2DF* 5 [2:::252y- 19 > om 
= € 5 forn —4-— e, 
(my | ) z + z + 5 yy T, orn € 
2 d'ky f d'k k? 


5J Cay) Oxy kida — qa — Ya - q? 
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4 ziel €) € € € 
= * B(l 2 B(2 1 
Gare d 2 ( 2 a) ( » e) 
= —l (g ERE BE 
(Ax )4-€ €? €e\4 
1/89 1l "E d 
~{(—-— — — forn=4-e. E32 
+365 YF? )] orn € (E.32) 


Some more complicated integrals entering in the three-loop calculation has been done 
analytically in [875] using Gegenbauer techniques. Within our notations and conventions, 
these integrals are generally of the form: 

d"k, d" k; 1 

(27)! J (27) k3% (ki — q)” (ki — ky (ka — qy? 
(—1) = -a-g y sl (v + 6 — 2+ €/2) 
mel eq) qu ee 
(4x) Fr) 

Ta+Btyt+s—4+¢) € € 
i575) 


I(a, B, à, ô) = 


l(o)F (8 +y 4-6—2-4 e/2) 2' 2 
€ 
x B(2 «-S4-B-y-B €) forn=4—e. (F33) 
One also has: 
d"k d"k 1 
h(a, p) = - e ; = : 
(2x) (27 )" ky" (ki — g)?P (ky — ka)? k5(ko — q) 
=D 21—1—a—f 242A—1—a—f 
= Gory CP (—q ) F;(a, B) (F.34) 


for a, B > 1 and where: 
A=n/2-1, 
= 1 
Fid,1l)=6 ————— = 6¢(3), 
(1, 1) run tQ) 


E 1) TU- AA - a) — AAP (o + B — 2) 
Mecum eques l'(G) (B) GÀ — a — p) 


TBA — a — p) I'(o 4- B — A) T (a) 
rA +A-a-p) IQQ SL30 Phe) 
TQA- a) T(f) TQ — f) | Bum 
r-a) Fr(ü-8-—23) T(1- f) 
A final type of integral is: 
d" k, d" k, 1 
L(a, D, ES 
e B.) 7 f asy | Ory ee — qX da — koX E (a — q? 


x1 
i pene (q?y-*-?721 - 1— a — BRAG, B. y) . (F.36) 
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where: 
D(A 4-1 — o)F(. 4-1 — 8)F'( o 1 — y)r (A) 
Fy(a, B, y) = 
I'()P(8)P G)T QA) 
Y (-1)* T'(n -- 2A)F (m - n a +8 t y —22) 
"eeu mina XT E33-m-a-fB- yin £n X41) 


1 1 
NI SCORE deu “Calves eo 
1 
+ 
(m 4- n 4- a)(n 4- 2X — B) 


+la<o ^ ; (F.37) 


where the series is convergent for (A = œ + f + y): 


A «3X-c1, A<2A+4+2, A<iA+4. (F.38) 


F.8 One-loop massive integrals 


d"k 1 1 
Qzy (k? + ie [2 — m? + ie]? 

i 242—a—p my 
Eu Qu (aa) 
l'2—a-—€/2)T (a 4- B 24 ef2) 
x 


T — €/DE) 
d"k 1 1 


2 prm 
I(a, B, q,m ) m / (27 yt [(k = q} leaa m? + ie’|* (k2 + ie)? 
i -¢\ 
=v“ Gyr ( ) 


1672 4n v? 


l2—8-—e/2F (a 4-8 —2-4 e/2) ( EON 
i r —- €/2)T(@) q2 


I(a, B, m?) = 


TIE p—€/2,2— e/[2; : 


d"k n 1 

Qz [(k — qp — m? + ie'* (k? + ie)? 
i D —e/2 

= p-€ Gy ( q ) 


1672 4n v? 


„T-P-T (a 8-24 6/2) ( saa 
ds rQ- e/2)r(a) Jj 


I"(a, B, q?, m?) = 


1 
con (+8 -24023 B —€/2,3 um =) (F.39) 
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One also has: 
d"k 1 1 


7 2 BN. = 
R EI J Qz) [(k — q} — m? + ie'* (2 — m? + ie')f 
A (ghyca-h ( =a y l'(«-- 8—2-e/2) 
1652 4 An v? rre) 


1 232-a-p-e/2 
a-1 B-1 m 
x f ens (1— x) [:a-»- 5] 
0 q 


=v 


, 


with: 
Ña, B, q?, m?) = I(B, o, q?, m^). 


For œ + B > 2, one can rewrite the x-integral by letting e — 0. For some particular 
values of o and £, one has, by using the definition of € in Eq. (F.30): 


2.2 DIS 2 m? m? m? m? 
I(l,1,q^,m^)-—v lezilz mac 1 z In Les +27, 
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(F.40) 


(FA1) 


eo DE! 1 2 m? m? m? m? 
I(1,2, q^, m) =v 15:232 z ae bv In ec ; 


; u [25 2 2 2 242 
PO ghost 3 (2- m) - (1-5) 
lón^2]|6€ q q q q 


i Hu m? m? m? m? 
1^(,2, 4, m) = v 2 | = In emn a) +l 


167? q? q —q 
7 i f2 Ji- amg +1 
I1,1,q?, m) = v™ : £ — y1 — 4m2/q? In m*/q + +2 , 
1672 | č eA 
7 j 1 {= 4m?/o2 +1 
10,2, 4), m^) = v — In mig? ell 
lon? | g2/1— 4m?/q?.— /1— 4m2/q? — 1 


F.9 A two-loop massive integral 


d"k, d" k; 1 

(2m y" J (2x )" (k? 4+ m?)*(k3 + m?) ki — ia 
E (-1) "T Bia — A, B — X)U(a + B — 24 — 1) 
(rys (+ e/2) (wT (8) 


h (æ, p, m?) = 


(FA2) 


(F.43) 
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F.10 The dilogarithm function 


For complex z, it is defined as: 


: * dt 
Liz(z) = f 7 nQ - 1). (F.44) 
0 


When z is real and bigger than one, the log. is complex, and there is a branch cut from 
z = 1 to œ. Therefore, the function develops an imaginary part: 


Lin(x + i0) — —iz lnx. (F.45) 
For z < 1, one can write as: 
oo z” 
Li z =, F.46 
bo (FA6) 


n=1 


which is convenient for numerical calculations. In particular, its values are: 


zx? zx? 
pct. Ween 
i2(1) 6 i2(—1) 12 
A NN IN Li act ix In2 (FA7) 
12 2 = 1 7 n s 12 l = 4 IT inz. n 


Some of its useful properties are: 


2 
Li; (x) + Li(1 — x) + InxIn(1 — x) = = 
. 1 ! NS z? 
Liz | —— | + Lin(—x) + = Inf x——— :x»0, 
x 2 6 


. 1 . l5 zx . 
Lig | — | + Lin(x) + = In’ x = — —ixlnnx :x1, 
x 2 3 


zx? ] . l,, 
= -5 cm met erin Dye-ssdi (1—x) :x»1, 


Lio(x) + Li? ( 
1—x 


! : x Des 
Liz(x) + Lig = Int(1—x) :x <1, 
1—x 2 


, 1 ; m 1+x 
us) Li5(—x) = ó ind m ( -z ) 
1 2 
Li(1 — x) zn )- D d 
X 6 


Li»(x) + Lin(—x) = shits”) , 


1 S n 
Lix@) = 11 E z)ln(1— z) +z | +») a | | (FA8) 
n=1 


X 
Gay 
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F.11 Some useful logarithmic integrals 


1 b n4l n+l b n+l—i i 
[^ x^ In(ax — b) = EET [^ (2) In(ax — b) — 25 (2) = 


1 
1 
dx x" lnx = ————— F.49 
i (n + 1)? ( ) 
Defining: 
1 
I, zii dx x" In[a — x(1 — x)], (F.50) 
0 
one has: 
V1—4a+1 
= —2-4-Ina 4- 1 — 4aln 
J/1—4a-1' 
1 
= zr. 
1 13 J 4a 4-1 
h = -| —— +2a +lna + (1 —aW1 — 4aln 
2 jl 6 ere E 
1 
bh = 5 Uo — 3h -- 3b], (E.51) 


where one has exploited the invariance under the change x «» (1 — x) allowing to deduce 
the integrals odd in n from the even ones. In addition to the properties of dilogarithm 
functions [876], one also needs [877,45,3]: 


* dt 1 
f — nd ++ = hix s 
o f 2 
x>0 
dt 1 
f e In(1— t +t) = —3Lin(-s") + Lin(—x) , 
0 
x>0 dt 5 1 , 3 i 
> nd +t+Pr)= -3LhG ) + Lix(x), 
0 
f dt 
o 1 


U di og 4 7 1 
Tr (i£ DIar = -=z (2) 25. +O n2- EO n? 2+ m 2, 


2 3» 7 2 li, 
On tee (2) +454 + 563) In2 — £Q)In 2+ gn 2 


1 f! dt 
A aridi D= P0- —— it, 
f nato GPO) Du» 


lq 
E Z In(1 + DLiC- D=? (2), 
0 


[ GP adco 20) - 38, — 2 t(3)n24- 1c)? 2 - 1*2 
io(—t)In = n24- n2—-lIn*2, 
ree se egt z 8 


1 n 4 n +6 n n 
1+t . 8 2 6 , 
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[ dt 15 4 2 2 114 
— — In"(1 + 4) Ind — t) = —z£^) + 284 + 2¢(3) In2 — €(2) In 24+ 21n2, 
o l+t 5 3 
(F.52) 
with: 
MAT 
S4= 2 A T 0.571 479 061 6... (F.53) 
Some other useful integrals are: 
i T'(o)T (8) 
o—l(1 _ 4\B-1 = — 
Í dti" (1—t) lnt = Fox ge 1)— Sı(& + 8 — 1]. 
: = 2 I'(a)T (8) 
a-li _ B-l p24 _ — 1) 
Í dt t™ (1—1) In^t = F(a 4 B) ie 1) 2 Si(a + 8 — 1)] 
+ Sofa + B — 1) — Sa — 1)]. (F.54) 
where: 
sw :1=1,2,3,... (F.55) 
ik 
Differentiating with respect to 6, one gets: 
^ 2 x r(e) 
a-l] _ 4-1 ET —1)— 
Í dti" (1—t) Intln(1—1) = T@ +8) [So(a + 8 — 1) — cQ) 
+ [Siw — 1) — Si@+p-1)] 
x [Si(B — 1) — Si(a+ B — DI. 
1 m 
x i ie Ne (F.56) 
0 1—x 
Integrals of the form: 
1 
Í dt 1" (1 — ry? In" t, (E.57) 
0 


for integer or half-integer values of œ and £ are also useful and are given in [876]. For 
some particular values, one has: 


f aedi dup as 
regne a 


1 gt 
f a m^ In? t = —21¢(3) + z? + 16, (F.58) 
TES 


and: 


1 
I i 12 qo? t = (—1y*m![z(m + 1) — Smai(a — 1]. (F.59) 
o (1— 1) 


F Feynman integrals 731 


F.12 Further useful functions 


The functions: 


oo 


= 1 
Si) = > m so WS eR TEN (F.60) 


k=1 k=1 


appear often in the evaluation of the parametric integrals. For z = n integer, it can be 
reduced to the one in Eq. (F.55). They have the properties: 


1 
Si(z + 1) = Si(z) + —— , 


zt+l 
Si(co) = ¢ (1), 
dS 
ae = 160+ 1) — Sia (z)]. (E.61) 


for] = 1,2, 3,... They are related to the psi-function defined as: 
d 
¥@)=—- Inr (F.62) 
dz 
with the properties: 
1 
WZ) = -ye — a S),  w(D--yz, 


d! 
PERAS =I- [eU + D - Saz- 1)] forl > 1, (F.63) 
and therefore: 


y0)-2zQ. WQ=¢2)-1, wd) =—2¢(3). (F.64) 


Appendix G 


Useful formulae for the sum rules 


G.1 Laplace sum rule 


Let the Laplace transform operator (Q? = —q* > 0): 


= 1 n (Q?y o^ 
E n, pH. ed (n — 1)! (8 Q?y $ (G.1) 
n/ Q? = t fixed 


Then, one has the properties: 


1 1 Q —m?c 
* Izd zuo AM 
1 l MR A 
£ Fes £| = ro [ -In zv* + v(a)] , 
£ : In? 2 = : z*[In? tT — 2y (a) In tT + Ya) — y'(a)] 
(One v? ~ T(e) ; 
l Q? M 
lo =| =. Pe) [ — In? c? + 3y (o) In? cy? 
— Gy (a) — V (0) In tv? + Wa) 3 (a)y (a) + V ()] , 
1 1 
Er = y Ay, B—1,a— 1), 


ey E y 1 1 í 
pena Tia)” (—In y)? hewan +0(-)| : 


Ininx ~ 1 , Inlny i4 pya) 1 «o( 1 (G2) 

E y>0T@)” curl désir In? y l l 
where: 
PE xÊ yor 
n. ba) = f “TGtDTe@tx+])’ 
qn} qum 
a = m—1 = 

uy, —m, a) = (—1) (xy (eo). m=1,2,..., (G.3) 
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with the properties: 


a 


= y 
uly, -l,a) = Ta +1) , 
PEE GG 
Ay, -2,0) = VESTE In y t v(o + 1)]. 
= y” PEN 2 EN 
dos 9d ep y —- 2v(a 4- DIn y 4 v^(a + 1) — y'(o 4- 1)]. 


For the treatment of the QCD continuum, we need the integral: 


te 
I dt t” e" =(n— 1)t™ (1 — pn) , 
0 


where: 


n! 


tet)” 
p met (rene t E ) 


G.2 Finite energy sum rule 


For the FESR, the integral: 


induces the extra-term: 


p 1 
n+1 (--) Í 


after a renormalization group improvement of the QCD series. 


G.3 Coordinate space integrals 
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(G.4) 


(G.5) 


(G.6) 


(G.7) 


(G.8) 


In some applications, one works in the x-space instead of the usual momentum one. Using 


the Fourier transform: 


d*q iqx 
fo- f ETO 


one has the correspondence (Q? = —q? > 0) for x — 0 [394]: 


G.4 Cauchy contour integrals 


(G.9) 


We shall be concerned with the integral entering e.g. into the t-like decay processes (see 
Section 25.5), and which can be evaluated using the Cauchy contour integral along the 


circle of radius M,. 


. v2 j 
"m =$ dt(—t) (in =) A 
Isl =M2 —t 


Results are given for some particular values of i and j [878]. L = Inv?/M?. 


(G.10) 
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Table G.1. Some useful Fourier 


transforms 
Q-space x-space 
Q’ In Q? zs 
In Q* B 
AL cb E 
Q2 ax x2 
z ing —4 ln’ x? 
2 uc In x? 
grin? aix 
Qr = tec x? Inx 
gs ln o? — phx? In’ x? 
Qr — suus Inx? 
Qr In Q? peg! In? x? 


Table G.2. Some useful Cauchy integrals 


-3 0 0 -2 0 0 
1 
1 -i 1 1 
2 I-L 2 -2+ 2L 
3 -į +L- $n? + 3 6-6L + 3L? — x? 
-1 0 -1 0 0 0 
1 -L 1 -1 
2 -D.zE 2 -2— 2L 
3 -D +x’L 3 -6—6L —3L^ «sz? 
1 0 0 2 0 0 
1 D l -3 
2 +L 2 -$-3iL 
3 eT PTF 3 2L- P+ 
3 0 0 
1 
1 4 
2 pL 
3 t+ 3L4+iL?- 
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